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1. Z?N^IX�"6aOji? >NZ? O�"�"q{, �DF}kkf�>U}<j.

2. �"q{��"q%: �[)℄<Uu}q{�q%. A�G8,�F�, 7�, 9}u[, f��-���. .	K-9N���y�"q{, �6	, �"q{[[.r.

3. k=�}O�"q{? �k/V�g�g}Y*, ��W��VY**O<, A. Einstein 	: L�.�G8. *kk�;NJO�"q{. jR�VY*}g�Z"}k*G/$��l�, >N7l�~/m}�, m�(q�"q{��6[)℄<k>NZN}2�k%.b���94K<;`}.b��l>}℄B.b, �A-�, Zu	X-}-�qrBI43Æ-, F�A�℄k�S�k*Sr��|s}�B*BI43Æ-, �ki5 Cp,ZN[)��b3��U�. ZN��.j�k.k�}O�"q{}Y*, �j�r�)3Æ}℄�ZNk.k3Æ^I�(W,Au.k, kk�"q{.

4. ��$v: gfOJO��$v}Y*? �_��k/ViO�}h#, ℄B}O��63�y�'tW}℄�V�Zs. sZNjR��}39P�+.v.�o, 6�(}O�}Y*, ZN�g3Æ��o}��$vk�B}�"$��k/$)j. �A	ZN.k>N�U*a7�k�"	�VG8KS�k7.

5. K<?: K<?k g�"q{}/$.). sk).8}k, K<?�k/$[e}�), �.k��LVy�"q{.k℄<}Y*, �A	.)ÆG/VK<�:kb�U7�} K�B. K<?��O�I[3Dkri(�}C�, �kbT�ZN528



a�	 �Z
u 3:L}^$)j, sjRV+.	k}[8:}.

6. �"6a�^I: Z;N�"6a�%)}k�RF}Ox, �WBI3vÆ:Æ�h*�s��'��RF}�l;`, �O���V-F, 4k���V�"6a6+�rZ?2Z}BI.

7. ^Ik e? e k/V3D%)}+, �r�"6a *k[[.r.

e = lim
n→∞

(1 + 1/n)n.S?}o!<k r > 0, AuKoU/a!, I/o� 1 ^�$K 1 + r ^; AuKjU!, I/o�$K (1 + r/12)12; AuK-U!, I/o�k (1+ r/365)365; >`Au'�U!, I 1^�/o�k er ^. Au r ^�dB?/V℄B��$K 1, IZN	 r k�V℄B�}�q<, �q<kk!e<}w�.

8. K<�B: #?^V�"q{℄, �O�kUu}0+IN(��B, 3N Ω. "A, �F�}(��Bk { �S, *S }; �G8}(��Bk {1, 2, 3, 4, 5, 6}. K<k/V�+, ,�r 0,1 �B, 3DZN	khH}K<, �6ZNI/V?� F 'ehH}*�,INhHZ, /VhHk�(��B}/V8*, (��B }^�IN!�hH, "Ab/Az�S\/�z, ‘\y/V:’ kk/VhH, �CN*�k�O:}0+. r�K<}℄�, hHZ.kI%), sr�"6a hHZk3D%)}, �3D�VN	e. hHI A 'e, I P(A) 'e ‘hH A (W}K<’.K<�%)}��k�;�: AuhH A,B .4℄(W, I� �/(W}K<k*VK<}�, ,
P(A ∪B) = P(A) + P(B).



a�	 �Z
u 4.℄A`, ��LZ%)}k�/�;�: Au A1, · · · , An, · · · **.4℄(W, I
P(

∞⋃

i=1

Ai) =
∑

i

P(Ai). (1.1)M`<U3�/V��: hH A (W}K<X.(W}K<��N 1, ,
P(Ac) = 1− P(A).�GV?�2r/� (Ω,F ,P) kINk/VK<�B, 4�ZNk�6+��#?K<Y*) 2�/�O-hH}K<-.

9. K<�*lK<: N-��LO8:, *kk�S	}i�Æ;�mO8:, ZN)(�"q%k�6�#�%C}, �A�G8, �F�, \z�. o4�"�"q{k.k%C}, �AX-Lx}-�, KV'Æ9}u[��. .k%C}�"q{ �#?}K<�g	O^Is+}8:, �[3k+q	��}/$*l<<,�6IN*lK< (u�B}, ��8:L}K<IN�lK<).�AO9	: ‘��C}u[�y 90 �}K<k 85%’, ‘X-LxmW}K<k 20%’, ZN�����[)	�*[)	e. skAuK<?�k%?�6%C}q{, IBI},LSR z. �"#Æm, ZN�6�/V.k%C}q{℄��^%C�BIK<}�v.). �Ar%?�d�9}Ew℄, /V'Æ}9.k%C, sZN�6���r���dm}9vB^V9}%C; r%?^�f�<j}℄���r6F��#Æm}<jvB�}%C��, sk�(|y}Uuk528:m}Uu, ��U?.kIR#?:�/V'Æ}9. 9NDD�7[8`� (��N-V�) *�zN�, �A	^V9k^I^I��, �6O^I^I



a�	 �Z
u 5�U�, v4*.yW/�[)}k`���:�g8��IB6`xi&%fy.�T9}`}.

10. 3��	: :8�u/V t9, ��6�v 80 �}K<k�lK<, %s+^V9�6�v 80 �}K<k*lK<, 9Nr%?��Y*}℄�BI.8*�}Y�*(. �|mSro"}℄�*�.'(�.*6�6%C�.�%C}�"q{, sk��BI��O�.

11. �"$+: �"$+k(��BL}{�. "A9}u[, X-}W+, �G8}��, sLL	8L}℄B��. �"$+kZND[y}h#. �"$+�6}Kk+�}�"q{, �},�k�"}. O}�"$+}+��}i�kO8:}, �Au[, O}+�℄℄k?��, �A�F�}�*S6(I 0, 1 'eKN�"$+, �i�kJO8:}. �"$+3DI:_ X , Y �'e. 4/V�"q{ >Nj.}Y*.4%O.4}�"$+, �Ab/Az , 10 �z, O9j��8}V� X , O9j��$}V� Y , �(kO.4}�"$+. ���"$+�BOji, �A	�$V�"-, Ox�8kN-, v4�$ji.k3Æ}, �k/$uj�.

12. �"$+}6/: v4�"$+}%)'�k�}6/, 6/�V:.	k.�Vm}, �k��"$+,��k�}6/#Æ, i"�#Æm, �.:I�'e�"$+}6/#Æ, �A~qK&}6/:, 9�}6/:��, s��L6/kwI�hi? S Xk/V�"$+, O*$DI}+�+q�}6/: 6/{�XP�{�.
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13. 6/{�: �"$+ X }6/{�Æ:N
F (x) = P(X ≤ x), x ∈ R, (1.2)P!k X .Fv x }K<. {� F k_�*L}{�, �6�X�k�x q,}, ZN��	�kq,}k�

lim
x→−∞

F (x) = 0, lim
x→∞

F (x) = 1.o4
P(X ∈ (a, b]) = F (b)− F (a), a, b ∈ R, a < b,�k	 X ,�r a, b �B}K<k F (b)− F (a), +q-6/}��y:. vZN}y/V6/{�:{℄, wI�{�6/#Æi?>N6/0�R6/{�}?, �6:{��}�.6/P*, *�:{	�}�.6/dN. *�66/}"N�6/{�}x�K��.

14. P�{�: P�{��6Z�l�+q�"$+}6/. P�{�Æ:N6/{�}x�, ,Au F (x) k�"$+ X }6/{�,I�}P�{�N f(x) = F ′(x). o4P�{�;k3E} 
∫ +∞

−∞
f(x)dx = 1.3DP�{��T}i�4+q X }6/#Æ, �6�ZN�l, �Ai:}g}�.:/(�l.

15. .8: .k�O}6/{��OP�{�, OP�{�}6/{�INk'��}.

16. .VDI6/:
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(1) '�6/, �,*V�}�"$+}6/, "A�F�}Uu,�G8℄7�k=Uq;

(2) 'x6/, %C n aK\K<N p }�"q%� K\}a�
X , I

P(X = k) =

(
n

k

)
pk(1− p)n−k,�� (

n
k

) k n V.4^+ , k V}?��.

(3) {l6/: b*B [a, b] L ({l) �"�,V�3N X , I
X }6/{�k

P(X ≤ x) =





0, x < a;

x−a
b−a

a ≤ x ≤ b;

1, x > b,P�{�k
f(x) =





1
b−a

, x ∈ (a, b);

0, x 6∈ (a, b).{lk+qr�P�{�r (a, b) LkD�. ).8}k, b
(a, b) �",/V��Hh#�Or��}gW�kBy, rq_W� kB.y}, sk��6℄lq_gW, % [���ZDp, �_5L*kI$6BI}��.

(4) ��6/: �"$+ X �b��6/k��P�{�k [0,∞)L}��{�
f(x) =




αe−αx, x ≥ 0;

0, x < 0.



a�	 �Z
u 8� α > 0 k8�. ��6/O2H�
P(X > x+ y|X > x) = P(X > y), x, y > 0.

17. �#: �#k3D%)}Kq, �"$+ X, Y �#, Au�:�
x, y ∈ R, O

P(X ≤ x, Y ≤ y) = P(X ≤ x)P(Y ≤ y), (1.3)*kk	&�6/{�k!6/{�}L$. Au�NOP�{�, I&�P�{�k!P�{�}L$. �l�	, �#k� X },�X Y },�[j. I{�}�d�U�, (1.3) N
E[1(−∞,x](X)1(−∞,y](Y )] = E[1(−∞,x](X)] · E[1(−∞,y](Y )].�6�XvLdr x, y ~%�O_��K#℄ny5�:�OW

(�<) {� f, g O
E[f(X)g(Y )] = E[f(X)]E[g(Y )]. (1.4)3-�V℄d, r[��#�"$+}℄��OI.

18. ": S X1, · · · , Xn k�# �b8�N 1 }��6/, �KV(�, ����b�yi3N
X(1), · · · , X(n),IN��52+. S X(0) = X0 = 0, �:��� x1, · · · , xn, M�I�|

P(X(k) −X(k−1) > xk, 1 ≤ k ≤ n)

= n!P(Xk −Xk−1 > xk, 1 ≤ k ≤ n)
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= e−xn−2xn−1−···−nx1,>` X(1), X(2)−X(1), · · · , X(n)−X(n−1) �# 6(�b8� n, n−
1, · · · , 1 }��6/.

19. ��ÆGX.?: �"$+ X }ÆGÆ:N
EX =

∫ +∞

−∞
xf(x)dx,� f k X }P�{�, r�H}C�,

EX =
∑

n

xnP(X = xn),�6ÆG*�6	k6/{���P�{���6/;}ÆG. ÆG*IN	{, �+q�"$+r^$8:m}	{�. ÆG�V_�lLk	, Aum��)℄<�"$+ X },�, I	�k
EX k��}, �MZN�S�	X. .?Æ:N

Var(X) = E[(X − EX)2],��lLT�-�"$+�R�}ÆG}	{�?, ��	k�"$+}* M�. ÆG�.?�k��, �Nk�"$+�%)}*V�:'���	52+, A4/V9TL}*V'�, �ATS�+%. sk�N*℄℄k*V'�, .k�}b3�%q6/,.℄A`O℄��k�`x, �A/V�*�O 100 :9:, O 99:rBr 1000 ^6m, 1 :rBr/�C, I	{rB}���S, s_5#ÆB0u*, �6}ÆG�.?kDp )\}, �k.)v6}%.

20. rLSrB}"8 ,  �Z~�*G_5#Æ,  �k�UR BU�}VrB.
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21. ÆG�.?}��: ÆG}m�kt�}, S a, b kD�,

E(aX + bY ) = aEX + bEY, (1.5)s)Æ��.8}k�/&�'�}��).{}y}I�7�X, v4ZN.�r��q:.�X�. .?.kt�}
Var(aX + b) = a2Var(X).sE X , Y �#, v

Var(X + Y ) = Var(X) + Var(Y ). (1.6)*kk		3�(Pk.J$.?}. D�}ÆG.$%.?N1.

22. �~}℄<: �:�}_� a, ZNO.�d
E(X − EX)2 ≤ E(X − a)2, (1.7)*kk	ÆGk��"$+�_}/VD�, I��℄< (r^$8:L) k�J}.

23. ": S n �>H8;℄�, ���N�".�℄, Xn 'e� >H��}�`. �8X>H"V�, I Ak 'e� k �>H�~��}hH, 1Ak
'e�e�, I

Xn = 1A1
+ · · ·+ 1An

.<U E[Xn] = nP(A1) = 1, >N
P(A1) = · · · = P(An) =

1

n
.���

E[X2
n] = E[Xn] +

∑

i 6=j

P(Ai ∩Aj) = 2,>` Var(Xn) = 1.
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24. ÆG2�℄d: �"C�m, ZN�)2��"$+}{�}ÆG,�A EX2, S X k�"$+, P�{�N f(x), y = g(x) k_�ZL}'�{�, I g(X) *k�"$+, Au��LS}℄d��}ÆG, ZN�)�U g(X) }P�{�, s�_O/VDp}℄d, �6�RI X }P��2�, 3D%).^{1.1

E[g(X)] =

∫

R

g(x)f(x)dx, (1.8)��$6 ∫
R
'eb −∞ y +∞ }$6.

25. �!6/: �!6/kK<?6+�"6a �%)}6/, .k�/. .V��W}-4b.4}z8|y�V6/, )t} De

Moivre b �'sÆ�}O�, {t} Gauss b~:<+`?}O�, A. Einstein b6a68m�qv}O�, �*	X-�!6/}lIp-�%)�. �!6/}P�{�AmÆ:
f(x) =

1√
2πσ

exp

(
−(x− µ)2

2σ2

)
, x ∈ R,� µ ∈ R, σ > 0 k*V8�. Au�"$+ X }P�{�AL,ZNk	 X �b�!6/, �N X ∼ N(µ, σ2).

26. !�+t: �!6/}:yA4/�w	}!, �6IN Bell curve,,!�+t. :yjR x = µ�I, !�+t�S�}S�k 1√
2πσ

,>NX x (�8}*ZS$;k 1, �6 σ h�, +tkhS%y,�"$+kh* , *� σ hi, +tk�%|, �"$+kh6H, , σ +q X }* �.

27. &4�!6/: v µ = 0, σ2 = 1 ℄}�!6/k&4�!6/, &4�!6/}:ykx{�, +�&4. &4�!6/}6/{�



a�	 �Z
u 12I Φ 'e, ,
Φ(x) =

1√
2π

∫ x

−∞
e−

1

2
t2dt, x ∈ R.�V{�JOVa'fd, *kk	�${�}.Æ$6[)IT�{�'f, 3DK<P3����GL&4�!6/}��'.

28. h*: S X1, · · · , Xn �# �b&4�!6/, ( Y = X2
1 + · · ·+

X2
n }P�{�.

29. ÆG.?: S X ∼ N(µ, σ2), I EX = µ, Var(X) = σ2, �6�*V8�}��8:X�lk?�}. _5L, Au X k&4�!6/}, I�R�Æ� n,

E(X2n) = (2n− 1)!!.��63v61$6���rd)�X. *v�, LSn}�*M/���-&4�!6/, ,Au
E(X2n) = (2n− 1)!!, E(X2n−1) = 0,I X ∼ N(0, 1).

30. ℄l: r_52�℄, ℄l/VXÆ6/{�}�"$+k3DOI}. 	h}"MY" /��O/V�b [0, 1] {l6/}�"$+, IN�"�, �4�_5LkQ�"}, s*�kA`-. wII��WK��6/}�"$+i? I U 'e�"�, v)/V6/{�N F }�"$+ X , �}℄dk
X = F−1(U),



a�	 �Z
u 13� F−1 k F }n{�,

F−1(x) := inf{y : F (y) ≥ x}.�℄d�4Dp�,, sk>Nn{�.;kI�7'f}, �6I��g. �A�!6/{�}nk.�7'f}. OJOZO�}.)? ��YO/V. �H#Æk.	-, �QDp. ZN=S F }P�{�k f . =SZN4�6℄lP�N g }�"$+- drD� c b|��O y, v g(y) 6= 0 ℄,

f(y)

g(y)
≤ c,4�mmS}M�

(a) AW/V�"� U , qAW/VP�k g }�"+ Y ;

(b) Au U ≤ f(Y )/cg(Y ), I X = Y , =v%C�/0.�X X �bP� f }[C5Ch*. ��ZNVm/mwI℄l�b&4�!6/}�"+ Z.

(a) 8� 1}��6/�"+ V �7℄l, �}6/{�k 1−e−x,n{�k − log(1− y), >`AW/V�"� U , V = − log(1−
U) �b8� 1 }��6/.

(b) .)�G�!P� f ���P���. �6r|y Y �q�VF�, �S}� Y = V , *S}� Y = −V , I Y }P�{�k
g(x) =

1

2
e−|x|, x ∈ R.�(

f(x)

g(x)
=

2√
2π

ex−
1

2
x2

=
2
√
e√

2π
e−

1

2
(x−1)2 ≤ 2.
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(c) qAW/V�"� U , Au U ≤ f(Y )/2g(Y ), I Z = Y , =vpz)%CL�0).

31. h*: �X℄l AW}�"+ X �bP�{� f . �X: _5L
X k/V/H6/.

P(X ≤ x) = P(Y ≤ x|U ≤ f(Y )/cg(Y ))

=
P(Y ≤ x, U ≤ f(Y )/cg(Y ))

P(U ≤ f(Y )/cg(Y ))

=

∫ x

−∞ g(y)f(y)/cg(y)dy∫
R
g(y)f(y)/cg(y)dy

=

∫ x

−∞
f(y)dy.

32. h*: Au�"$+ X }6/{� F '�, �X�"$+}{�
F (X) �b [0, 1] L{l6/.



℄dK FKM� II

I: �~�kb�!6/}'�{�Xn��|, �#YO-'�{��V%)[s, 4�YOK<? �%)}.V'sÆ�, �� Bernoulli i�Æ;� �'sÆ�, ��k�"A�/$%)Æ>.d}0q, ��	X�!6/} ��U, ���B/HÆG}Kq.jG_
• '�{�
• �!6/qW�
• i�Æ;
• Chebyshev .�d
•  �'sÆ�
• /HÆG

15
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1. '�{�: P�{�N f(x) }�"$+ X }'�{�Æ:N
φ(t) = E[eitX ] =

∫ +∞

−∞
eitxf(x)dx, t ∈ R, (2.1)� i =

√
−1. .8Æ:P!	X'�{�O6/{�M/3Æ.'�{�.�7�, D)IyC{�}$6��, sk'�{�3D%), *IN Fourier $�, �O*V%)��:

(1) Au X X Y �#, I X + Y }'�{�k X }'�{�X Y }'�{�}L$.

(2) Au X X Y }'�{�u�, I�N}6/u�, *kk	'�{�M/yÆ6/{�.'�{�kyCH�}^$[���.), ��6b3��C6/{�.

2. '�{�}M/�: �kK<? �g�V}�v*k��)}[s. �"$+}6/kM/V=b9F}{��L}ÆG3Æ},��Æ:
FX(x) = P(X ≤ x) = E(1(−∞,x](X)),,Me�{��

{1(−∞,x](X) : x ∈ R}3Æ, �rL�#}℄�4)yv. 3�kkGO{��
{eixX : x ∈ R},�k0+ (OW�<) {�}� {g(X) : g} }/V8*, sk�S*V�QDp}{��!�L4=b9Fy�6*GU�"$+ X }6/'�-. ��	/VÆG}�d�R�S}{�>K



ad	 �Z
u II 17#k�6<U�0+{�K#. r�"#Æm, �GV{���6�u,�6|y��Uu. "A, Au X , Y }'�{�/(, I
E(eixX) = E(eixY ) ��O x K#, �℄�6,�Ne�{��|

FX(x) = E(1(−∞](X)) = E(1(−∞](Y )) = FY (x)��O x K#, >`�N46/. q"A, S X, Y k�"$+,  
E[Y eixX ] = 0 ��O x ∈ R K#, I

E[Y g(X)] = 0��OOW (�<) {�K#-. _5L��/L�XF'eÆ�k��I�V�v, v4�_5Lk Fourier $�}�v.

3. �!6/}'�{�: S X ∼ N(µ, σ2), ZN�q52� X }'�{�. ZN.En=S X k&4�!6/}. �9 ex } Taylor{|d
ex = 1 + x+ · · ·+ xn

n!
+ · · · .�V{|�C�*K#, >`

eitX = 1 + itX + · · ·+ (itX)n

n!
+ · · · .4�*!,ÆG, !I 29  }℄d, P! n k��℄ÆGN1, gO

φ(t) = E[eitX ]

=

∞∑

n=0

(it)2nEX2n

(2n)!

=

∞∑

n=0

(−1)n
t2n

(2n)!!
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=

∞∑

n=0

(−1)n
t2n

2nn!

= exp(−1

2
t2)O-&4�!6/}'�{�, /��!6/}'�{�kDp-,>N (X − µ)σ−1 �b&4�!6/. >`

E[exp(itσ−1X)]e−itσ−1µ = E[exp(it(X − µ)σ−1)] = e−
1

2
t2 ,C$� z = tσ−1 <U/��!6/}'�{�k

φ(z) = exp(izµ − 1

2
σ2z2), z ∈ R. (2.2)

4. h*: S X ∼ N(µ, σ2), I��LS}.)2� E
(
etX
)
, t ∈ R.

5. ���!6/: Au X k��"$+,  logX �b�!6/, IZN	 X �b���!6/. _5L, Au Y �b�!6/, I eY �b���!6/.

6. �!6/}qW�: Au X ∼ N(µ1, σ
2
1), Y ∼ N(µ2, σ

2
2)  X, Y�#, I

X + Y ∼ N(µ1 + µ2, σ
2
1 + σ2

2),�V��INqW�. )�X�Hh#, !I'�{�}��, ��)�X X + Y }'�{��R
exp

(
it(µ1 + µ2)−

1

2
(σ2

1 + σ2
2)t

2

)k�6-, %7ll>}U��~k X X Y }'�{�}L$, qM'�{�}��, >N X X Y �#, X + Y '�{�k�R�N*V}'�{�}L$, �(k�X-qW�.
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7. OsO�!6/: �SUqv/O�'O�!6/, sk)t"X
Brown m�}OsO6/, ZN��Ch/mOsO�!6/. ��)/��n�}�`, /V n S�I.� A IN�Æ}, Au�:�31 (6+.0N1) } n Oz+ (/z+) x ∈ R

n O
xtAx > 0,� PLO} t 'en�0�. Au > JN ≥, I A IN3EÆ}. o4/V3EÆ}n�k�Æ}v ℄v�k3=�}, ,�/d31. jR�In��%)}Uuk	�In� A }'��k_}% dr�Nn� Q b| QtAQ k�On�, �Ot}^��~k'��0+. v A k3EÆ℄, '��k3E}; v Ak�Æ℄, '���k�}. /V n O�"z+ X = (X1, · · · , Xn)k (3=�) �!6/}, Au�}P�{��6�NAm�d:

p(x) := C · exp
(
−1

2
(x− a)tA−1(x− a)

)
, x ∈ R

n, (2.3)� a ∈ R
n, A k n- S�Æn�, A−1 k A }n. o4z+ a �~k X }ÆGz+, , E[X ] = a, �F X − a }P�{�BIk

p(x+ a) = C · exp
(
−1

2
xtA−1x

)
.

C kq,D�b|P�}$6�R 1. �℄ZN	 X �b�!6/ N(a, A). v A kpUn� I, a = 0 ℄,

p(x) =

(
1√
2π

)n

e−
|x|2

2 ,� |x| = xtx = x21+ · · ·+x2n, �℄ (X1, · · · , Xn) k�# ��b&4�!6/}, ZNk	 X �b n- O&4�!6/. �R�Æ
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u II 20n� A, drM/}�Æn� S b| A = S2, �℄*� S =
√
A.S X ∼ N(a, S2), ��/O#Æm}&4�Bt�$�

Y = S−1(X − a),IM"^$6}�^℄d� Y }P�{�N
pY (y) = p(Sy + a)|S|

= C|S| · exp
(
−1

2
ytSA−1Sy

)

= C|S| · exp
(
−1

2
|y|2
)
,� |S| k S }/d, *k�^} Jacobi /d. M`<U

C =
1√

(2π)n|S|
.z+ a}8:4�~, n� A}8:k^Ii? _5L�k X }�.?n�. MÆ: X }�.?n�k�"$+n� (X−a)(X−

a)t }Wx(ÆG|y}n�, 3N
cov(X) = E[(X − a)(X − a)t].I$� (X − a) = SY |

cov(X) = E[SY Y tS] = SE[Y Y t]S = S2 = A,� E[Y Y t] k&4�!6/}�.?n�, �o4kpUn�.�{2.1 /V n O�"z+ X k�!6/}v ℄vdr/V3=�t�$� T �z+ a b| T (X − a) k n O&4�!6/}�"z+. >`�!6/�"z+}3=�t�$�04�b�!6/.
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8. h*: Au X, Y }&�P�{�k f(x, y), A k3=�'S.�,C$�
(U, V ) = (X, Y )A.( (U, V ) }&�P�{�.

9. h*: S X1, X2 �# �b&4�!6/, (1)( Y = X2/X1 }P�{�. (2)3 X = (X1+X2)/2,�X: X X (X1−X)2+(X2−X)2�#.

10. '�{�: �"z+ (X1, · · · , Xn) }'�{�Æ:N
φ(x1, · · · , xn) := E

(
ei(x1X1+···+xnXn)

)
= E

(
eix

tX
)
.ZN���!6/}'�{�. tn(&4�!6/}�"z+

X }'�{�, �℄ X1, · · · , Xn �#&4�!6/}, >`
φ(x1, · · · , xn) = E

(
eix1X1

)
· · ·E

(
eixnXn

)
= e−

1

2
|x|2./��, Au X }P�{�k (2.3), I √

A−1(X − a) k&4�!}, >`
E

(
eix

t
√
A−1(X−a)

)
= e−

1

2
xtx,B$�

y =
√
A−1x, x =

√
Ay

E

(
eiy

t(X−a)
)
= e−

1

2
ytAy,� e−iyta LyP!q� y �K x, |y

φ(x) = E

(
eix

tX
)
= e−

1

2
xtAx+ixta.
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11. i�Æ;: i�Æ;kK<?�%)}Uu�/, k+Z��: (�W) Bernoulli r��} 1713 oU�}| XU}, �k	Aum%C/VK\K<N p }�"q%�"a, IK\}�<J�_K<. I��Y"�	, %C/VK\ (hH A) K<N p }�"q% n a, I n(A) 'e� K\}a�, I
lim
n

n(A)

n
= pi�Æ;XU-C%K<}/V.), _5L, K<k/V�"hH}/V~�, W-r/�Dp}#Æ���}=Sm, �V~�.N9�. I�<kZNZ\K<}/$.d. sk��} n )P6}i, �*kkZN�S	�Ov/V�"q%�6%C℄,ZN4O�kZ\y��}K<, ��	K<4O8:.

12. i�Æ;}/��: Z/��, ZN�i�Æ;�(��.^{2.1 S
X1, X2, · · · , Xn, · · ·k�# 6/u4}�"$+�/, I

lim
n

X1 +X2 + · · ·+Xn

n
= EX1. (2.4)�# 6/u4 (��	, �#46/) _5Lk ‘�#�%C’ }8�.

13. BI: i�Æ;BIp-, .	�O}�"A�Æ>�)Iyi�Æ;. �V�"A�, kk6^ViÆ>UEF}A�, %A�}�#>�k�"}, �rZN�VK�R��k'��%}, A7��p�, ���}k�C, "A^V�CS2/V7�}�+"
(slot machine), �℄nqÆ~Uq^V:�X"N�K�, v4:



ad	 �Z
u II 23�k�"Uq}, �6r;k/V�"$+, Æ>k�h�BI2"N�A/aNk. I�~}�)k�A/aNk|y}	{r;, Ii�Æ;, �C�6�/V9'�A/Vj, 3m;}�|,4�W6a�, iK?."kk/aNk}	{r;-, �V.)DpO�, IN Monte Carlo .).

14. �X: �X.g, ��)I Chebyshev .�dk=b-, �:��"$+�:��� ε O
P(|X| > ε) ≤ E[X2]

ε2
. (2.5)5ZNb�Dp}.�d|.

(1) 3E�"$+}ÆG*k3E}. Au X ≥ 0. I EX ≥ 0.

(2) Au X ≥ Y , I EX ≥ EY .

(3) �R/VhH A, Æ:/V�"$+ 1A, �r*� A L�R 1,�S�.�R 0. I E[1A] = P(A).

(4) tn��7}U
X2 ≥ ε2 · 1{|X|>ε},�6

E[X2] ≥ ε2E[1{|X|>ε}] = ε2P(|X| > ε).

(5) 3
Yn =

X1 +X2 + · · ·+Xn

n
− EX1 =

1

n

n∑

k=1

(Xk − EXk).I Yn lB Chebyshev .�d, ZN��2� EY 2
n . >N {Xn}�#46/�,

EY 2
n = n−2Var(X1 + · · ·+Xn) = n−1Var(X1),
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lim
n

P(|Yn| > ε) ≤ lim
n
n−1ε−2Var(X1) = 0.

15. r(}8:: �L:�Q+}�"$+/ {Xn} }r(OG$.4}y:, /k.	[[r(, kk�.	�O(� ω, Xn(ω) −→
X(ω); 'k{.r(, ,

E[(Xn −X)2] −→ 0;Gk0K<r(, kkPP	}, �:� ε > 0,

P(|Xn −X| > ε) −→ 0.LS_5L4�X-{.r(<U0K<r(. .g�X.	[[r(*ny50K<r(. sk.	[[r(�{.r(JO^I�uny}ji.

16. Borel-Cantelli ��: v0K<r(}���
℄, *�6<U.	[[r(. �VUu�S�Iy.�{2.2 Au�:� ε > 0 O
∑

n

P(|Xn −X| > ε) <∞,v Xn .	[[r(R X .

17. h*: Audr)R1}��/ {εn} b|
∑

n

P(|Xn −X| > εn) <∞,I Xn .	[[r(R X .
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18.  �'sÆ�: ZN�k=S {Xn} k�#46/}, ÆGk µ, .?k σ2. Au� Xi − µ }K/a<+}`?, I ∑n
i=1(Xi − µ)k n a<+}`?;�, qW6 n k	{`?, i�Æ;		{`?�_ 0. qrZN�2;`?}6/, o4W6 n  "-, >N;`?}.?k nσ2, I

Yn :=

∑n
i=1(Xi − µ)√

nσ}ÆG�R 0 %.?�R 1, k/V&4�}�"$+.^{2.2 ( �'sÆ�) �:� x ∈ R,

lim
n

P(Yn ≤ x) = Φ(x), (2.6)� Φ k&4�!6/}6/{�.

De Moivre�nXU'x6/} �'sÆ�, LaplaceJ^-�X, �� �'sÆ�.�J^, LS}�dk Lindeberg-Lévy �'sÆ�.  �'sÆ�} �*:	X-�!6/rK<? } ��U. �XQg, �)Z"}[s, ���68~��K<P3, �A [3].

19. ℄l:  �'sÆ�X-ZN/VDp}.)�_�℄l�!6/}�"$+. , {Ui : 1 ≤ i ≤ n} k n V�"�, Æ:
Xi = 1{Ui<1/2} − 1{Ui>1/2},I {Xi} �#46/, ÆG 0, .? 1, v n �i℄

X =
1√
n

n∑

i=1

Xi_��&4�!6/. r2�"h�h�i}[-, ",/��"�BI.k i}Y*.
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20. /HK<X/HÆG: rhH A (W}/Hm, hH B (W}K<N
P(B|A) = P(B ∩ A)

P(A)
.�"$+ X rhH A (W}/Hm}ÆGN

E(X|A) = E(X ;A)

P(A)
,� E(X ;A) = E(X1A). *����l, �A4�^9O*Vw8, r4��NO/Vu&}/Hm, *V�ku&}K<k 1/3.=A0t}:2	{orBk 50000, Lx}:2	{orBk

80000, :,/V t9�:2rB3N X , I EX = 50000,Au�z`9kLx9, I2�:2rBk/HÆG E(X|A) =
80000.

21. 0K<℄d}<p: &�'�, Aur/V�"q% , hH {Ωn} O ℄O/V(W, I
P(A) =

∑

n

P(A|Ωn)P(Ωn).4(�,

E[X ] =
∑

n

E(X|Ωn)P(Ωn). (2.7)

22. ": F�}�*S6(3N 1, 0, '��/VF�|y/V 01�/,ZN�z, �o 1 Uq��℄B T1 k.�6/, ÆGk E[T1] = 2,I�o 11 Uq}℄B T11 i? �.k.�6/. M/��, ZN=SF��SK<k p, IMLS}℄d
E[T11] = E[T11|0]q + E[T11|1]p,
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E[T11|0] = 1 + E[T11],

E[T11|1] = E[T11|10]q + E[T11|11]p = (E[T11] + 2)q + 2p|y.M
E[T11] = (1 + E[T11])q + (E[T11] + 2)pq + 2p2,>`

E[T11] =
q + 2pq + 2p2

1− q − pq
=

1 + p

p2
.

23. h*: F�}�*S6(3N 1, 0, '��/VF�|y/V 01 �/, (r�V�/ , (1) 11 taUq}	{℄B, (2) 01 taUq}	{℄B, (3) 101 taUq}	{℄B.



℄	K !p�5�%
I:/H��ÆGk�"6a�? �!�}/VKq,�~Æ:)XU-/HÆG}W$��, L�-rs+#ÆmwI2�/HÆG, �%)}k/U-/HÆG}"/%)��, �Nr�S}�? DIy, ��b�"N�}���U-F}Kq.jG_

• /HÆG
• �J℄<
• /HÆG}��
• /HÆG}2�
• /HÆG}��
• �"N�XF

28



ar	 |jx�o~ 29

1. /� a: /HÆG}Æ:�!����kM��&-4��:
A. Kolmogorov I#}.

2. 	e�/HÆG: r℄<}℄�, 	ek�%)}, "�z/�	e, ℄<k�Z43/�, �6ÆGk�	e$�}. I^Ik	ei? ZN		ek(��B}/V6�, �A	9�k/V(��B}�, fukk/V6�, t)k/V6�, W�M��66���. m�z(�r^V6� kk�zZ"}	e-. "Amkt:52m}, �zW$52�:, qrXm��/V t9, }r�S, )m2�/�}orB, m��/�/[��, m�~60t}	{rB�2<; qr�/�	�-, m�zkVu}, m94k60tu�}	{rB�2<; �	�kLx9, Imk6Lxu�}	{rB�2<. *kk	ÆGk�5	e%J$}, /HÆGk4�	em�kCU}�9wu. q"Ahz}℄�, YqUz}#Æ, KV9�r�Æ, 6CU�9}Uz�u. b�VO�	, /HÆGk[[.r}.

3. jR�"$+}/HÆG: ZN�SIy}i"�#Æ�k6�"$+���"z+CN	eb}/HÆG, /V�"�"$+_5LXU(��B}6�, �A9}rBCN�"$+�XU-9YqrB}6�, 9})nCN�"$+XU-)n6���. jR�"$+ X }/V℄<_5Lk�"$+ X }/V{� φ(X),3/V�"$+ Y r4� X }/Hm}ÆGk�r�O4� X}℄< � Y �_}/V℄< φ(X), t�k�{.t�, ,
E[(Y − φ(X))2] = min

g
E[(Y − g(X))2]. (3.1)

4. �"$+CN	e: K<?���"6a �%)}Kqk�<



ar	 |jx�o~ 30�. r��L�UÆ:�<��)�"��, sZNqrDp���<��VN{�. S X k/V�"$+��"V�"$+?K}�"z+, Y k�"$+, � Y M X yÆ�� Y k X }{�	KN Y jR X �<, ,^?3.1 Audr/V{� g b| Y = g(X), I	 Y jR X�<, 3N Y ∈ σ(X).�A�*VG8��6(N X1, X2, X k��}�, I XjR X1, X2 �<, � X ∈ σ(X1, X2). �/VG8��N X , X1 =

1{X=6}, X2 = 1{X=2,4,6}, I�N*��jR��.�<.

5. �<'eXK<: S�"$+ X ,� 1,2,3, IZN	 Y jR X�<v ℄vdr a1, a2, a3 ∈ R,

Y = a11{X=1} + a21{X=2} + a31{X=3}.�k Y }�<'e, �XK<<�}[ji. sE P(X = 3) = 0,IZN�6	 Y jR X �<v ℄v a1, a2 ∈ R, r.	[[}8:m
Y = a11{X=1} + a21{X=2}.�k Y }.	[[8:m}�<'e, ��3D}�<'eDp,X<�iOji. �6LSÆ: } Y = g(X) �)(.	[[K#k�6-, �"6a }F'eY*kk�$'e.

6. J�Y*}V: Y jR X }/HÆG φ(X), 3N E[Y |X ], kJ�Y*
E[(Y − φ(X))2] = min

g
E[(Y − g(X))2]}V, � φ, g �k_{�. LS�V�J�Y*OJOM/}V?wI(V? mS}Æ��6�,ZN.
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E[(Y − φ(X))h(X)] = 0. (3.2)

7. �X: nSLS/HG=, IO
E[(Y − g(X))2] = E[(Y − φ(X) + φ(X)− g(X))2]

= E[(Y − φ(X))2] + E[(φ(X)− g(X))2],>` φ(X) kJ�Y*}V, % M/. *v�, Au φ(X) kJ�Y*}V, I�:�_� λ,

E[(Y − φ(X))2] ≤ E[(Y − φ(X) + λh(X))2],�>R
2λE[(Y − φ(X))h(X)] + λ2E[h(X)2] ≥ 0,I λ }i���k 0, g%O (3.2) K#.

8. Æ���Æ:: φ(X) k Y jR X }/HÆGv ℄v�:� hG= (3.2). �VÆ:r_5bI℄3D.#. r%? Y jR���"$+}/HÆG℄, /V0��/Hk�$�, ,
E|Y | <∞.ZN.D)y}_>kZN;k=S�$�/HG=.

9. h*: S X, Y k*V�"$+, Au�:� x ∈ R, O
E
(
eixX |Y

)
= E

(
eixX

)
,BIÆ� 3.1 �X X X Y �#.
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10. V{� y = φ(x) .�)�:�{� h G= (3.2), _5L��)�/�'z{�G=k�6-, ,�:�_� x,

E[φ(X);X ≤ x] = E(Y ;X ≤ x). (3.3)�VD�}�X�QR{, ��X>.

11. /HÆG}2�: AuZN�z (X, Y ) }&�P�{� f(x, y) 6+ X }P�{� fX(x), I (3.3) �6�N
∫ x

−∞
φ(t)fX(t)dt =

∫ +∞

∞
dy

∫ x

−∞
yf(t, y)dt.*!� x (x|

φ(x)fX(x) =

∫ +∞

−∞
yf(x, y)dy,b%|

φ(x) =

∫ +∞

−∞
y
f(x, y)

fX(x)
dy. (3.4)>NiÆ x O ∫

f(x, y)dy = fX(x), �6 f(x,y)
fX(x)

jR y kP�{�, INXÆ X = x ℄ Y , O℄�K Y |{X=x}, }/HP�{�. %
φ(X) kXÆ X }/Hm Y }ÆG, 3N E(Y |X), ��	 φ(x) kXÆ X = x }/Hm Y }ÆG, 3N E(Y |X = x), MLd�6}U, ��RXÆ X = x ℄ Y }/HP�}ÆG.

12. qrZN�z/HÆG}�l8:6+wI2�/HÆG-:

φ(X) = E(Y |X), φ(x) = E(Y |X = x).�l�}
φ(x) =

E(Y ;X = x)

P(X = x)
,



ar	 |jx�o~ 33��S/H	{}Kqu?. o4Au X, Y �#, I X }	e�℄< Y JO�,, �JO	ek/(}, >` E(Y |X) = EY . Au Y �Tkk X }{�, *kk	 X }	eB03Æ- Y , I
Y �TkLS�JY*}V, , E(Y |X) = Y .

13. v X �H}℄�, E(Y |X) k�H�"$+, �r X = x ℄},�k E(Y |X = x), I
P(E(Y |X) = E(Y |X = x)) = P(X = x).>`

E[E(Y |X)] =
∑

x

E(Y |X = x)P(X = x) = EY.�	X, ÆGku�}. o"	, =SmO�q, �zWXlV}	{rB, skm.�z^V9kbVX}, IIm�k�kI0t}	{rB�℄<. �V℄dT�ZN0t}	{rB�6YqWX}	{rB�2�, kWX	{rB};/	{. ���RZN}g}0K<℄d: /VhH}K<k.46�#ÆmK<};/	{. Z/��, Au^<�z}	e�^5", ^<℄<v}�"$+q5^5�℄<X/|k5^5�℄<k/(}.

14. /HB0}��: r�S��2�/HÆG}C�.", Z%)}kbI/HÆG}���VyY*. rmS��}�� , ZN.0� X v{K�"z+, ��kOs"V�"$+}*�, �℄LS��}�2�℄d<4O�. 3�mS����}�X*�O�R{, sk�lL�Vk.g}.^{3.2 /HÆG��:

(a) E(1|X) = 1;



ar	 |jx�o~ 34

(b) E(a1Y1 + a2Y2|X) = a1E(Y1|X) + a2E(Y2|X);

(c) Au Y1 ≤ Y2 I E(Y1|X) ≤ E(Y2|X);

(d) |E(Y |X)| ≤ E(|Y ||X);

(e) E[E(Y |X)] = E[Y ];

(f) Au X1 M X2 3Æ, I E[E(Y |X2)|X1] = E(Y |X1);

(g) Au Y M X yÆ, I E(Y |X) = Y ;

(h) Au H M X 3Æ, I
E(H · Y |X) = H · E(Y |X).�k���.#e.�X��}L.o4}�b, s��kk�(, o4}�b*k�)�X}, )��t�, mk��kb�X�. Æ� 3.1 kZN�X����}*)[s. 5ZN��X��/V��. S φ(X) = E(Y |X), h(X) = H , ψ(X) = h(X)φ(X), ZN)�X E(H · Y |X) = ψ(X), ��Æ:, kk�X�:� g O

E[(HY − ψ(X))g(X)] = 0.%A!�R E[(Y − φ(X))h(X)g(X)], BIÆ: 3.2 ,<U��R
0.

15. 	X: K<? jR�"$+}�d�.�d, /��kr.	�4}8:mK#, *kk	.K#}K<�R 0. ).8.�khH�K< 0 hH}I�?(.

16. ": S (X, Y ) }&�P�k
f(x, y) =

1

2π
√
1− r2

exp

(
−x

2 − 2rxy + y2

2(1− r2)

)
,



ar	 |jx�o~ 35�k	 (X, Y ) �buji�k r (|r| < 1) }'O�!6/, I
X, Y 6(��b&4�!6/,  Y |X=x }/HP�{�k

f(x, y)/fX(x) =
1√

2π(1− r2)
exp

(
−(y − rx)2

2(1− r2)

)
,, Y |X=x �b�!6/ N(rx, (1 − r2)), �}ÆGk rx, >`

E(Y |X) = rX .

17. �*VG8, ���i�3N (X, Y ), I E(Y |X = 1) = 41/11,

E(Y |X = 2) = 38/9, E(Y |X = 3) = 33/7, ...... _5L
E(Y |X = x) =

42− x2

13− 2x
, x = 1, 2, 3, 4, 5, 6,>`

E(Y |X) =
42−X2

13− 2X
.

18. h*:

(a) S (X, Y ) }ÆG.6(k µ1, σ
2
1 � µ2, σ

2
2,  

((X − µ1)σ
−1
1 , (Y − µ2)σ

−1
2 )�buji�N r }&4�!6/, ( E(Y |X);

(b) S X1, · · · , Xn k�# �b&4�!6/, ( E(X1|X1+ · · ·+
Xn).

(c) �*VG8, X 'e*V��?}z��, Y 'e*V��}�. ( E(Y |X) X E(X|Y ).

19. �"�/�	e6: /V�"�/ X1, X2, · · · , Xn, · · · �6}Kk/V��H℄B39}�"vM. W� O�"}�(}�"



ar	 |jx�o~ 36vM, �Af�, �+�. �"$+}*� {X1, · · · , Xn} �6}Kk℄� n �}	e, �6IN/V	e6, �5℄B6i, 	eh�h", ZN�.���ÆZN}{��;>. O℄�, ZNI
σ{X1, · · · , Xn} 'e�y}	e, I X ∈ σ{X1, · · · , Xn} 'e�"$+ X M X1, · · · , Xn ��	eyÆ.

20. �"N�: b�Dp}�+|, <5*9�+, Ka{D/^, <D}K<N p, {}K<k q = 1 − p, I���'f}�, S {ξn}'e�#46/�"�/,

P(ξn = 1) = p, P(ξn = −1) = q, p+ q = 1,4 Sn(a) = a+
∑n

i=1 ξi, I {Sn(a)}INb aU(}�"N� (v{DK</(℄), ��3�I�"N� (v{DK<.4℄). Au
a = 0, ZN�R� Sn. �V�"N�k�V�"6a}�/0.

21. ta�r℄B: nI3DT�}.). <5*V�;6�℄	F�Ka/^}{D�+, S0 = a k<�k}�6, Sn k n m�<�Ym}�, 4
T = min{n ≥ 1 : Sn = a}INkta�r℄B, �k�V}�"℄B, v {n ≥ 1 : Sn = a}k�*℄, Æ: T N[%. ZN�2� T }6/)�X P(T <∞) =

1, sk E[T ] = ∞, *kk	��rOs℄Bj�rs	{�r℄Bk[%. ZNI3DT�}.)�B, .0S a = 0, tnr XY	S}
{S0, S1, · · · , Sn, · · · }�_5Lk//U�sz {(n, Sn) : n ≥ 0}, A42i-}f�>U<j, �}'�kLm/U. o4 T �kkx�, >N S2n−1 6= 0,



ar	 |jx�o~ 37g
P(T = 2) = 1/2;

P(T = 2n) = P(S2 6= 0, · · · , S2n−1 6= 0, S2n = 0)

= 2P(S2 > 0, · · · , S2n−2 > 0, S2n = 0)wI��VK<? 5ZN�B*P_�, �kMPi} Maxwell �
Kelvin tnBI}.^{3.3 S a, b > 0, Ib (m, a) y (n, b) �y x- (}U�sz};��Rb (m, a) y (n,−b) }U�sz};�.*P_�}�X�Dp, �)sz b�y x- (}��/V℄B�|}/�0 x- (*P|y//b (m, a) y (n,−b) }U�sz, �k*V*��B}//�B, >`sz�k/(}. �XB�. qrZN�)� {S2 > 0, · · · , S2n−1 > 0, S2n = 0}  }U�sz�, *kkb (0, 0) y (2n, 0) UR x- (L.s B.�y x-(}U�sz;�, ��R (1, 1) y (2n−1, 1) .�y x- (}U�sz;�, *�R (1, 1) y (2n − 1, 1) }U�sz�E.b (1, 1)y (2n − 1, 1)  B�y x- (}U�sz�, ��M*P_��R
(1, 1) y (2n− 1,−1) }U�sz�, >`

P(S2 > 0, · · · , S2n−2 > 0, S2n = 0) =
1

22n
(N2n−2,0 −N2n−2,−2),� Nn,a kb (0, 0) y (n, a) }U�sz;�, .g2�

Nn,a =

(
n

(n+ a)/2

)
.lB|

P(S2 > 0, · · · , S2n−2 > 0, S2n = 0)]
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=
1

22n

[(
2n− 2

n− 1

)
−
(
2n− 2

n− 2

)]

=
1

2n− 1

1

22n+1

(
2n

n

)
,>`O T }6/;

P(T = 2n) =
1

2n− 1

1

22n

(
2n

n

)

=

(
2n

2n− 1
− 1

)
1

22n

(
2n

n

)

=
1

22n−2

(
2n− 2

n− 1

)
− 1

22n

(
2n

n

)
,b%<U P(T <∞) = 1. BI Stirling ℄d

n! ∼
√
2πnn+ 1

2 e−n|
E[T ] ∼

∑

n≥1

1√
n
= ∞.

22. h*: ( P(S2 > 0, · · · , S2n > 0).

23. h*: S Tk kta�f k }℄B, I*P_�� T1 }6/;.

24. �/+�_{�: _{�k g6/;}/$3DO�}.). �/ {an : n ≥ 0} }_{� (generating function) Æ:N
G(z) := a0 + a1z + · · ·+ anz

n + · · · , z ∈ R.P!kQ-�, Or(Æe, Aur(Æe�, IQ-��6*v�M/yÆ�/, �℄_{�4O8:, z }Æ:ZkP!}r(



ar	 |jx�o~ 39*Zj. *�6;NP!kA!}Q-�{|, .V}g} Taylor{|
1

1− z
= 1 + z + z2 + · · ·+ zn + · · · ;

−log(1− z) = z +
z2

2
+ · · ·+ zn

n
+ · · · ;

ez = 1 + z +
z2

2
+ · · ·+ zn

n!
+ · · · ;

· · · · · · · · · .Au {bn} }_{�k H(z), I
G(z)H(z) = a0b0 + (a0b1 + a1b0)z

+ · · ·+ (a0bn + a1bn−1 + · · ·+ anb0)z
n + · · · ,>`*V�/v$}_{��R_{�}L$, �k_{��%)}��. �_{�}.)�^K<?, �6I�%?,3E���}�"$+ ξ }6/;

G(z) = P(ξ = 0) + zP(ξ = 1) + · · ·+ znP(ξ = n) + · · · .I_{�yÆ6/;.

25. �"N�}Cn�: �k~:1�U(}�"N� {Sn}, Tk 'eta�f k }℄B, Sn �f k �66N*0, (1) �f k − 1; (2) b
k − 1 �f k. v��f k − 1 �%��℄B, �k/Vb k − 1 U(}�"N�, X��}N�#, >`b k − 1 �f k, kuvRb 0 �f 1, �	X Tk �R Tk−1 ;L/VX��# X T1 46/}+. �k�"N�}Cn�, }����l, �X. g, O
-}���69/qq. I_{�'fkk

E[zTk ] = E[zTk−1 ]E[zT1 ] =
(
E[zT1 ]

)k
.



ar	 |jx�o~ 40~-, qr5�"N�</0, } S1, *$�k, Au��R 1, I T1 = 1, Au��R −1, I�)b −1 U(�f 1, uvRb
0 U(�f 2, M`<U

E[zT1 ] =
1

2
E[zT1 |S1 = 1] +

1

2
E[zT1 |S1 = −1]

=
1

2
(z + E[z1+T2 ]

=
1

2
z
[
1 +

(
E[zT1 ]

)2]
,V�V.M

E[zT1 ] =
1−

√
1− z2

z
, z ∈ [0, 1]. (3.5)

P(T1 <∞) = lim
z↑1

E[zT1 ] = 1,���, qI0K<℄d
E[zT0 ] =

1

2
(E[zT0 |S1 = 1] + E[zT0 |S1 = −1])

= zE[zT1 ] = 1−
√
1− z2.P!}{|

1−
√
1− z2 =

1

2
z2 +

1

2!22
z4 + · · ·+ (2n− 3)!!

n!2n
z2n + · · · ,,|y��S/(}g�

P(T0 = 2n) =
1

2n− 1

(
2n

n

)
1

22n
.

26. h*: S ξ }_{�k G(z), �X:

P(ξ <∞) = lim
z↑1

G(z).



ar	 |jx�o~ 41

27. h*: �R/V.�I}�"N� {Sn}, I_{�.)�t ℄
Tk }6/;.

28. h*: rLSta�r℄B}Y* , 4 u2n := P(S2n = 0) 4�,Au S2n = 0, I T ≤ 2n, >`
u2n =

n∑

k=1

P(S2n = 0|T = 2k)P(T = 2k)

=

n∑

k=1

P(S2n−2k = 0)P(T = 2k)

=

n∑

k=1

u2n−2kP(T = 2k),!I�Vji�=�U P(T = 2k)?



℄�K OB#
I: F?k�"6aXZ?��}�%)}�?, �~*)L�- Doob}F!�Æ�, kk/V�.�/jRF}�"$6<4kF, �VÆ�kÆV�"6a}!\, 4�ZNL�1℄}Kq, M`�U�"O-}Y*,� �"}2��.)�kK<? }�.jG_

• F
• �"$6
• F!�Æ�
• Doob 6V
• 1℄
• �x;>
• {oY*

42
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1. /� a: F} gkM P.Lévy r 1937 o|}, *)}[Ck
J.L.Doob r 1940 oBK}, i5�;Ur� 1953 o}/+ .

2. bDp�"N�|: S {Sn} 'e/V℄	�+ n m�<}�O�6, �k/V�"N�. >N� n m}{DUu Sn − Sn−1 X� n m�#, >`O
E(Sn − Sn−1|S1, · · · , Sn−1) = E(Sn − Sn−1) = 0.�u�	, 4��S}Uu�℄<m/mUuJO:��,, /HÆGk 0. *�6�K

E(Sn|S1, · · · , Sn−1) = Sn−1.��VKqR{U�k|yF}Æ:.

3. F}Æ:: S {Xn} k�"�/, Au�:� n O
E(Xn|X1, · · · , Xn−1) = Xn−1, (4.1)IZN	 {Xn} kF. bLS}6a�6}U, Fkk℄	}8�, *kkmI6�}	e.k|y�mO!}{�. ÆG�R 0}�#46/�"$+}16�kF. AuLS}���K ≥, Ikh�h~, INmF, Au�K ≤, Ih�h?, INLF.LFmF�k.℄	}. /��	, m.�C�+, �CkmF, mkLF; 9N;ku	f�oC }fV�kmF, �kmFi?*�i94kLF.

4. F: {Xn} k�"�/, Au�:� n O
E(Xn|X1, · · · , Xn−1) = Xn−1,IZN	 {Xn} kF. Fk℄	Nk}lZ_.



ay	 ��}t 44

5. ÆG.$�: o4
E[Xn] = E[Xn−1] = E[X0],F}ÆGX n [j, INÆG.$�, �kF}/V�)/H.

6. �#46/�"$+}$: S Y1, Y2, · · · , Yn, · · · k�#46/�"i/, E[Yn] = 1. 4
Xn = Y1Y2 · · ·Yn, n ≥ 1,I {Xn} kF.

7. h*: S {ξn} �#46/ P(ξn = 1) = p and P(ξ = −1) = q,

p+ q = 1. (_� a > 0 b| Xn := aξ1+···+ξn kF.�R�VY*, �) E[aξ1 ] = ap+ a−1q = 1 k�6-, *kk'a.M a2p− a+ q = 0, �V.MO*VV, /Vk 1�3�/V�V�6G=ZN})(-.

8. /VD`: �"�/ Xn 'e^<r/V�m} n ℄�}�O,

Xn −Xn−1 'e� n m}�|, L/V�"$+ Hn−1, Hn−1(Xn −
Xn−1) k� n m�|}/V��, �6VmN3�/V9^5�r<TL}�+. I

Yn = Y0 +H0(X1 −X0) + · · ·+Hn−1(Xn −Xn−1) (4.2)k5r�C�+ �y� n m}�O{D}��. ��D`, Au<8;}k℄	�+, I.m5wI�,�};> {Hn}, �*k^/C℄	�+, �};>.�kX�k�:�Jj.
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9. F!�Æ�: Doob WD�l>y�VD`) r��L��'eU�, ��}��k^Ii? ��k5�:�9/(, .�kr� nm|�℄�� n m}Uu, ��L	, kk
Hn−1 ∈ σ{X1, · · · , Xn−1},*kk	, ��k��� n − 1 m}#Æ�3Æ;> Hn−1. (r�"P3L Hn−1 I Hn l,, I Hn )(jR {X1, · · · , Xn−1} �<, 3DIN�.�.)^{4.1 (Doob) r�V=Sm, Yn *kF.h_L, Yq/HÆG}��,

E(Yn − Yn−1|X1, · · · , Xn−1)

= E(Hn−1(Xn −Xn−1)|X1, · · · , Xn−1)

= Hn−1E(Xn −Xn−1|X1, · · · , Xn−1)

= 0.% {Y1, · · · , Yn−1}kM {X1, · · · , Xn−1}3Æ}, ��}	eNR��, >`qI/HÆG}��<U
E(Yn − Yn−1|Y1, · · · , Yn−1) = 0.

10. �"$6: LS}�"�/ {Yn} *INk {Hn} jR {Xn} }�"$6. F!�Æ�k�"6a �!�}Æ�, �6	�"6a�?kkb�VÆ�|}. �U�	, F!�Æ�k�)/H},�A)(KV Hn (jR(��) kOW}.

11. jRF6}F: S {Xn} kF, I
Fn = σ{X1, · · · , Xn}



ay	 ��}t 46IN/VF6. �"�/ {Yn} �INk/VjRF6 {Fn} }F, Au�:� n, Yn kjR Fn �<} (�℄ZN	 {Yn} jR6
{Fn} lB)  {Yn} jRF6 {Fn} kF, ,�:� n

E(Yn|Fn−1) = Yn−1.MF!�Æ� {Hn} jRF {Xn} }�"$6kjRF6}F.

12. h*: S {Xn} kF, {Fn} kF6.

(a) Au {Yn : 0 ≤ n ≤ N} kjRF6}F, I Yn = E(YN |Fn),

n ≤ N .

(b) Au Y ∈ FN , Æ: Yn = E(Y |Fn), I {Yn : 1 ≤ n ≤ N} kjRF6}F.

(c) Au {Yn : 0 ≤ n ≤ N} X {Zn : 0 ≤ n ≤ N} �kjRF6}F YN = ZN , I��O 0 ≤ n < N O Yn = Zn.

13. Doob 6V: S {Xn} kF, I {X2
n} kmF, >N

E(X2
n −X2

n−1|Fn−1) = E[(Xn −Xn−1)
2|Fn−1] ≥ 0.mS} Doob 6VÆ�r�H℄BJO^IiI, s�}'�℄B��rÆ:�"$6℄O.�,l}%)�.^{4.2 (Doob 6VÆ�) drM/}xvM {Zn} b| Z0 = 0,

Zn ∈ Fn−1  X2
n − Zn kF, , X2

n 6VNF��. (Zn ∈ Fn−1)xvM}�
X2

n = (X2
n − Zn) + Zn.�_Æ��:8mFK#. �X�Dp, rd�Æ: Z0 := 0

(N-��M/�),

Zn := Zn−1 + E[X2
n −X2

n−1|Fn−1],



ay	 ��}t 474�%� {Zn} G=)(k�6-, M/�5Ch*.

14. h*: �X Doob 6VÆ� }M/�.

15. F'eY*: S {Xn} kF, IjRF6}Fk�"}, F!�Æ�}/V*Y*kk, jRF6}Fk.k/Æk^V�"$6?*kk	�R:�jRF6}F {Yn}, k=drlB} {Hn} b|
{Yn} kk {Hn} jR {Xn} }�"$6? ,

Yn − Yn−1 = Hn−1(Xn −Xn−1).F'eY*kZ?�� �%)}Y*, ��skM Ito )U)r
Brown m�}C��X}. r�H}C�m, /�kJOF'e},sZN�S�}y, r/�Dp}'zC�℄, F'ekK#}.

16. �"℄B: ^V�;	:‘[-ZA 10 mk<’ k/$;>, 3�/V�;	: ‘[-ZD- 100 ^�k<’ *k/$;>, ��kiÆ℄B, ��k�"℄B, �9/*.�z^I℄�k1�. >`�"℄Br_5BI k�%}. Au�LS}�"℄BIN1℄}�, IjG}�.krK/mU�℄�;�6{�U9/k.kBI1�-. .k�O}�"℄B�O�(}��, �A^9	:‘Au�S�'{GmZk<’, I�;r/mU�}℄�[){�k.kBI1�, >N�;[b�z�SGmk{kD, �6�.k1℄. S T k1℄, M1℄Æ:, {T = n} M {X1, · · · , Xn} �6�Æ. 4 Yn = Xn∧T , �l�	, �kAy℄B T 1�};>. I
Yn − Yn−1 = Xn∧T −X(n−1)∧T

= 1{T≥n} · (Xn −Xn−1)



ay	 ��}t 48M1℄}��,

1{T≥n} = 1− 1{T≤n−1}

= 1−
n−1∑

k=0

1{T=k},M {X1, · · · , Xn−1} yÆ. MF!�Æ�, {Yn∧T} kF.

17. �+ }�x;>: =Smr�C8X/VD}K<N p }�+,3D p �>�R 1/2. 6,/$�x};>, �/a� K ^, AuD-<9, Au{-ma"�/�, 0a�<, Ivm<9}℄�, m;k�6D K ^�, KN/V�V}&!"�, ��}1�℄Bk�"℄B, �b.�6/, *kkr�#%C/VK\K<N p }�"q% , �oK\taUq}℄B, �.	�ÆkOs} (s.OW). ��	XF!�Æ��	}℄	�H!. _5L.H!, >NF!�Æ�k	�+}K/m (OW iÆ℄B) k℄	}, �x;>Q+}k[W}℄B. _5L�x;>)vK\��s�*V/H (1) [s}�6; (2) [s}℄B. AuZNqÆ�6kOW}���+}a�OLW, I�(}&!"�*k.dr} (�X�)U�}��[s). �6�O}�CKm�O�i�Z�}s�, Zr+Z}�J Las Vegas }yLs3Dkms}
1000 �.

18. �x;>}��T�: S {Xn} k�F��+}�#�"$+�,�x;>_5Lk/V�"$6;L1℄, 4
Yn − Yn−1 = K2n−1(Xn −Xn−1);

T = inf{n ≥ 1 : Xn −Xn−1 = 1}.



ay	 ��}t 49Iy T 1�}�"�/ {Yn∧T} kkLS	}�x;>, �*kF, P(T < ∞) = 1  YT = K, �6ÆG}.$��R�"℄B T.K#. MR1℄}%)�, ZNL.VjR1℄}"8.

19. taFh℄B: ^<rELFH, O9nX-V>k X0, 4�<yÆ�HFXm/VU>� X0 S}F*. S X0, X1, · · · , Xn, · · · k�#46/�"�/, Xn k� n V9}U>. 4
T = inf{n ≥ 1 : Xn > X0},o4 T > n �>R	
X0 ≥ max{X1, · · · , Xn}��	 X0 k� n+1 U> }�S>, M�I�, KV9U>�S}K<�k/(}, >`Au X0 }6/k'��}, I

P(T > n) =
1

n + 1
.M`<U E[T ] =

∑
n P(T > n) = ∞.

20. ÆG.$�: skFrr1℄L./ÆOÆG.$�, r%?�xY*}℄�4)yv. _5LFr/V1℄LOJOÆG.$�k3D%)��g}Y*, )�Xr^�1℄LOÆG.$��)Iy��}��.

21. h*: ~:LS}1�U(}Dp�"N� Xn �ta�r℄B T ,�X: Yn = X2
n − n, n ≥ 0, *kF, 4��X {Yn} r1℄ T LJOÆG.$�.

22. �;{oY*}FV): �k/VDp% aKi}�+Y*, <5*V�;6�F�Ka/^}{D�+, <5Wk- a ^� b ^



ay	 ��}t 50��8;�+,  B.��X� (kkZ?�}�V9?6), �+y^9{o,�, Y<{o}K<k"N? I Xn 'e<r n m�+�Ym}�, I X0 = a, I T 'e� ^9{o}℄B,

T = inf{n ≥ 1 : Xn ∈ {0, a+ b}},ZN)� P(XT = 0). o4, >N XT �O, 0 �� a + b *$�k, g
E[XT ] = 0 · P(XT = 0) + (a+ b)P(XT = a+ b),>`

P(XT = 0) = 1− E[XT ]

a+ b
,gZN��� E[XT ] k-. AuÆG.$�r T LK#, I

E[XT ] = E[X0] = a, �(<U
P(XT = 0) =

b

a+ b
.ZN�6�XÆG.$�r T LK#.

23. h*: O/Va�J�O m+1VJM, 6 0, 1, · · · , m0a"�. ^<b 0 �MU(, �/VF�, pF��*S�u<zAP}JM,4�6��F�, 6��u, /�y�<%�OJM�#�<U, Y�b i �JMU�}K<k"N? 1 ≤ i ≤ m.

24. 's�ÆG}N� (-P): )�XLS�	}ÆG.$�r T LK#, )Y�℄'sXÆG�6N�? >NM Doob }!�Æ�,

{Xn∧T} kF, �6O
E[Xn∧T ] = E[X0]



ay	 ��}t 51�:� n K#. 3�
lim
n→∞

Xn∧T = XT ,g%�)*��6N�, I
E[X0] = lim

n
E[Xn∧T ] = E[lim

n
Xn∧T ] = E[XT ].^{4.3 (OWr(Æ�) Au�"�/ {Xn} r(R X  drD� C b|�:� n O |Xn| ≤ C, I

E[lim
n
Xn] = lim

n
E[Xn].!I�VÆ�, LS}N�k�6-, >N {Xn∧T} kOW}.

25. h*: SrLS}�;{oY* , <D5D}K<.4, WN p�
q = 1− p, qIF.)2�<{o}K<.

26. h*: S {Xn} kDp�"N�, Hn ∈ σ(X1, · · · , Xn)  drX n� ω [j}D� C b| |Hn(ω)| ≤ C, qS T k1℄ E[T ] <∞,

Yn k H jR X }�"$6, �X: Yn r T L*OÆG.$�:

E[YT ] = E[Y0]. `*k�R�x;>�V"8}/V-P	X. )e: BI��r(Æ�.

27. h*: IF.)�(1�U(}3�I (p 6= 1/2) �"N� {Sn}ta�f k }℄B Tk }6/6+ta+�1�}℄B T }6/.

28. _{�XF�: �F.)�_{�.)U���Ik��i}. S
k > 0, z ∈ (0, 1), >N

E[zξn ] = pz + qz−1, E[z−ξn ] = pz−1 + qz



ay	 ��}t 52�6 {
(pz + qz−1)−nzSn

} X {
(pz−1 + qz)−nz−Sn

} kF. M�i�Æ;, v p > q ℄, Sn )R +∞, �6 P(Tk < ∞) = 1; %v q > p℄, Sn )R −∞. qrOÆG.$�
E
[
(pz + qz−1)−Tk∧nzSTk∧n

]
= 1.v n → ∞ ℄, E Tk < ∞, STk∧n }'sk STk

, *�'sk −∞.3�����A!.���}+OW4kN�'s�ÆG. ��)
pz+ qz−1 ≥ 1  {STk∧n} mOW, sk {STk∧n} kLOW}%.mOW, >`ZNLS,F}.d.�, BI,3/VF

{
(pz−1 + qz)−nz−Sn

}
,�℄�) pz−1 + qz > 1 k�6-, %v p > q ℄, pz−1 + qz r

(0, 1) LiR 1, MÆG.$�
E
[
(pz−1 + qz)−Tk∧nz−STk∧n

]
= 1q5 n )R[%|

1 = z−kE
[
(pz−1 + qz)−Tk ;Tk <∞

]
= z−kE

[
(pz−1 + qz)−Tk

]
,, 0 < y < 1, V.M pz−1 + qz = y−1 |

E
[
yTk
]
=

(
1−

√
1− 4pqy2

2qy

)k

.� p, q U���k|y T−k }_{�. N-� T }_{�, 5�"N�</0, y 1 �� −1, �℄ T k6(uvR1U(} T−1 �
T1,

E[zT ] = pzE[zT−1 ] + qzE[zT1 ] = 1−
√

1− 4pqz2.



℄)K d/���1
I: �"6arZ? }BItnkrÆ/Æ>.S,�~YO�lDp}'xÆ/℄�, �B&!, 76, Æ/, �q, �Q�Z?Kq}��T�, )N�>F<�6+F'e�R{}��Kq�yZ? }8:, *)}�vk Doob }F!�Æ�, 3v�~}�h, �WBI!�L�V-F}8:. rRZZ?����Zv)Æi:}k�_}gW�6�℄l, sHd.�k�C�,�6.)6NZNL}k�}Z?, ��k�v}E8.jG_

• &!
• Æ/
• 9?6;>
• �>F<�
• �Q
• �C�Æ>
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1. /� a: Itô�4OZ, sk�b�JO��}UuBIRZ?2Z. �sB�Hh#k 1900o)t+Z��: H. Poincare }+fW Bachelier }+f?W, ��?Wb^VO�xU- Brown m�}03K<P�, ��qr3D;Nk A. Einstein }\�}�+Z?Ws- 8 o, 2|}k Bachelier }?Wrv℄ vF�, >[9�V%�2H, /�y 60 o�4�9%�}y, �6qr;NZ?��} g
�R 1973oAP F.Black, M.Scholes, R.Merton}/i/[C, �℄�, Itô}�"6a?4BL. `mA`, MR�)SU}��[s, !R'�℄B�"6a}Z?���k.7�V, �6 1979 o Cox, Ross, Rubinstein ��&�?
y�H℄BC�, b|�Z9X��l, % �ZN�V�"6aO[%},;.

2. �V&!: &!}AWk arbitrage, k�JO;p}r;. *kk[?oCwI$�, /Æ1�};>. �U�	, dr/V;>
{Hn}, b| H jR X }�"$6 Yn G= Yn − Y0 ≥ 0 ('eJO;p)  P(Yn − Y0 > 0) > 0 ('eO�r;). &!k:�/V�C��B�oC�.k��}.

3. �VK<: �R/V�"q{, ZNDD
>� �%)}K<<�. �A�F���G8, �_�O/VK<r��. �VK<�Rkk�V℄�, kA4/V9	F�k℄	}%3/V9	F�.℄	/(. J$<��$h#, /�#Æmk.�v{}��, srZ?2Z23DO8:. r.4}K<<� , �>}K<<�O'z}y:. SO(��B Ω, P k�L}/VK<<�, T� Ω hH(W}�k�}i�. Au Q k Ω L}3�/VK<,  �:�hH A, P(A) > 0 v ℄v Q(A) > 0, I	 P X Q k�
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4. �"�X�+: �V�>K<<�.k/H�7}h#, K<<�k��"hH�k�}/$�+)v, �>K<k/$�}�+)v, s���.J$�"�, *kk	.���"}hH$K3Æ�, *.��3Æ�}hH$K�"}. �A	�"$+ ξ ���K<�,� 1,−1, sr�><�m, �,��k 1,−1, �.vK<J$-, $K- p, q. 	�.���"}hH$K3Æ}, k�
p, q �Æk�}, >NAu p = 0, I���k�R 1, qr2$|.�k, �J$-�"�; 	�.��3Æ}hH$K�"}, k� p+ q = 1, >NAu p+ q < 1, I��4���^V��.�k,y}�$|�k,y, �*J$-�"�.

5. �>F<�: AuO/V�"$+�/ {Xn}, �r_K< P m�k.kF, skr^VX P �>}K< Q mkVF, I	 {Xn}O�>F<�. S {Yn} k�#46/�"�/, ÆGiR 0, I
Xn = Y1 + · · · + Yn kmF. �OJO�>F<�? �6}U, v
Yn },�3E℄ (�℄&!dr), �.�kO�>F<�, skv
P(Yn < 0) > 0 ℄, �/ÆO�>F<�. (o4v Xn k3E�#46/�"�/}L$℄O��}U?.) �	X^IY*i? Au� Yn }K�+}{D, I Yn 3Ek	`9Y�.�O{}�k�, %v P(Yn < 0) > 0 ℄, .mÆG"i, �dr{}�k�.*kk	v{�D}�k��dr}℄�, �>F<�dr, =v.dr. }�Dp, �_5LkZ?Æ>�/!�Æ�}V�. s�/!�Æ�}/��?iK ÆV 1980 ol4=	BJ.^{5.1 (�/!�Æ�) &!"�.�X�>F<�_d.

6. DpZ?oC: ��/Vdm�!<{N r } �oC�/Vr℄



a�	 d�oqn� 56� n >UN Sn }f�oC. ZN=Sf�}>Uk�#46/�"$+}L$, ,
Sn = S0ξ1ξ2 · · · ξn, (5.1)� {ξn} �#46/, S0 kf�(>U. Au ξn ,*V���

d, u, d < u }K<6(N q, p, p+ q = 1, v ξn ,� u 'ef�r℄� n �, =v'e. IZN	�k/V'x℄�. =SZN�6b?[s��d���m�, �Rf�*�6�8EF. >N Sn �", g%L7f��4dri+}7"N. 7"X�"q{AE��.

7. [&!: tnZN�X, =SoC[&!, v�O
d < 1 + r < u.h_L, Au 1 + r ≥ u, *kk	!<vS, I9N�6nFU

(E�) 1 ff�, �|6Z S0, dB?, rm/℄�,Ud�E�f�, �!N (1 + r)S0 − S1, >N 1 + r ≥ u > d, �6`�"$+k3E}, % 6�K<iR 0, >`oCdr&!. 4(ZN�6�XAu!<v� 1 + r ≤ d, I9N�6m�.Ef�%�|[;pr;, goC*O&!"�.

8. Æ/: Æ/k$W�1, >N�k0GRf��(}�1+q>�}. s+�	, Æ/k/8�g, 6wdEBÆ/N", �XU�g9r^VKÆ℄B6KÆ>UaEf�}/!. SKÆ℄Bk m,KÆ>UN K, Auy℄�f�>USRKÆ>U, I�g9kO!}, �!N (Sm −K), *�, �[!�:, �~2�/!, �6Æ/}>�k�"}, �R
Vm := (Sm −K)+. (5.2)



a�	 d�oqn� 57Ld}EBÆ/O�.4, �BU�g9rKÆ℄B��}:�℄B��60KÆ>U K EBf�, �6>�N
Vm := max

1≤i≤m
(Si −K)+. (5.3)/��, /V n℄�yÆ}$W�1kk/VjR S1, · · · , Sn �<}�"$+ Vn.

9. �g[W: Æ/k/$/!, 94.�kR5}, �BIF"N�94k�O8:}Y*, L�k�|w�$Æ/}l�"`�	, �R�N�	, �~94kJO:�;p�|wÆ/6�|/8l�s�5. �(};>k=dr? Æ/�TkCN/$Z?℄�<U}, *)`}kM�rGf℄};p. �A^9}�f�, >`i+Uwf�6�or�>}℄�EB%�!, sN-/�f�C/L�k�};p, �e8�E/8}�Æ/�g, �(6��r�}<#}#Æm.�R�Z i. sk��}({	X, �Z"��7"�IRZ<��7"%K��2i-;p. �.o}Z?J"�6	kkMÆ/��Z?℄���}.

10. �q: >NO!<N r } �oC}dr, n ℄�}/^�uvR
n + 1 ℄�} 1 + r ^�, �6J�}�rqr}��)�q, ,
n + 1 ℄�} K ^�r n ℄�k�� K(1 + r)−1 ^. �q[3k/VgÆ, .k^I��}h#, Au�), ZN�6=S r = 0,�.���S}%?tK:���}.4. 3�, ri"�#Æm,

m = 1 *=b	XY*-.

11. Æ>: Æ/�gk/V��}�"A�, ��C}�"A�B0��. �6tnvy}Æ>.)ki�Æ;, ,>UBIk�"A�
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(1 + r)−mE[Vm]. (5.4)rJO���)}#Æm, �kM/}�u, �$Æ>}�v�Dp, sknyri};p, [)}W, `m�};p�5(�+ (aE+) }x;%EN, ��Æ/l�"`}T"k.?}. 3��VÆ>XK< p Oj, r_5#Æm, �VK<�g432�. ImSYO}Æ/Æ>}�vz�k3D�,}.

12. �v}DpT�: Æ/Æ>}�vk	3vÆ/�g}�!�63v�f�}76�|.

13. wI�: =AZOT6Z x0, Zk.k3v76f�1yÆ/}>� Vm, .0b m = 1 |. ZE x ff�, - xS0 ^�, 4��Ym}� x0 − xS0 dB?, �(k�k/V76;>, � 
x0, x koÆ}8�. �(y℄� 1, Z}f�>� xS1 %dB?}�>� (1 + r)(x0 − xS0), ���, Z}76>�N

xS1 + (1 + r)(x0 − xS0).Z}`}�k1�Æ/}>�XaE�, �6ZÆG.mr^I#Æm, �O
φ(S1) = xS1 + (1 + r)(x0 − xS0), (5.5)� φ(S1) kkÆ/>�, rwd}�}#�, φ(S1) = (S1 −K)+.

14. V.M: LS}.M (5.5) k.k�kK#i? /�k.�k}, >NZN)(}kr�O�k}#ÆmK#. skrZN�V'x℄�}'(=Sm�~�k. S1 = S0ξ1 ��k,*V� S0d � S0u,>`O
φ(S0d) = xS0d+ (1 + r)(x0 − xS0),
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φ(S0u) = xS0u+ (1 + r)(x0 − xS0).�~VU*VS�+
x =

φ(S0u)− φ(S0d)

(u− d)S0

,

x0 = (1 + r)−1 (u− (1 + r))φ(S0d) + ((1 + r)− d)φ(S0u)

u− d
. (5.6)*kk	, �)/|O x0 ^�, l�Kk�63v6L76�|XÆ/�g4(>�}�, �6�VÆ/�g�NBIF�I"�. �(.moCA�$�, l�K.�O:��Z. �6 x0 BIkÆ/>U, (5.6) kkÆ/Æ>℄d.

15. BL}Um: skZNBI}y, h#A`BL}_>k'x℄�}=S, 3D}'z.

16. "8:=Sf�qr}>Uk 50^, mV℄�6 3/4}K<� 20%,

1/4 }K< 20%. ^Vh��E/8m/℄�yÆ}KÆ>UN
52 ^}wd}�Æ/, =S!<�6
>.2, IÆ/}i�Æ;Æ>k

(60− 52)× 3/4 + 0× 1/4 = 6^, %�LS}Æ>℄d, Æ/}>Uk
(60− 52) · 20%

40%
= 4^, LS}℄d�T�ZN�IB��Q;p, n.?X 16 ^�, ;LFÆ/�|} 4 ^�E 2/5 ff�25, �ym/V℄�,Auf�y 40 ^, IÆ/.���q, ZNF�f�| 16 ^��X?; Auf��y 60 ^, F�f�| 24 ^, �X?

16 ^, qXÆ/NO9 8 ^�}�|.
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17. Æ/}RNCI: ZXLS�V"8�Vm/mÆ/}RNCI.�A^9O\C^�, �O	�f���, vX`i1/�, AuEf��kE 1000 f, vf�L�℄, }U, �1/C^, �x|N,Q.vX�, k�/m, EÆ/, �6E 12500 8Æ/, Auf��-, �K8Æ/1 8 ^, _[C^, *kk1�\C^. �kkÆ/�R^�9}8:, sk(H-, Au�Z�f�-, IÆ/KN/�4�, \C^��[r; %EmE}kf�, m�OÆC^r.�6Æ/kRN, 42i-�r}r;*2i-;p, ;� there is

no free lunch.

18. l>: 7ll>Æ/Æ>℄d (5.6), ZN(q�V℄dX p JOji, �k/V~}e, >N p k/V4986}�, �g3Æ, l'5;p. 3�℄d O*V��R 1 }��
u− (1 + r)

u− d
,
1 + r − d

u− d
,3��N p′. �*V�O�U}CI, ZN�6%�Æ:K< P̂ b|

P̂(ξn = u) = p′, P̂(ξn = d) = 1− p′,I P̂ k P }/V�>K<<�b|
Ê(ξn) = d

u− (1 + r)

u− d
+ u

1 + r − d

u− d
= 1 + r,�x��q�}f�>U {(1 + r)−nSn} r P̂ mKN/VF. �6

P̂ k P r^$8:m}/V�>F<�, % ZN*)}y, P̂ kb| {(1 + r)−nSn} KNF}M/�><�. �kkZ?Æ>�?}�'!�Æ�.^{5.2 (�'!�Æ�) Æ/O[;pÆ>v ℄v�>F<�M/dr.
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19. q}Æ>℄d: I�><�, Æ>℄d (5.6) �6�KN
x0 = (1 + r)−1[q′φ(S0d) + p′φ(S0u)] = (1 + r)−1Ê[V1],� V1 = φ(S1), �kÆ/�g}r;r�K<m}ÆG��q,Xi�Æ;}Æ>℄d (5.4) �du4, �kK<.4. Z/��,6℄B m NKÆ℄B}$W�1 Vm r 0 ℄�}w>BIk

x0 = (1 + r)−mÊ[Vm]. (5.7)mSZNq5^�X.

20. 76: ��76y;}8�kkyÆr℄� k a"N�Ef�. =Sr�O Xk }5F�, a�E (F) Hk 8f�, �Ym}dB (m)?. Irm/�}5F;�N
Xk+1 = HkSk+1 + (1 + r)(Xk −HkSk), (5.8)/V76�/ {Hk} �B5/V5F�/ {Xk}. JLd�D|
(1 + r)−k−1Xk+1 − (1 + r)−kXk

= Hk

(
(1 + r)−k−1Sk+1 − (1 + r)−kSk

)
.ZN�z {(1 + r)−kXk} X {(1 + r)−kSk} 6(k5F�f�>U}�q�/, ��k {Hk} jR��}�"$6. >N��jRK< P̂ kF Hk jR {S1, · · · , Sk} �<, �6Yq Doob }F!�Æ�� {(1 + r)−kXk} jRK< P̂ *kF, ,�q�}5Fr�<�m*k/VF.

21. 9?6: ��OV%)Kq�#YO/m, 9?6}8�?."k9X}, �r76vM W-/|}6Z�.q;B��,U6



a�	 d�oqn� 62Z. }.M (5.8), 4 Bk := Xk − HkSk, �k76f��}S$2B?, rm/℄�, Bk+1 = (1 + r)Bk, >`
Xk+1 −Xk = Hk(Sk+1 − Sk) + (Bk+1 −Bk), (5.9)*kk	5F}x;�9f�}x��?}!e, JO���b,�kk9?6.

22. Æ>: AuZNOT6Z x0, v3v76 {Hk : 0 ≤ k < m} rKÆ℄B m fyXÆ/�g Vm /(}5F, , Xm = Vm, IF}ÆG.$�|
x0 = (1 + r)−mÊ[Xm] = (1 + r)−mÊ[Vm].�(�X-ZN}Æ>℄d.

23. �C�Æ>: 7l}���k}U, LS}℄dkO/Vny/H}, *kkdr {Hk : 0 ≤ k < m} b| Xm = Vm. N-Dp, 5ZNr r = 0}=SmVm�VY*. Au {Hk}dr, IZNkO/V�_dr}76.)rfoL1y Vm, �6�(}Æ>*IN�C�Æ>, >NÆ/}1�`&�63vf�76�_q. I {Hk} dr8T5^Ii? ��k�S�	}F'eY*. {Sn}r�<� P̂ mkF, �}F63N {Fn}. >N Vm k℄n�z}Æ/r m ℄�}>�, 4
Vk = Ê(Vm|Fk),I (Vk : 1 ≤ k ≤ m) kjRF6}F, Vk kkÆ/r k ℄�}[;p>U, �M Vm M/3Æ. AujRF6}F�6F'e, Idr {Hk} b|uB}�"$6 Xk = Vk ��O 1 ≤ k ≤ m K#, Y*kVy-.
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24. s+9C: �k=S r = 0, =vm5�q�} Sn vB Sn [�k�6-. b m ℄�|,

Vm − Vm−1 = Hm−1(Sm − Sm−1),� Vm k S1, · · · , Sm }{�, Hm−1 � Sm−1 k S1, · · · , Sm−1 }{�. =SZNr m − 1 ℄�, �℄ S1, · · · , Sm−1 k4�}, ZN)V Vm−1 � Hm−1. >N Sm u�R Sm−1 O*$�k� Sm−1u� Sm−1d, �6ZN|y*V.M



Vm(S1, · · · , Sm−1, uSm−1)− Vm−1 = Hm−1Sm−1(u− 1);

Vm(S1, · · · , Sm−1, dSm−1)− Vm−1 = Hm−1Sm−1(d− 1).�~*V.M*VS�+, V|
Hm−1 =

Vm|u − Vm|d
Sm−1(u− d)

;

Vm−1 =
(u− 1)Vm|d + (1− d)Vm|u

u− d
= Ê[Vm|S1, · · · , Sm−1].

25. Æ>X76;>: /��, � 0 < k ≤ m O
Hk−1 =

Vk|u − Vk|d
Sk−1(u− d)

;

Vk−1 =
(u− 1)Vk|d + (1− d)Vk|u

u− d
= Ê[Vm|S1, · · · , Sk−1].� Vk|u = Vk|ξk=u, Vk|d = Vk|ξk=d.

26. h*: S ξ k3E�"$+, �X: P(ξ > 0) > 0 v ℄v Eξ > 0.

27. h*: SO/f�qr℄� 0 }>Uk 50 ^, rKV℄B��6
3/4 }K<L� 20%, 6 1/4 }K<m 20%, =S!<�6
>,



a�	 d�oqn� 64^Vh�\r�1l�℄�aEr℄� 2 yÆ}KÆ>UN 52 ^}wd}Æ/, *kk	�Or℄� 2 6 52 ^}>UFXl�℄�/ff�}/!, Y�8Æ/BIF"N�? l�℄�BIwI76��Q;p, Au℄� 1 f�m, �8Æ/��"N�?l�℄�QBIwI9C?

28. h*: =SL* }dm�}!<k r = 5%, uB}Y*BIwIB?

29. h*: Au (5.1)  } ξn ,� 0 < u1 < u2 < u3 }K<6(N
p1, p2, p3, � p1, p2, p3 k�} �N 1, YdrK<<�b|�q�}>UvM {(1 + r)−nSn} KNF}/Hk^I? M/D?



℄}K QzH`
I: b�H℄B�"vMy'�℄B�"vMr�vX��.).SZ;R{, s'�℄B�"vMr℄l^+m�℄o4Z94. Brown m�CN℄lMW^�: R.

Brownr 1927ol>y)T�}7�I$r.+'S}�"m�k�%)}�"vM, M A. Einstein r 1905or%?8%�q{℄XU��T�)M N. Wiener r
1918 o�#XUdr��X6�, /�k�"� g} �. �~YO Brown m�}Æ:+���, �3v/��"8YO��v.).jG_

• Brown m�
• �#	Xx+
• OsO6/
• tf℄}6/
• 9u��
• Donsker .$_�

65
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1. �"vM: b�H℄B�"�/y'�℄B�"vM, �lL?.", s.)�.4, >N^+}m�/�k'�}, �6'�℄B�"vM3DkZ~�℄l� g^��"q{.

2. '�℄B�"vM: r^V℄B*BL'�39/V�"q%}UuIN'�℄B�"vM. s+�, (��B Ω L}�"$+>
X = (Xt : t ∈ [0, T ]),IN�"vM, �� T �6k +∞. .8 Xt = X(t, ω), t ≤ T, ω ∈

Ω k*V$+}{�, t k℄B$+, ω k(�$+, iÆ t k�"$+, iÆ ω k [0, T ] L}{�, IN(� ω }sz, �(�sz.(�sz�V_��{, 39/Vf�}<jk//(�sz, 399��}I+k//(�sz, 39yf/V?}9�k(�sz, ��. �"$+�B}k/V�, %�"vM�B}k/V{�, �6�"vM*�6�VN�"{�.

3. ?�: �"vM&4}�)k X = (Xt : t ∈ [0, T ]), X k�V�"vM}Z:, Xt k�"vMr℄B t },�, O℄ZN�R	�"vM X �� (Xt) ��Dp� Xt �, .//V	.

4. OsO6/: :,OsV℄B� 0 ≤ t1 < t2 < · · · < tn, �"z+
(Xt1 , Xt2 , · · · , Xtn)}6/IN�"vMr℄B� (t1, · · · , tn) L}OsO6/, �O}OsO6/0+INOsO6/>. Au*V�"vMr�Ou4℄B�L}OsO6/u4, IZN	�N�>.

5. �DF�%)}*V�"vMk Poisson (,�) vMX Brown (/�) m�, ��T�℄B� [0, t] yf^�_
}9�, *INy�



am	 ℄l�b 67vM, ��T�7r.+'SMR68�2��}m�s%, �MtaT��$q{}W^�: Brown}Z:[Z, s_5L��℄�}I#*)r\R^��: A. Einstein ���: N. Wiener.

Poisson vM}(�szk0i}, Brown m�}(�szk'�}. X��Pi}Z:&i5, �v%�, �*V�"vMk"I}%).

6. 	e6: ℄B t ��}	e σ(Xs : 0 ≤ s ≤ t) 3N Ft, �4� �y[s"V�"$+, sk�}�l8:X�H℄B��. (Ft) IN	e6. .8 Ft  �y.��[%"V�"$+, Z;R{Zg�V, �k��R�V�"6ak�j%)}. 5ZNb.V.4O�B/VVm, fGkb�,���V�. tn, ZN�6�X/V�"$+ ξ jR��<v ℄v�6b ,U/V�"�/b| {Xsn} b| ξ �6�K�V�/}{�. 3��"$+ ξ X
Ft �#k� ξ X� :�OsV�"$+?K}�"z+�#.

7. jR	e6}/HÆG: wI�V�"$+ ξ jR�}/HÆG
E(ξ|Ft)? �lL, ��S�GL�	}jR�"$+}/HÆG/(, �k4�	e/Hm}�9℄<. s+2�℄, �k/VjR
Ft �<}�"$+ η, G=�:�OsV�"$+ Xs1, · · · , Xsn�{� g, O

E[ξg(Xs1, · · · , Xsn)] = E[ηg(Xs1, · · · , Xsn)].3DZN.�)�}.2��"$+jR	e6}/HÆG, Z"}kBI�}��. �GL�SjR/HÆG}���r	e6}#Æm�kK#}, ������BI�V)3-, �S�DIy.
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(a) E(1|Ft) = 1;

(b) E(a1Y1 + a2Y2|Ft) = a1E(Y1|Ft) + a2E(Y2|Ft);

(c) Au Y1 ≤ Y2 I E(Y1|Ft) ≤ E(Y2|Ft);

(d) |E(Y |Ft)| ≤ E(|Y ||Ft);

(e) E[E(Y |Ft)] = E[Y ];

(f) Au s ≤ t, I E[E(Y |Ft)|Fs] = E(Y |Fs);

(g) Au Y k Ft �<}, I E(Y |Ft) = Y ;

(h) Au H k Ft �<}, I
E(H · Y |Ft) = H · E(Y |Ft).

8. '�℄BF: ��R�H℄B, I�"vM X = (Xt) kF, Au�:8 t > s ≥ 0 O
E(Xt|Fs) = Xs. (6.1)�>Rx+}/HÆG�R1

E(Xt −Xs|Fs) = 0.4(*OLFmF}Kq.

9. �#x+: S X = (Xt) k�"vM, Xt �6,�rSO�B, �A Brown m�T�7r.+'S}m�, >`BIk'O}, skN-Dp, ZN3D=S�Nk/O}. �R t > s ≥ 0, Xt −XsINx+. /V�"vMINk�#x+}k��}x+k[39}, ��	x+ Xt −Xs X℄B s �}	e Fs �#, *kk	, :8, s �}℄B 0 < s1 < · · · < sn ≤ s, �"$+ Xt −Xs X�"z+ (Xs1 , · · · , Xsn) �#. Poisson vMX Brown m��k�#x+}.
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10. Cn�: Cn�k�XÆqr}U�, J�Xv.k�#}. Cn�k�"vM �%)}���/, �#x+}�"vM/ÆkOCn�}. Cn�k6#t��: Markov }Z:[Z}, �r 150o�taR{Uqr�V}Cn�. OCn�}�"vMINCnvM. �#x+nyCn�, >N Xt − Xs X s ���#, >`r�z Xs � Xt X s �/Æk�#}, I��Y"�'f: �:�
t > s > 0 X x ∈ R, O

P(Xt ≤ x|Fs) = P(Xt ≤ x|Xs). (6.2)

11. 	Xx+: Aux+ Xt−Xs X Xt−s−X0 46/, IZN	�"vMk	Xx+}. 	Xx+k	x+}6/0�R℄B? t−s,X℄B�#� s, t [j. Poisson vM}x+}6/k8�N λ(t− s)} Poisson 6/, % Brown m�}x+}6/k�!6/ N(0, t−
s), �k	Xx+vM.

12. >` Poisson vMX Brown m��k	X �#x+vM. N-.#, ZN=S�N�b 0 U(, , X0 = 0. G=�#x+�X	Xx+�}}�"vM3IN Lévy vM, Lévy ��-/i��"vM, ��6I�℄l�"�"q{. �ArZ?oCL, 9N4.G=RI Brown m��℄lf�>U, >N3v/��q6a,/���;Nf�<j �yO0}q{, ��f�<j}6/�	.BIk!R}, �*$q{�.?� Brown m�, �6��fGk6?��* q{}�Dp}�"vM�℄lf�<j, kk
Lévy vM }XÆvM.

13. /�m�: G=mS/H}�"vM X = (Xt) IN_�U(}
Brown m�,
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(a) X0 = 0;

(b) �#x+
(c) 	Xx+ Xt −Xs ∼ N(0, t− s);

(d) (�sz'�.vZN�*V?�}℄�, *V?�}�*S��.4, sk�N}6//(; 4(, vZNl>*V7}m�℄, �N}s%.4,sk�N�k Brown m�, >�N}6/u4. 3�	 X = (Xt)kb x U(} Brown m�, Au (Xt − x) kb1�U(} Brownm�. /��, n O Brown m�k� n V�#} Brown m�CN6+?K}�"z+vM. 3�, Brown m�}�� (
eXt
) INk.� Brown m�.

14. dr�: 3D�"vM�O/Vdr�Y*, �R Brown m�L�A`, dr�Y*y�6��:["o, ��k N. Wiener r
1923 oXU�X, �6 Brown m�*IN Wiener vM. *�/���� Brown m�}dr�.6N4, ;N Brown m�CN��7r.+'S}m�s%94�dr5, s_5LZN��	} Brown m��kW^ �	} Brown m�}/V��℄�, �kG=XÆ/H}/V��Kq, �}dr���|y�(��,%.k�k6W^�l>���. �/V��KqIN Brown m�k>N��;N��}�~�℄l-W^ �V} Brown m�.jR Brown m�}dr��X, 8~ [4].

15. /�m�}OsO6/: S X = (Xt) k1�U(} Brown m�,M�#x+�<U�:� 0 < t1 < t2 < · · · < tn, x+�"z+
(Xt1 , Xt2 −Xt1 , · · · , Xtn −Xtn−1

)



am	 ℄l�b 71�# �k�!6/, �6�}&�P�{�k n O�!6/
pt1(x1)pt2−t1(x2) · · · ptn−tn−1

(xn),� pt(x) 'eÆG 0 .? t }/O�!6/}P�{�. MR�"z+ (Xt1 , · · · , Xtn) kL��"z+}/Vt�$�, �6�*k�!6/,  �}P�{�k
pt1(x1)pt2−t1(x2 − x1) · · · ptn−tn−1

(xn − xn−1)

=
1√

(2π)nt1(t2 − t1) · · · (tn − tn−1)

· exp
(
−1

2

(
x21
t1

+
(x2 − x1)

2

t2 − t1
+ · · · (xn − xn−1)

2

tn − tn−1

))
.>` Brown m�}OsO6/kÆGN1}�!6/, k GaussvM (�OOsO6/�k�!6/}�"vMINk/V GaussvM). �RÆG1}�!6/, �z�}�.?n�k=b-, � i j /}^�N

E[XtiXtj ] = ti ∧ tj .

16. �.?: wI��.? E[XtXs]? !I�#x+�, Au t > s, I
E[XtXs] = E[(Xt −Xs)Xs] + E[X2

s ] = s.�6�I	, �)JRI�#x+�, Brown }Y*!�L��6Vy.

17. h*: S X = (Xt) k_�U(} Brown m�, (1) �:���
t1, t2, t3, t4 ( E[Xt1Xt2Xt3 ] X

E[Xt1Xt2Xt3Xt4 ];

(2) S s < t, ( E[Xs|Xt]; (3) S s < t < u, ( E[Xt|Xs, Xu].
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18. h*: Einstein (q Brown m� Xt }P�{� u(t, x) = pt(x) BIG=8\x.M
∂u

∂t
=

1

2

∂2u

∂x2
,�X�.

19. ��: >`)%�/V�"vMk Brown m�, /V�)k%��k Gauss vM, ÆGN1 .?N E(XtXs) = t∧ s k�6-, �6mS.V����7%�.

(a) �I�: (−Xt) *k Brown m�;

(b) u��: �:�_� c 6= 0, Yt = c−1Xc2t *k Brown m�;

(c) �n�: �℄BO�0v�, Yt = tX1/t *k Brown m�.

(d) �C��: Au T k1℄, I Yt := Xt+T − XT CN�"vM*k1�U(} Brown m�.

20. .$_�: S {ξn} �#46/�"$+, Eξn = 0, Var(ξn) = 1. 4
Sn = ξ1 + · · ·+ ξn, I�t�� (n, Sn) 0au', ,

St := (t− n)(Sn+1 − Sn) + Sn, n ≤ t < n + 1, n ≥ 0.I St k�"vM. 4��℄B��B}BVO�L}$�, �:� n, 4
X

(n)
t =

Snt√
n
, (6.3)v nh�hi}℄�, vM (X

(n)
t )}L.�hy/V��} Brownm�. �RiÆ} t, M �'sÆ�k�6}U� X

(n)
t 06/r(R�!6/ N(0, t), %Z�i}UuAm.^{6.1 (Donsker .$_�) v n )R[%℄, X

(n)
t r(R/V

Brown m�.
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21. h*: Brown m���l, skr	hL[)�R_q, ZN�6I Donsker .$_��℄l Brown m�, ��k�}�i�[. �/VM��℄l Brown m�.

22. t ℄: S Ta kb 0 U(} Brown m� X tf a ∈ R }℄B,b3�	
Ta(ω) := inf{t > 0 : Xt(ω) = a},�4 Brownm�b 0U(, skÆ:}.d'X T0 S��R 0. rDp�"N�}C�m, ZN�U-�}6/) �X- P(Ta <

∞) = 1, I�V.)�=MR Brown m�i? Brown *O�I�, , (−Xt) k� (Xt) 6/u4} Brown m�, �6*�6BI*P_�. S a > 0, r Ta(ω) < t ℄, (�sz Xs(ω) CN s }{�r t ���y a, Ir�y a ��}szFL<Fm<k��k}, <U Xt > a+ (b− a) � Xt < a− (b− a) }K<u4.^{6.2 (*P_�) S a > 0, b ∈ R, t > 0, I
P(Ta < t,Xt > b) = P(Ta < t,Xt < 2a− b).�V*P_��6I�� Ta }6/-, .8 T−a X Ta 46/. , b = a, |

P(Ta < t,Xt > a) = P(Ta < t,Xt < a),I Ta }6/{�N
P(Ta < t) = 2P(Ta < t,Xt > a)

= 2P(Xt > a)

= 2

∫ ∞

a

1√
2πt

e−
|x|2

2t dx
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= 2

∫ ∞

a/
√
t

1√
2π

e−
|x|2

2 dx

= 2P(X1 > a/
√
t),v t→ ∞ ℄,

P(Ta <∞) = 2P(X1 > 0) = 1.� t (x, | Ta }P�{�N
φa(t) =

a√
2πt3

exp

(
−a

2

2t

)
.

23. �r℄B: LS}.)� a = 0��[�. 94vy,'s, v a ↓ 0℄, k=O Ta ↓ T0? Au�}�, I�:� t > 0,

P(T0 < t) = 2P(X1 > 0) = 1.>` T0 = 0. sLS}'s./Æ�, wI�i? , t > 0, I T t 'e t ℄B�tafy 0 }℄B, I limt→0 T
t = T0. M Brown m�	3.$}��, v Xt = x ℄, ���tf 0 uvRb 0 U(tf −x, n�/HÆG

P(T t < u|Xt = x) = P(T−x < u− t)

= 2P(X1 > |x|/
√
u− t),q,ÆG|

P(T t < u) =

∫ ∞

−∞

1

2πt
e

−|x|2

2t 2P(X1 >
|x|√
u− t

)dx

=

∫ ∞

−∞

1

2π
e

−|x|2

2 2P(X1 >
|x|√
t(u− t)

)dx.4 t ↓ 0, <U P(T0 < u) = 1 �:� u > 0 K#, >` T0 = 0. �	X X }szU(℄[%"aX x- (uN. _5L X }szX x-(uN�}*�JOd#�, sk�};E�N1.
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24. h*: S X = (Xt) k_�U(} Brown m�, Æ:
Yt(ω) :=

∫ t

0

Xs(ω)ds, t > 0, ω ∈ Ω.�V$6k3D} Riemann $6, �X: Y = (Yt) k Gauss vM,(�}�.?{� cov(Ys, Yt).



℄�K QzH`[9MjY
I: Brown m�}(�szk'�{�, >N'�}�"�, �}sz$|'�.oÆ, �~J�B%?{�oÆ�}+: /a$?X'a$?. �X-(�szJOOs}/a$?, skO�~}'a$?, ��N	X
Brown m�}sz.kÆ:3D}$6, r 19 g7℄�, ��WN Weierstrass `t}/V'�[[�x}{�%
a, ��, .	K/sz�k�(}.jG_

• F�, ��F
• (�sz
• /a$?
• 'a$?
• Riemann-Stieltjes $6

76
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1. Wiener }`t: Brown m�}`t.)O�", � Wiener .℄tn�X- Wiener <� (*kk Brown m�) }dr�, �!I�# �b&4�!6/}�"�/ {gn : n ≥ 0} 63�/$.)`t- Brown m�. !I Fourier -�, Æ:
Xt =

t√
π
g0 +

∑

n≥1

2n−1∑

k=2n−1

√
2

π

sin kt

k
gk,P!_5Lr [0, π]Lk6K< 1/�r(}, >`k Brown m�.

2. �"�}Y*: �SZN	v�"$+}	e, 	e}���K<JOji, sk�|K<#	e8:�Æ.i, �6ZN�K<^�;^.�%?�"$+}�"�Y*, _5Lk6/}�"�Y*, �kZO8:�. 6/��y}�"�k.4}, �A�F�}�"�JO�G8}�"��. /��AE�"$+ Y k X }{�, ZN	 X Z"	e, *	 X }6/{�Z�". Au�N�6�u'e, I�"$+}	e/(, �N}6/{�}�"�/(. sk.4	e}�"$+�6Ou4}�"�, >N�"�
>/�K<1}	e. Brown m��yO"N�"�? }���", >N��yI"}�!�"$+, �KV t > 0, Xt �k�!}, s Wiener `tT�ZN�_5LI#r��"V�#}&4�!6/�"$+L, %��"V&4�!6/}�"$+k�63v [0, 1] L{l6/�"$+`tU�}, �6 Brown m���y}�"�� [0, 1] L{l6/}�"$+}�"�k/(}.

3. X Brown m�uj}F: S X = (Xt) k Brown m�.

(a) (Xt) kF;

(b) �"vM (X2
t − t) kF;
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(c) �"vM (exp(aXt − a2t/2)) kF, ��	X.� Brown m�
exp(Xt) /�.kF, %Fm�3�} Brown m� Xt − t/2 }��4kF.)�X X2

t − t kF, , t > s > 0,

E[(Xt −Xs)
2|Fs] = E[X2

t − 2XtXs +X2
s |Fs]

= E[X2
t |Fs] +X2

s − 2XsE[Xt|Fs]

= E[X2
t −X2

s |Fs],% Xt −Xs X Fs �#, �6
E[X2

t −X2
s |Fs] = E[(Xt −Xs)

2] = t− s,}U X2
t − t kF. jR��F, >N Xt − Xs X Fs �# �b

N(0, t− s), >`
E
(
ea(Xt−Xs)|Fs

)
= E

(
ea(Xt−Xs)

)
= ea

2(t−s)/2,<U (3) K#.

4. ": r'�℄B#�, Doob }�"1�Æ�<4K#. X�H℄B#���, 	�"℄B T : Ω → [0,∞] k1℄k��:� t ≥ 0 O
{T ≤ t} ∈ Ft.^{7.1 Au M = (Mt) kF T k/V1℄, I (Mt∧T ) *kF. OÆG.$�

E[M0] = E[Mt∧T ]



ap	 ℄l�b`�[g_ 79�:� t > 0 K#. �)kN�'s�ÆG, F�6Vy�"Y*,�A�S T = Ta (a > 0) }6/, ZNIF.)�B. IbVF�B? ��*VJOI, ��I��F. �V8�,

ebXt− 1

2
b2tkF, IMÆG.$�

E

(
ebXt∧T− 1

2
b2(t∧T )

)
= 1.v t → ∞ ℄, Xt∧T → XT = a, Y*k�6Vy-. s'sXÆG�6N�D? M��r(Æ�, �)ÆG�S}+�/VX t X

ω [j}W��k�6I��r(Æ�-. >N t ∧ T ≤ T , �6
Xt∧T ≤ a, LOW, g%�) b > 0,

ebXt∧T ≤ eba,3/16, e−b2(t∧T )/2 ≤ 1, >`r b > 0 ℄�6N�, |
E

(
e−

1

2
b2T
)
= e−ab,B$� θ = b2/2, <U T } Laplace $�N

E
(
e−θTa

)
= e−a

√
2θ.b��L}, /V3E�"$+} Laplace $�M/�3Æ-�}6/.

5. (�sz: l>/V7$8}m�s%kk//(�sz, (��Bk�O�k}(�sz0+, K<T�ZNb�(8}sz(W}�k�}i�. b52O�}, //(�szk.	X"NY



ap	 ℄l�b`�[g_ 80*}, l>�"�"(�4k}y(�sz}6/#Æ. f�}<jk//(�sz, �"�V/:�5�;N9/�6b�//sz}U� }6/#Æ�J�}<jb�?L}"NO�Æ#. .vZN�VL:kr=S-<j6/}#Æm�BI�"6a},�R=Sk=��.k�"6akVy}Y*.

6. oÆX.oÆ: 5ZNnb��L� Brown m�}(�sz��^6a. b���|, ZNRZ}{�}L.3DkoÆ}, >N3D}T�{�k[%a�I}, ZN�oÆ}{�A`}g,6�R)`t/V[[.�x}{�).�7, sk Brown m�{q3/V'�, N-}"X�VY*, ZNtn�)v/vwI��+{�}oÆM�? oÆ}*:_BIk.oÆ? b Donsker}.$_�}, Brown m��4'�, s�Æk'�.oÆ}/�,�}.oÆ}M�b|ZN[)I���T�U�, >N9}s.�k94��y$M�. ZNwI�T��$'�}.oÆ�i?

7. .	[[: rK<? , i:)��I.	[[}�v��~Y*.re�K< , K<1}hHkk.�k}, skr/�}K<�B , K<1�k.	.�k}, �Ar [0, 1] L,V�, �kO��}K<.	k.�k}; r nO�B ��#}�!6/, nVz+, I�Nt�uj}K<k.	.�k}. sk���kUur(��B �dr5. �R Brown m� X = (Xt : t ∈ [0, 1]),iÆ(� ω, I Xt(ω) jR t k'�{�, IN(�sz, ZN)	X.	�O}(�sz�k�.oÆ}.

8. {�:y}E�: ~: [0, 1] L}'�{�: x = x(t). (�_ZN�6~::�*BL}{�, [0, 1] �kN-.#.) �R{�}:y



ap	 ℄l�b`�[g_ 81�	, /V94}KqkE�, /V'�{�}:yCN'�+tBIk�6<+E�}, skwI<+i? v4kI[%�}.),~::8�6 ∆:

0 = t0 < t1 < · · · < tn = 1.���t��}_v, {�:y}E� L(x) �Æ.�RAm}�tE��, ,
L(x) ≥

∑

i

√
(ti − ti−1)2 + (x(ti)− x(ti−1))2.q!IGO.�d, P!/Æk�5�6}$l%�x}, �6ZN�E�kÆ:N

L(x) = sup
∆

∑

i

√
(ti − ti−1)2 + (x(ti)− x(ti−1))2. (7.1)Au:y}E�[s, �6v{{��T/Æ�.oÆ, >N�D}9iK.�k�U//E�[s}+t�, �6ZNkbE�Os�k[s�%?{�}oÆM�. mS}UukI$6}/V+Z℄d.�{7.1 Au{� x = x(t) r [0, 1] L'��x, I L(x) < ∞ 

L(x) =

∫ 1

0

√
1 + x′(t)dt.

9. wI,�6: >NQ+$6, ZN�SDO,�6}�). b�?LL$6dr�BIX�6[j, ��6+�S�Q+}�6*kA`. sN-�7�V� R�=, ZN�6qÆr�S	}�6$l)R1, k��*B [0, T ] ,//'(}�6: '6��6, �
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n ≥ 1, Æ:
∆n := {0, T

2n
,
2T

2n
, ·, (2

n − 1)T

2n
, T},*kkE�N T2−n }�6�, �(,�6}~[k�/a�6�yr�/a�6 , 6�h�hl, v n )R[%℄, �6}E�)R1. skN-|�}.#, ZN;kDp�	 “�6 ∆ = {ti}$l)R1”.

10. {�}$?: MR.�d
∑

i

|x(ti)− x(ti−1)| ≤
∑

i

√
(ti − ti−1)2 + (x(ti)− x(ti−1))2

≤ 1 +
∑

i

|x(ti)− x(ti−1)|,�6 L(x) Os[s�� ∑
i |x(ti)−x(ti−1)| }��Oj, �INk{� x r�6 ∆ L}$?, Æ:

V (x) = sup
∆

∑

i

|x(ti)− x(ti−1)|, (7.2)�INk x = x(t) }/a$?. o4 L(x) < ∞ v ℄v V (x) <

∞. �6�X, /V{��/a$?Osv ℄v��6�KN*V�x{�}?.

11. sz$6: Au y = y(t) k [0, 1] L}'�{�, IZNC�6
∆ LjR{� x = x(t) } Riemann �

∑

i

y(si)(x(ti)− x(ti−1)), (7.3)� si ∈ [ti, ti−1]. =S{� x sOOs}/a$?, Iv�6$l)R1℄, Riemann �}'sdr% X si },)[j, 3D



ap	 ℄l�b`�[g_ 83ZN,A� ti−1, 3�V'sN
∫ t

0

y(t)dx(t),INk Riemann-Stieltjes$6. LS$6}dr�3D0�R x}Os/a$?�, =v$6k.�kdr}. v x '��x℄, LS}$6$K3D} Riemann $6
∫ 1

0

y(t)dx(t) =

∫ 1

0

y(t)x′(t)dt.mSÆ�	XY*�r, s�X)Iy-{6a }_YÆ�.^{7.2 v�6 ∆ $l)R1℄, Riemann � (7.3) �:8'�{�OOs's, I x OOs/a$?.

12. I$6!�Æ�: S f k R L'��x}{�,  x OOs/a$?, II$6!�Æ�K#
f(x(t))− f(x(0)) =

∫ t

0

f ′(x(s))dx(s), t ∈ [0, 1]. (7.4)

13. 'a$?: Au ∑
i(x(ti)− x(ti−1))

2 INk x r�6 ∆ L}'a$?, Au�6$l)R1℄,

lim
∆→0

∑

i

(x(ti)− x(ti−1))
2dr, IZN	 x }'a$?dr, 3N 〈x〉, Au�), ZNrm&L�Æ*B6ek�V*BL}'a$?.�{7.2 Au x '� OOs/a$?, I 〈x〉 = 0.�X: 4

x(∆) := max{|x(ti)− x(ti−1)| : 1 ≤ i ≤ n},



ap	 ℄l�b`�[g_ 84Iv�6$l)R1℄, x(∆) )R1, >`
〈x〉 ≤ x(∆)V (x) −→ 0.

14. {.r(: �"�/ {ξn} r(R ξ O"$.4}8:, � �%)}O.	[[r(X{.r(, �KViÆ}(� ω, ξn(ω) k�/, Au�r(R ξ(ω), I	 ξn r(� ω Lr(R ξ. .	[[r(���r(?.", k�.r(}�(�0+}K<�R1. Au
E[ξn − ξ]2 −→ 0,IZN	 ξn {.r(R ξ. {.r(�.	[[r(JOnyji, �N�k.48:}r(. sk{.r(�6<U0K<r(, % �6<UO/V8/k.	[[r(}.

15. Brown m�}'a$?: N-.#, `�ZN'(�I B = (Bt)'e1�U(} Brown m�, ∆ k*B [a, b] }�6,^{7.3 'a$? B(∆) {.r(R b− a.�X: �9jR�!6/}n2�℄d
E[(Bt − Bs)

2n] = (2n− 1)!!(t− s)n.q!Ix+}�#�
E[(B(∆)− (b− a))2]

= E[(
∑

i

(Bti − Bti−1
)2 − (b− a))2]

= E[
∑

i

(Bti − Bti−1
)2]2



ap	 ℄l�b`�[g_ 85

− 2(b− a)E

[
∑

i

(Bti −Bti−1
)2

]
+ (b− a)2

= E

[
∑

i

(Bti − Bti−1
)4

]

+ E

[
∑

i 6=j

(Bti − Bti−1
)2(Btj −Btj−1

)2

]
− (b− a)2

= 3
∑

i

(ti − ti−1)
2 +

∑

i 6=j

(ti − ti−1)(tj − tj−1)− (b− a)2

= 2
∑

i

(ti − ti−1)
2,>`O

lim
∆→0

E(B(∆)− (b− a))2 = lim
∆→0

2
∑

i

(ti − ti−1)
2 = 0.�VÆ��"�T�ZN, Brown m�r:�*BL}'a$?�k�}, >`�}/a$?�Æk[s}, *kk	�}sz.	��.oÆ.

16. 'a$?vM: Æ: 〈X〉t k�"vM X r*B [0, t] L}'a$?, �B}�"vM 〈X〉 = (〈X〉t, t ≥ 0),IN X }'a$?vM,>`LS}Æ�	 Brown m�}'a$?vMk t, , 〈X〉t = t,�k3D�,}/VUu.

17. .	[[}8:: LS�	}'a$?k{.r(}8:m, sk.g�Xr,^�'z�6�m, *�6�X.	[[r(. �A,*B [0, 1] }'6d�6
∆n = {k · 2−n : 0 ≤ k ≤ 2n}.
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E[B(∆n)− 1)2] = 2 · 2−n,M Chebyshev .Æd

P(|B(∆n)− 1| > 1/n) ≤ 2n2

2n
,<U ∑

n P(|B(∆n) − 1| > 1/n) < ∞, ��M Borel-Cantelli ��|'a$? B(∆n) .	[[r(R 1.

18. ": S f k R L'��x{�, B = (Bt) k Brown m�, (�"vM Xt = f(Bt) }'a$?vM. , [0, t] L}�6 ∆, M �Æ�
∑

i

(f(Bti)− f(Bti−1
))2

=
∑

i

[(f ′(Bsi))
2(Bti − Bti−1

)2 − (f ′(Bsi))
2(ti − ti−1)]

+
∑

i

(f ′(Bsi))
2(ti − ti−1),v ∆ $l)R 0 ℄, >N f ′ OW, �6�/V�J{.)R 0��'V�k Riemann �, )R3D}$6, >`

〈f(B)〉t =
∫ t

0

[f ′(Bs)]
2ds.

19. h*: S a < 0 < b, Ta, Tb 6(k_�U(} Brown m�ta�y a, b }℄B. IF.)�( P(Ta < Tb), E[T ] 6+ T } Laplace$�, � T = Ta ∧ Tb. Vg: MF}ÆG.$�, �:� t > 0,

EBT∧t = 0.



ap	 ℄l�b`�[g_ 87v t→ ∞ ℄, a ≤ BT∧t ≤ b, >`M��r(Æ�| EBT = 0. %
BT = a1{Ta<Tb} + b1{Tb<Ta},>` aP(Ta < Tb) + bP(Tb < Ta) = 0, ,

P(Ta < Tb) =
b

b− a
.)� ET , �)IF (B2

t − t), �kMÆG.$�,

E[B2
T∧t] = E[T ∧ t].4�5 t→ ∞, A!BI��r(Æ�P!BIp�r(Æ�|

E[T ] = E[B2
T ] = a2P(Ta < Tb) + b2P(Ta > Tb) = −ab.���, )� T } Laplace$�, BII��F (exp(λBt−λ2t/2)).ÆG.$����r(Æ�|
E
(
exp(λBT − λ2T/2

)
= 1, (7.5)>`

eλaE
[
e−λ2T/2;Ta < Tb

]
+ eλbE

[
e−λ2T/2;Ta > Tb

]
= 1. (7.6)��.=6�U E

[
e−λ2T/2

]
. q~:��F (exp(−λBt − λ2t/2)),���|

E
(
exp(−λBT − λ2T/2

)
= 1 (7.7)�

e−λaE

[
e−λ2T/2;Ta < Tb

]
+ e−λbE

[
e−λ2T/2;Ta > Tb

]
= 1. (7.8)I

E

[
e−λ2T/2

]
=

sinh(λa)− sinh(λb)

sinh(λ(a− b))� sinhx = (ex − e−x)/2. M`#�|y T } Laplace $�.
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20. h*: �S}y Brown m�/Æ��y:�//�	�t. I���Æ�y//�}�t x = at + b D? o4v a, b =�℄�Æ,4�℄�ÆD? �	S�. , a, b > 0, I x = at+ b k//r_��L, �<�}�t, 4 T k Brown m� B ta�y�/�t}℄B, ,
T = inf{t > 0 : Bt = at + b}.( P(T < ∞). Z}vr/�f�<j}6a.) , O9I�tuN}.)�yÆEB��FU, �	�kIy��}Uu. ZNr��YO/V0�, /�lT5X��. >N exp(cBt− c2t/2)kF, >`M Doob F!�Æ�, �:� t > 0 O

E
(
exp(cBt∧T − c2(t ∧ T )/2)

)
= 1,>N Bt∧T ≤ a(t∧ T ) + b, g�) ac− c2/2 ≤ 0  c > 0 ℄, t �6)R[%, �℄

E

[
exp

(
(ac− c2

2
)T

)]
= e−bc,.M ac− c2/2 = −λ v λ > 0 ℄O�Y c = a +

√
a2 + 2λ, I

E
(
e−λT

)
= exp(−b(a +

√
a2 + 2λ)).

21. h*: S Xt = tBt, ( X }'a$? 〈X〉. �X: Xt := tBt −∫ t

0
Bsds kF.



℄IK �lnf
I: �"$6k Itô �B}, �6*IN Itô $6, �k�"6a�%)}Kq, �}��{ Riemann-Stieltjes$6, so4.k3D8:m}, �}dr�k!I	.�$F�B}B���X}, v4X Brown m�}'a$?vMP�uj.jG_

• 	.�$F
• 'a$?vM
• 'a�$?
• ,A��} Riemann �
• �"$6
• �"$6��Æ�

89
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1. r�~ , S B = (Bt) k Brown m�, �WK}	e63N (Ft),

Ft }���	XK<[j, s_5L.+qK<}6kJO8:}, �6ZN��)��O} P- K<�R1}*�+�8*�;ByKV Ft �.. v�([�}6 (Ft) IN Brown 6.

2. �v: R5ZNvÆ:/V�"vM F = (Ft) jR Brown m�}
Riemann-Stieltjes $6, sk Brown m�k�.oÆ}, v��}(�sz�Æ:$6

∫ t

0

Xs(ω)dBs(ω)�Æk;�}. skZN�6r{.r(}8:m (��rZF}0K<r(}8:m) �Æ: Riemann �}r(, ��k Itô �"$6}�v.

3. 	.�$F: .0~:Os*B [0, T ], /V�"vM M = (Mt) IN'�	.�$F, Au
(a) '�: .	�Osz'�,

(b) 	.�$: �:� t ∈ [0, T ], EM2
t <∞,

(c) lB: �:� t ∈ [0, T ], O Mt ∈ Ft,

(d) F�: �:� T ≥ t > s ≥ 0 O
E[Mt|Fs] =Ms.��}6k Brown 6, v4jR Brown 6}F*k3D}F. �3/VFkM�}#�� MT yÆ}. 	.�$F0+kt��B,�S}FA4/Vz+, O94}E�Kq,

||M || := {E[M2
T ]}1/2,



aY	 zhie 91ZN�6�X�OB��, *kk	 Cauchy /O's. ��RÆ:�"$6�j%).^{8.1 E M (n) k	.�$F�/b|v n,m �)R[%℄,
∣∣∣∣M (n) −M (m)

∣∣∣∣ )R1, Idr/V	.�$F M = (Mt) b|∣∣∣∣M (n) −M
∣∣∣∣ )R1.

4. .m: )�XB��, jGk�X'sF M = (Mt) k'�vM, �℄%)} Doob .�d~C-.

E[max{M2
s : 0 < s < t}] ≤ 1

4
E[M2

t ]. (8.1)�X�V.�dkk)Iy�T} Doob F!�Æ�, svM
NCp, O
-}��8~ [4].

5. /a$?: tn, X Brown m�/(, W-��RD� (jR t), 	.�$F}.	�Osz}/a$?;k[s}. >��XAm,!I��d
E[M2

T −M2
0 ] = E

[
∑

i

(M2
ti
−M2

ti−1
)

]

= E

[
∑

i

(Mti −Mti−1
)2

]
.P!.Fv

E[max
i

|Mti −Mti−1
| · V (M)],� V (M)(ω) k Mt(ω), t ∈ [0, T ] }/a$?. Au/a$?Os, v�6$l)R1℄, `+M'���)R1, >`

E[(MT −M0)
2] = E[M2

T −M2
0 ] = 0,<U MT =M0, ^%�:� t O Mt =M0.
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6. 'a$?: 	.�$F}'a$?vMdrM/, �k�"6a �%)}Æ�. M/�.g�X, sdr�.	k�"6a�g}/VÆ�, kZ/�} Doob-Meyer Æ�}'z#Æ, Doob-MeyerÆ�k�H℄B} Doob 6VÆ�}'�℄B��.^{8.2 v [0, T ] }�6$l)R1℄, 'a$?
∑

i

(Mti∧t −Mti−1∧t)
2r(R 〈M〉t, �kM//Vb| 〈M〉0 = 0  b| M2

t − 〈M〉t kF}'�xvM.�X}�v: � [0, T ] L}�6 ∆ Æ:
X∆

t :=M2
t −

∑

i

(Mti∧t −Mti−1∧t)
2, t ∈ [0, T ],�X X∆ k	.�$F v ∆ $l)R1℄k	.�$F�B}

Cauchy /, I�}'skk M2 − 〈M〉. 8~ [4].

7. 'a�$?: S M = (Mt) � N = (Nt) �k	.�$F, 'a�$?
〈M,N〉t :=

1

2
(〈M +N〉t − 〈M〉t − 〈N〉t)k ∑

i

(Mti∧t −Mti−1∧t)(Nti∧t −Nti−1∧t)v�6)R1℄}'s. �7%� 〈M,N〉 k
(a) *V'�xvM}?;

(b) vM MtNt − 〈M,N〉t kF,



aY	 zhie 933��kG=�*V/H}M/vM. 〈M,N〉 O��j$}��:

(a) �I�: 〈M,N〉 = 〈N,M〉;

(b) t�: 〈cM + c′M ′, N〉 = c〈M,N〉+ c′〈M ′, N〉;

(c) Au M,N �#, I 〈M,N〉 = 0.

8. h*: S B(1) X B(2) k*V�#} Brown m�, �X: �N}L$kF, b%�X 〈B(1), B(2)〉 = 0.

9. A��} Riemann �: nDp�=S F = (Ft) k'�OW jR
Brown 6lB}�"vM. ∆ k*B [0, T ] }�6, Æ:,A��} Riemann ��"vM

(F∆.B)t :=

n∑

i=1

Fti−1
(Bti∧t − Bti−1∧t), t ≤ T,� F∆ k6�Æ:}�"vM,

F∆
t := Fti−1

, t ∈ (ti−1, ti].�(�}~[kZN�6��}KN n V�"vM}�.�{8.1 vM (F∆.B) k	.�$F O Itô �t
E(F∆.B)2T = E

(∫ T

0

(F∆
s )2ds

)
. (8.2)

10. �X: (1) 	.�$F: ZN�)�X�:� i,

M
(i)
t : = Fti−1∧t(Bti∧t − Bti−1∧t) (8.3)

=





0, t ≤ ti−1;

Fti−1
(Bt −Bti−1

), t ∈ (ti−1, ti);

Fti−1
(Bti − Bti−1

), t ≥ ti



aY	 zhie 94k	.�$Fk�6-. '��ko4}, 	.�$kJOY*},>N F kOW}. (2) Itô �t: (F∆.B)2T 6K	.x�N=x, �R	.x, !I�#x+}��<U Fti−1
X Bti −Bti−1

k�#},gO
E

(
∑

i

F 2
ti−1

(Bti − Bti−1
)2

)

=
∑

i

E

[
F 2
ti−1

]
E
[
(Bti − Bti−1

)2
]

=
∑

i

E

[
F 2
ti−1

]
(ti − ti−1)

= E

(∫ T

0

(F∆
t )2dt

)
.�RN=x, *!I/HÆG���6�X�N��R 0. 5Ch*.

11. h*: S 0 ≤ t1 < t2 ≤ t3 < t4, �"$+ ξ, η 6(jR Ft1 X Ft3�<, �X:

E[ξ(Bt2 − Bt1)η(Bt4 − Bt3)] = 0.

12. r(: >N
lim
∆→0

∫ T

0

(F∆
s − Fs)

2ds = 0,�6v ∆ $l)R1℄ (F∆.B)t {.r(R^V	.�$�"$+, 3N (F.B)t � ∫ t

0

FsdBs,��INk F jR B r*B [0, t] L}�"$6. M	.�$F�B}B��, �CN/V�"vMk	.�$F O Ito �t
E

(∫ t

0

FsdBs

)2

= E

(∫ t

0

F 2
s ds

)
. (8.4)



aY	 zhie 95Au.�OW�, S F k'�lB�"vMG=�$�/H
E

(∫ T

0

F 2
t dt

)
<∞, (8.5)�℄�:� n, F ∧ n jR B }�"$64�Æ:-,  

E

(∫ T

0

(Ft − Ft ∧ n)2dt
)

−→ 0,>`M Itô �t (F ∧ n).B O's, �kk F jR B }�"$6
F.B. �6�"$6}�"vM���6q�i, sZN.v�IB-. 3�LS}$6/Hk���"$6k	.�$F}��/H.

13. �"$6: ZN�LS�	}M;Æ�, �_)�V��Æ:, �k�)�z�I$6"/��}���`. F}Æ:O*V)�: K<<��6. 	.�$Fk/VOj$}t��B, I H 2 'e,�MK<<�6+6yÆ, �X3D}wd�BO��}�., z+OE�, z+�BOO�, �6O^�}Kq, 3��kB�},�6k Hilbert �B, ��S}'�	.�$F0+k�}/V�8�B, I H 2
c . �}8�kk H 2

c  }�/,'s��r��S.�G=LS�$�/H}lBvM F = (Ft) 012r/�, 3N
L 2, �*k/V Hilbert �B, *kMK<<��6yÆ. qr�"$6kk��B L 2  }vM F $K H 2

c  }vM F.B,

F 7→ F.B,.0IN Itô GP, �k/Vt�GP�$�. s+wIBy}i?n� L 2  Dp}vM0+ L0 Æ: Itô GP, 4�I# Itô �t
E[(F.B)2T ] = E

(∫ T

0

F 2
t dt

)
,



aY	 zhie 96��I's.)�$�}Æ:Z!?y L0 }�� L 2 Lkk�V}�"$6-. 6L�V�t$��ÆkpP, sS�kGP, r��/LZN��X, Au6k Brown 6}�, I�kkGP,�k�V}F'eÆ�.

14. m�qv: 6L$6}dr�6+'a$?}dr�}�X�.k�7�V}h#, L����!Y.~}��, .v�N*.�r`v"h�, ��)}��N}m�)vk�6-, A4�R3D}$6/(, �"3��/,}�W*�k�zwI$6, b�J.vvN^I. �R:�G=�$�
E

(∫ T

0

F 2
t dt

)
<∞}'�lB�"vM F = (Ft), �jR Brown m�}�"$6k/VjR℄B t }�"vM

∫ t

0

FsdBs,�k,A��} Riemann �
∑

i

Fti−1
(Bti∧t −Bti−1∧t)v�6$l)R1℄}{.r( (��0K<r() }'s, �V�"$6}vM*Dp3N F.B = {(F.B)t : t ∈ [0, T ]}. 3��}'a$?vMk

〈F.B〉t =
∫ t

0

F 2
s ds. (8.6)

15. (8.6) ny5 Itô �t℄d (8.4), �N�3D%), )�X�V, ���XmS*�, 5Ch*.
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(a) (8.3)  Æ:} M (i) O
〈M (i)〉t = F 2

ti−1
(t ∧ ti − t ∧ ti−1),

= F 2
ti−1

∫ ti∧t

ti−1∧t
ds

=

∫ t

0

F 2
ti−1

1{s∈(ti−1,ti]}ds.

(b) �.4} i, j O
〈M (i),M (j)〉 = 0.M�$?}M/�, ��>R�XL$vM M (i)M (j) kF.

16. jR	.�$F}�"$6: ����6Æ: F jR	.�$F
M }�"$6 ∫ t

0

FsdMs�� F.M , �<4k/V	.�$F O
〈F.M〉t =

∫ t

0

F 2
s d〈M〉s,P!k/V3D$6, >N 〈M〉 k�x'�{�. �℄�$vM

F = (Ft) BI'�lB G=
E

(∫ T

0

F 2
t d〈M〉t

)
<∞,% �SZN;kA`=S. mS}�"$6��Æ�3D�i3DOI.^{8.3 �"$6 F.M kG=mS/H}M/}	.�$F: �:�	.�$F N O

〈F.M,N〉t =
∫ t

0

Fsd〈M,N〉s.
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17. ��: �"$6X3D$6. /(, �_5L.k{�jR{�}$6, �K3D$6}(8�k�x�`V, s��6�I���6IN$6, k>N�}���y3D}$6, �A�kt�}
∫ t

0

(c1F
(1)
s + c2F

(2)
s )dBs = c1

∫ t

0

F (1)
s dBs + c2

∫ t

0

F (2)
s dBs, (8.7)� c1, c2 kD�. 3�, AuO*V'�}$6, I

∫ t

0

Gsd

∫ s

0

FudBu =

∫ t

0

GsFsdBs. (8.8)�*V���6Dp�I�"$6��Æ��X. �A�X (8.8),:,	.�$F N ,

〈G.(F.B), N〉t =
∫ t

0

Gsd〈F.B,N〉s

=

∫ t

0

Gsd

∫ s

0

Fud〈B,N〉u

=

∫ t

0

GsFsd〈B,N〉s

= 〈GF.B,N〉t,MM/�, G.(F.B) = GF.B, � GF = (GtFt : t ∈ [0, T ]) 'e*V�"vM}L$. mS}"8	X��3D$6�./(}/S.

18. h*: S F,G k*V'�lBvM, �X
〈F.B,G.B〉t =

∫ t

0

FsGsds.
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19. .m: �_����SjR�"$6}�? �"Y*�)Im1F}Kq, =v�"U?k[)<p}, m1Fk�)I1℄�Æ:},  jR�}�"U?*kI1℄�V[s��X}, 4FU-�L:},L.

20. ": (�"$6 ∫ t

0

BsdBs..0S ∆ k [0, t] }�6, I
n∑

i=1

Bti(Bti − Bti−1
)

=
n∑

i=1

B2
ti
−

n∑

i=1

BtiBti−1

=

n∑

i=1

[B2
ti−1

− BtiBti−1
] +B2

t − B2
0

=
n∑

i=1

Bti−1
(Bti−1

− Bti) +B2
t − B2

0 ,>`A��} Riemann �
2

n∑

i=1

Bti−1
(Bti − Bti−1

)

= −
n∑

i=1

(Bti − Bti−1
)2 +B2

t − B2
0 ,,'s, A!}'sk�"$6, P!}�}'sk'a$?, |

2

∫ t

0

BsdBs = B2
t − B2

0 − t.



aY	 zhie 100M`}U�"$6X'a$?P�uj, 3��}UI$6!�Æ�r��[�, >N��I$6!�Æ�g�BIk
2

∫ t

0

BsdBs = B2
t − B2

0 .

21. h*: S M k	.�$F, Au M2 = (M2
t ) *kF, �X: �:�

t, Mt = M0. �X: MF}�� E(Mt −M0)
2 = E(M2

t −M2
0 ) = 0,>` Mt =M0.

22. h*: S M k	.�$F, Au�:�	.�$F N O 〈M,N〉 =
0, �X: �:� t, Mt =M0.



℄vK >�h�
I: O-�"$6, kOwI2��"$6}Y*, 3v��Æ�, �"$6}�"����R3D$6, sk�61$6℄dX$+,�℄d.4R3D$6, ��IN1(℄d, ��DLRI$6 Pi} Newton-Leibniz℄d, �~YO�"$6}��6+61$6℄dX1(℄d.jG_

• '�ÆF
• ÆF6V
• 61$6℄d
• 1(℄d
• ��F

101
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1. S B = (Bt) k Brown m�, (Ft) k Brown 6. �9/VlB}�"vM X k��:� t, Xt jR Ft �<, *kk	 Xt M Brownm� t ℄B�}	e3Æ. .8ZNmS)y}�"vM�k'�}.

2. Os/a$?vM: k�/VlB}�"vM V = (Vt), �}.	�O(�szk'� OOs/a$?}. �(�R:8'�lB}�"vM F = (Ft) ZN�6Æ:3D}$6
∫ t

0

FsdVs�k0(�sz,A��} Riemann �}'s�Æ:}, |y}<4k/VOs/a$?vM, *3N F.V .

3. '�ÆF: '�ÆF}�BkN-��}.#. Au/V�"vM
X �6�K/V	.�$F M �/VOOs/a$?}'�lB�"vM V }�,

Xt =Mt + Vt,IZN	 X k'�ÆF. ZN;k�6)( V0 = 0 *;kA`)(, >N�(�6��LS�(}6VkM/}, =v�k�u?/VD�. 6V X =M + V INÆF6V.

4. �"$6: S F k'�lBvM, 94�Æ: F jRÆF X }�"$6
(F.X)t =

∫ t

0

FsdXs =

∫ t

0

FsdMs +

∫ t

0

FsdVs, (9.1)*kk	
F.X = F.M + F.V.



ak	 �{fv 103�k F jR X ,A��} Riemann � (�Nk0K<r() }'s. >N F.M kF, F.V OOs/a$?, �6 F.X <4kÆF.q�}'a$?.�{9.1 S K = (Kt) k'�lBvM, IOs/a$? V X�}'a�$? 〈K, V 〉 = 0.�X: >Nr�6 ∆ L}�$?
∑

i

|(Kti −Kti−1
)(Vti − Vti−1

)|

≤ max
i

|Kti −Kti−1
| · V (∆),% V (∆) OW, K '�, �6v�6$l)R1℄, P!)R1. ��	X V X:�'�lBvM}'a�$?��R1, �6OmS}��.

(a) 〈X〉 = 〈M〉.

(b) S3/VÆF Y = N + U , I 〈X, Y 〉 = 〈M,N〉.Os/a$?}16rB�$?℄�6
>.

5. �(ZN�6	jRÆF}�"$6?{-3D}$6, vF16�R1℄, jRÆF}$6kk3D$6, �OvF16Uq℄, 4k��}�"$6.

6. �"$6}61$6℄d: Au U , V kOs/a$?vM, I61$6℄d�6�K
UtVt − U0V0 =

∫ t

0

UsdVs +

∫ t

0

VsdUs. (9.2)
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UtVt =

1

2
[(Ut + Vt)

2 − V 2
t − U2

t ],LS}℄d�6M U = V ℄}�d�'f
U2
t − U2

0 = 2

∫ t

0

UsdUs.�R Brown m�,

B2
t − B2

0 = 2

∫ t

0

BsdBs + t,�S} t k B }'a$?. B0����6�X, Au M = (Mt)k	.�$F℄, I
M2

t −M2
0 = 2

∫ t

0

MsdMs + 〈M〉t. (9.3)�k1��V�X, ZN|ymSjRÆF}61$6℄d.^{9.1 S X k'�ÆF, I
X2

t −X2
0 = 2

∫ t

0

XsdXs + 〈X〉t. (9.4)!I	Æ!�)v�6<U, �:�'�ÆF X, Y

XtYt −X0Y0 =

∫ t

0

XsdYs +

∫ t

0

YsdXs + 〈X, Y 〉t. (9.5)Au X , Y �/JOF16, I 〈X, Y 〉 = 0, Ldkk3D}61$6℄d.

7. 1�3D}$6, ZN*�6II^}�), �A℄d (9.5) ��K
dXtYt = XtdYt + YtdXt + d〈X, Y 〉t,



ak	 �{fv 105�(I��O℄��.#�. O℄�mS}�)Z.#
XY −X0Y0 = X.Y + Y.X + 〈X, Y 〉,� X0Y0 }K��R�"$+ X0Y0 }�"vM.

8. ": �"vM Xt = tBt, �k*VÆF}L$, I61$6℄d, |y�}ÆF6V
tBt =

∫ t

0

sdBs +

∫ t

0

Bsds,I�}'a$?k
〈X〉 =

∫ t

0

s2ds =
1

3
t3.���, �"vM Xt = tB2

t }ÆF6V
tB2

t =

∫ t

0

sdB2
s +

∫ t

0

B2
sds

= 2

∫ t

0

sBsdBs +

∫ t

0

(s+B2
s )ds,�}'a$?

〈X〉t = 4

∫ t

0

s2B2
sds.(ÆG

E〈X〉t = 4

∫ t

0

s2E[B2
s ]ds = t4.

9. ": B2 kÆF, �}6Vk B2 = 2B.B + t, � t 'e t ℄��R t }�"vM. Yq (9.5)

B3 = B2.B +B.B2 + 〈B2, B〉
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= B2.B + 2B2.B +B.t + 〈2B.B + t, B〉

= 3B2.B + 3B.t*kk	 B3 *kÆF, 3B2.B kF16, 3B.t kOs/a$?16. Ird)6+61$6℄d�6�X
Bn

t −Bn
0 = n

∫ t

0

Bn−1
s dBs +

n(n− 1)

2

∫ t

0

Bn−2
s ds.�℄, 3vl>) Yq�"$6}t����6�U��X, Au f k/V"xd, I

f(Bt)− f(B0) =

∫ t

0

f ′(Bs)dBs +
1

2

∫ t

0

f ′′(Bs)ds.�kk+Z}1(℄d�V�.

10. 1( (Itô) ℄d:^{9.2 S f k'a'��x, I
f(Bt)− f(B0) =

∫ t

0

f ′(Bs)dBs +
1

2

∫ t

0

f ′′(Bs)ds. (9.6)��I^}�d
df(Bt) = f ′(Bt)dBt +

1

2
f ′′(Bt)dt. (9.7)���, 	.�$F}1(℄dk

df(Mt) = f ′(Mt)dMt +
1

2
f ′′(Mt)〈M〉t, (9.8)XÆF}1(℄d

df(Xt) = f ′(Xt)dXt +
1

2
f ′′(Xt)〈X〉t. (9.9)�N}�dB0/�, vÆF X .yF16℄, 〈X〉 = 0, �kk3D} Newton-Leibniz ℄d.
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11. 1(℄d}�X: Itô ℄d}�X.)3Dk*$, /$k3D"xd�_, .I�U�	, dr/V"xd�/ fn, �'4�}/Sx�'Sx�6(/�r(R f +�/Sx�X'Sx�. �(k<U Itô ℄d. sk"xd}r(��krOs*BL}, �6)�UBKL��X��)��[s. �'$.)k!I'S �Æ�, r�� a, b }*BLdr� ξ b|
f(b)− f(a) = f ′(a)(b− a) +

1

2
f ′′(ξ)(b− a)2,I

f(Bt)− f(B0) =
n∑

i=1

(f(Bti)− f(Bti−1
))

=

n∑

i=1

[
f ′(Bti−1

)(Bti − Bti−1
) +

1

2
f ′′(Bsi)(Bti −Bti−1

)

]
,� si ∈ [ti−1, ti], �kMY�Æ�3Æ}. v n )R[%℄, �/x{.)R�"$6, �/x{.)R'a$?$6. )�X�/x}'s, �)�

E

(
∑

i

f ′′(Bsi)(Bti − Bti−1
)2 −

∑

i

f ′′(Bsi)(ti − ti−1)

)2r(R1kb-, %Ld.�Fv
m2 · E

(
∑

i

(Bti − Bti−1
)2 − t)

)2� mk'Sx� f ′′ r*B [0, t]L}z�LW, 4�!I Brownm�}'a$?}{.r(k�6-.

12. ÆF}:��: ÆF}J�k�O�~}:��, tnÆFkt��B, 4�OsVÆF}L$kÆF, M Itô ℄d}U, ÆFC�/VoÆ{���kÆF.
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13. ��F℄d: �Sr Brown m�/L 4	v Brown m�}��F��, ,
eaBt−a2t/2kF, �M Itô ℄d��7�X, � Xt = aBt − a2t/2 vBÆFI

Itô ℄d
eaBt−a2t/2 − 1 =

∫ t

0

eaBs−a2s/2d(aBs − a2s/2)

+
1

2

∫ t

0

eaBs−a2s/2d〈aBs − a2s/2〉

= a

∫ t

0

eaBs−a2s/2dBs,�VFINk Brown m�}��F. /��OmS}Æ�, �X��.^{9.3 Au M k	.�$F, I
ε(M)t := exp

(
Mt −

〈M〉
2

)
(9.10)kF, IN M }��F, % �kk9TjR M }�"$6

ε(M)t = eM0 +

∫ t

0

ε(M)sdMs.�l�	, ��FkXÆ Brown m�m}�"I6d
dXt = aXtdBt (9.11)}V. ���(}�"I6dIN�"I6.M. �"I6.M��RDI6.M, O/&jR�VFV}drM/��?, sk��k�(odVU�}.Mk'N}, % �g	O^Ii5.).
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14. ": (G=T� X0 = x � (Langevin) �"I6.M
dXt = −αXtdt+ dBt,}V X . 4 Yt := eαtXt, I

dYt = eαt(αXtdt+ dXt) = eαtdBt,>`
Yt = Y0 +

∫ t

0

eαudBu,�K Xt |
Xt = e−αt

(
x+

∫ t

0

eαudBu

)
.�k+Z} Orstein-Uhlenbeck vM.

15. h*: Xt := B3
t − 3tBt, �X: (Xt) kF. )e: I Itô ℄d.

16. h*: (Itô }/VUu) �X:

n!

∫

0≤u1≤···≤un≤t

dBu1
· · ·dBun

= t
n
2 hn

(
Bt√
t

)
,� hn k�V} Hermite "xd

hn(x) = (−1)ne
x2

2

dn

dxn

(
e−

x2

2

)
.

17. h*: 2� Orstein-Uhlenbeck vM}�.?
E[(Xt − EXt)(Xs − EXs)].2�: S t > s, I

E[(Xt − EXt)(Xs − EXs)] = e−αte−αsE

(∫ t

0

eαudBu

∫ s

0

eαudBu

)
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= e−α(t+s)E

(∫ s

0

eαudBu

)2

= e−α(t+s)

∫ s

0

e2αudu

=
1

2α
(e−α(t−s) − e−α(t+s)).



℄�K OO�BOUb
I: r���/L , ZNJYO�"6a *V�%)}Æ�, F'eÆ�X<�$�Æ�. F'eÆ�k	/VjR Brown 6}	.�$F/Æ�6�KjR
Brownm�}�"$6, ���-Æ/Æ> [;p76;>}dr�, <�$�Æ��sIN Cameron-MartinÆ�, k[sO6a}/V%)Æ�, ��<py/�}K<�BL, *IN Girsanov Æ�, �XÆ/Æ>}�/!�Æ�uj. ��ZNI�*VÆ�<xU Black-

Scholes }Æ/Æ>℄d.jG_
• F'eÆ�
• <�$�
• Levy } Brown m���Æ�
• Girsanov ℄d
• Black-Scholes ℄�
• Æ>℄d
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1. r�/L ZNJ5%%?F<�}drY*6+F'eY*, 4�H℄B}%?�6}U, �*��Z?}Æ/Æ>OP�&i.v4, r�H℄B�? , �*VUu.	�ko4}, �X3DDp. mJ}y, �*VUur'�℄Bm.kI�7�X, O}�X16�~X>-. � Iy}*)[skkL/LI#��}�"$6} Itô ℄d�61$6℄d.

2. F'e: jR Brown 6}F�6I Brown m�}�"$6$6'e, �tnkM Itô �U}. SXÆ Brown m� B = (Bt) X;B1K<*6+8*�} Brown 6 (Ft), M = (Mt) k	.�$F,.0S M0 = 0, =v~:	.�$F Mt −M0 k�6-. AuZNk�XdrlBvM F = (Ft), b|
MT =

∫ T

0

FsdBs,I>N*!�kF, MM/�|F'e
Mt =

∫ t

0

FsdBs.% F = (Ft) k� M M/3Æ}. ZN�z	.�$F}#�� MT ?K}�BkXjR FT �<}	.�$�"$+?K}�B L2(FT ) �t4`}. >`_5LZN)�XmS}Æ�.^{10.1 (Itô) S�"$+ ξ 	.�$,  jR FT �<, IdrM/}lB�"vM F = (Fs) b|
ξ − E[ξ] =

∫ T

0

FsdBs.

3. �XK�: .0S E[ξ] = 0. �X}�v�R/VO��!Y}9.g�V. ZN��6�(�}�"$+IN�6'e}. tn)



as	 �\w��^ 113%��6'e}�"$+0+k/V�}t�8�B. ~:��F, >N
eaBt− a2t

2 − 1 = a

∫ t

0

eaBs− a2s
2 dBs,�6A!�(}�"$+k�6'e}. q~:Z/��}��F,, f k [0, T ] L}6�'�{�, F

(if.B)t :=

∫ t

0

if(s)dBs}��Fk
εt(f) := exp

(
i

∫ t

0

f(s)dBs +
1

2

∫ t

0

f 2(s)ds

)
,�G=mS}.M

εt(f)− 1 =

∫ t

0

εs(f)d(if.B)s = i

∫ t

0

εs(f)fdBs.*kk	, A!�(}�"$+<4k�6'e}. ����)�X�(}�"$+0+ {εT (f) − 1 : f} r L2(FT )  SPk=b-. *kk	AuO^VÆGN1}	.�$�"$+ η X�V*��N, ,�:��(} f O
E[η · εT (f)] = E[η · (εT (f)− 1)] = 0, (10.1)I η = 0. %���/0r��Lk�g}, �)bI Fourier $�M/�}�v.

4. �X}lT: }|8o}���6
>-. (10.1) �>R
E

[
η exp

(
i

∫ t

0

f(s)dBs

)]
= 0.



as	 �\w��^ 114:,� 0 < t1 < · · · < tn = T , � x1, · · · , xn ∈ R, lB
f(t) =

∑

i

xi1t∈(ti−1,ti]|
E
[
η exp

(
ix1Bt1 + ix2(Bt2 −Bt1) + · · ·+ ixn(Btn − Btn−1

)
)]

= 0,MR x1, · · · , xn k:8}, <U�:� x1, · · · , xn ∈ R O
E [η exp (ix1Bt1 + ix2Bt2 + · · ·+ ixnBtn)] = 0,Mr�'L Vm}jR'�{�M/� (8~� 17 +) |, �S}��{��6I:�OW{�,l<U

E [η · g(Bt1, · · · , Btn)] = 0,>N g(Bt1, · · · , Btn) �(}�"$+0+r L2(FT )  SP (tX��u�*.k��7}h#), g η = 0 a.s.

5. .m: ��H℄B}�X.4, �ZNk�6�'e } Hn b
n = N − 1 |w5/0/0��U�}, �*kwz�"I6.M}�T�v. sLS Itô 'eÆ�}�Xk/Vdr��X, .k`t��X, >NZN_5L�#)JO� F `tU�. r_5BI , '(kZ?oC}BI , �kZ%)}k� F 2�U�.�VÆ�	XjRF6}	.�$F/Æk'�}.

6. FX��F�B}'e: �S'xÆ/ _5L4%?vF'e}Y*, _5L, Au {Xn : 0 ≤ n ≤ N}kDp�"N�, I�kF, S {Yn} kjRF6 {Fn} }F, *kk	 Yn jR X1, · · · , Xn�<}. F'eY*kYk=dr Hn−1 ∈ Fn−1 b|
Yn − Yn−1 = Hn−1(Xn −Xn−1)?



as	 �\w��^ 1153 ξn = Xn −Xn−1, �,� 1,−1 }K<W 1/2. =S Yn 4�z-, IZNO.M
Yn|ξn=1 − Yn−1 = Hn−1

Yn|ξn=−1 − Yn−1 = −Hn−1,>`
Hn−1 = (Yn|ξn=1 − Yn|ξn=−1)/2,� }+�0�R X1, · · · , Xn−1, >N ξn XÆ-. F'eK#}*)_>k ξn �~,*V�. F*�63v {Xn} }��F�'e,�*�O8:, >N3Df�>UkI��F�℄l}, >N�k3E}, �Q?�_5. "A, >N

E[2ξn ] = 5/4,�6 Zn = (4/5)n2Xn k {Xn} }/V��F, ��6M {Xn} F'eAm
Zn − Zn−1 = (Zn|ξn=1 − Zn|ξn=−1)/2 · (Xn −Xn−1)

= 3/5 · Zn−1(Xn −Xn−1),>`jRF6}F Yn �6I��F {Zn} �'e
Yn − Yn−1 =

5Hn−1

3Zn−1

(Zn − Zn−1).�R	.�$F M = (Mt), ���F
εa(M)t = exp

(
aMt −

a2

2
〈M〉t

)G=I6.M
dεa(M)t = aεa(M)tdMt,�4	XFX��F�B�6�u'e.



as	 �\w��^ 116�{10.1 FX���Fk�6�u'e}.

7. N^I�6'e: r�H℄B#�, ZN	F�6'ek>N℄�k'x℄�, 'e.M�~�V. '�℄B#�}Vm)Cp|", b�X}, jG}�.k Brown m�}'a$?vMk3Æ�}JO�"�s��k�k0��/H, Z��}�.�kk>N
Brown m�}5XjR Brown 6}9M�.".N. 3� Brownm�k	.�$F 'a$?vMk3Æ�}vM t, �V���~��- Brown m�, �kkmS} Lévy ��Æ�.^{10.2 (Lévy) Au/V�"vM X k	.�$F% �'a$? 〈X〉t = t, I X /Æk Brown m�.�X: Yq��F℄d, �"vM

eizXt+
1

2
z2tkF, >`�:� t > s X_� z, O

E

(
eizXt+

1

2
z2t|Fs

)
= eizXs+

1

2
z2s,�(�>R

E
(
eiz(Xt−Xs)|Fs

)
= e−

1

2
z2(t−s).%��k Brown m�}'�, 	X- Xt−Xs �#Rv. Fs  �b.?N (t− s) }�!6/, *, X = (Xt) k Brown m�. �X*Iy Fourier $�}��.

8. F<�: F<�}Y*kk%?/V.kF}�"vMk.k�63v$�/V�><�}.d$KF. ZN~:� �Dp}/$#Æ, S B = (Bt) krK<�B (Ω,F ,P) m} Brown m�,
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Xt = Bt + bt, � b k/V31_�. I X = (Xt) .kF, qrZNk.k�6�y/VX P �>}K< P̂ b| X r�<�mkF? AukF, I>N 〈X〉t = t, �6Yq Lévy }��Æ�, X �4kk Brown m�.

9. <�}$�: r�\L ZN4�<�$�}Y*^vB�:K<<�k��"hH�k�}/$�+)v, �>K<k/$�}�+)v, s���.J$�"�, *kk	.���"}hH$K3Æ�, *.��3Æ�}hH$K�"}.

10. ��LwIB: r�H}#Æm, <�}J$k�7}, r'�}#Æm, ZN3D3vP�{�}.d�J$<�, ,/V F �<}�"$+ ζ , 4
P̂(A) := E(ζ1A) = E(ζ ;A).v ℄v ζ �U� E[ζ ] = 1 ℄, P̂ k/V�>R P }�K<<�, ��}�>r��Lk� P(A) = 0 v ℄v P̂(A) = 0, �"}�k�"}, 3Æ}�k3Æ}. I Ê 'eK< P̂ }��ÆG,I�:��"$+ X , Ô

E[X ] = E[ζX ].

11. h*: �XLSÆ:} P̂ k/V�>R P }�K<<�v ℄v
ζ �U� E[ζ ] = 1.

12. qr�y Brown m�}VK<�B, F kk FT , ζ �6CNP�}/Hk: �U�, jR FT �< E[ζ2] <∞, E[ζ ] = 1. 4
Zt := E[ζ |Ft],



as	 �\w��^ 118I Z = (Zt) k�U�}	.�$F. S XT k FT �<}�"$+, I Xt := Ê[XT |Ft] kjRK< P̂ }F. �:� Ft �<}�"$+ A, M/HÆG}��|
E[XtZt;A] = Ê[Xt;A]

= Ê[E[XT |Ft];A]

= Ê[XT ;A] = E[XTZT ;A]

= E[E[XTZT |Ft];A],<U
XtZt = E[XTZT |Ft],*kk	L$vM XZ kjR P }F.�{10.2 X = (Xt) jRK< P̂ kFv ℄v XZ = (XtZt) jRK< P kF.

13. ��FCNP�: Zs+�, S
ζ = exp

(
aBT − 1

2
a2T

)
,I ζ ?�CNP�}/H, Z = (Zt) kk��F, �G=

dZt = aZtdBt,M ζ |y�K<<� P̂. qr X = (Xt) k P̂ Fv ℄v XZ k PF, skM61$6℄d
XtZt −X0Z0 =

∫ t

0

ZsdXs +

∫ t

0

XsdZs + 〈X,Z〉t.'(�, Au X k�3 Brown m� Xt = Bt + bt, I
〈X,Z〉t =

∫ t

0

aZsd〈B〉s =
∫ t

0

aZsds,
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X̀tZt −X0Z0 =

(∫ t

0

ZsdBs +

∫ t

0

XsdZs

)
+

∫ t

0

(a+ b)Zsds.>N B � Z �kjRK< P }	.�$F, g�S16k P F,Rk XZ k P Fv ℄v a + b = 0. *kk	, ZN�X-mS}Æ�, IN Cameron-Martin Æ��� Girsanov Æ�. �l�	,

Brown m�k�I}, Au�O-�3, I�6J$K<<�b�%�KN Brown m�.^{10.3 Xt = Bt − at r�K<<� P̂ mkF, Rk�r�K<<�mk Brown m�.

14. Æ/Æ>�?K�: ��ZNXU�"6a��,}BI: Black-

Scholes ℄d. �"$6�}�l8:r���6P6{q. .m'�℄B�k�H℄B, Æ/Æ>}!��?k��}, .4}k℄��Æ>℄d. S S = (St) kf�r t ℄�}>U, r > 0 k!<,'�2!. /V T ℄�yÆ KÆ>Uk K }wd}�Æ/r T℄�}>�o4k
VT = (ST −K)+ = max(0, ST −K)./�}$W�1}r T ℄�}>�k/V FT �<}3E�"$+ VT .

15. 9?6: /V76;>N H = (Ht) }769r℄� t }5FN
Xt = HtSt + bt,� HtSt k76rf�L}�, bt k2r?}�, ?}!<N

r, '�C! dbt = rbtdt. M�H℄� (5.9) }U, 9?6}8�k
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dXt = HtdSt + dbt, (10.2)A4�HC�/(, ~:�q�, M61$6℄d<U

d(e−rtXt) = e−rt(−rXtdt+ dXt)

= e−rt[−r(HtSt + bt)dt +HtdSt + dbt]

= Htd(e
−rtSt),,�q�5F}x;�9Rf��q�}x�, >`T76N

X0 = x0 }9?6℄t}5F�q�N
e−rtXt = X0 +

∫ t

0

Hud(e
−ruSu),�q�}5Fk H jR�q�f�>U}�"$6. ���"$6}�l�|y-0�`�}+q.

16. Æ>}�v: AuZNkb�y/VK<<� P̂, b|�q�f�>Ur`K<mkF, I$W�1r 0 ℄�}>UBIk
V0 = e−rT Ê[VT ].AuF�6'e, IM VT 3Æ}F

e−rtXt := e−rT Ê[VT |Ft]�6M H jRF (e−rtSt) �'e, H kk�6a��Q>NFU/8Æ/�k�};p}76;>, �℄LS}>UIN�C�>U. .�C�}>U_5LkJO8:}.
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17. ": CN/V'", ZN�%? Black-Scholes }Æ/Æ>℄�,

Black X Scholes }^rkkr=Sf�>UG=mS�"I6d}/HmXUÆ/>U}oe'fd,

dSt

St

= σdBt + µdt, (10.3)� σ > 0 IN*�<, µ ∈ R INr;<. M61$6℄d
d(e−rtSt) = e−rtdSt − re−rtStdt>`�q�}f�>UvM (e−rtSt) G=�"I6d
d(e−rtSt)

e−rtSt
=

dSt

St
− rdt

= σdBt + (µ− r)dt

= σ

(
dBt +

µ− r

σ
dt

)
.4

B̂t = Bt − (r − µ)σ−1t.AuZNkb�/VK< P̂ b| B̂ = (B̂t) r`K<mkF, I�q�}f�>Ur�K<mkF. M<�$�Æ�, ��)Æ:�K<<�
P̂(A) := E

[
exp(aBT − 1

2
a2T );A

]
,k�6By-, � a = (r − µ)σ−1. ,rK< P̂ m, B̂ k Brownm�.

18. Æ/Æ>℄d: �"I6d (10.4) k�6V}, M Itô ℄d,

d log St =
dSt

St

− 1

2S2
t

d〈S〉t
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= σdBt + µdt− 1

2S2
t

σ2S2
t dt

= σdBt + (µ− σ2/2)dt,>`O
St = S0 exp

(
σBt + (µ− σ2/2)t

)
.qr

V0 = e−rT Ê[VT ],Au~:wd}� VT = (ST −K)+, I
V0 = e−rT Ê

(
(ST −K)+

)

= e−rT Ê

(
S0e

σBT+(µ−σ2/2)T −K
)+

= e−rT Ê

(
S0e

σB̂T+(r−σ2/2)T −K
)+

,� ℄O}�"$+ B̂T rK< P̂ m�b�!6/ N(0, T ), >`Æ/>U}od'fdN
V0 = e−rT

∫

R

(
S0e

σx
√
T+(r−σ2/2)T −K

)+
φ(x)dx,� φ(x) k&4�!6/}P�{�. �|ZX3�, I&4�!6/{� Φ(x) 'e, kk Black-Scholes ℄d

V0 = S0Φ(d + σ
√
T )−Ke−rTΦ(d), (10.4)� 

d =
log(S0/K) + (r − σ2/2)T

σ
√
T

.

19. h*: �X Xt = |Bt| kÆF.

20. h*: ��, I9/}Y"B�Æ/Æ>}�v) r.}:�|}#Æm�Æ/Æ>℄d (10.4) <xU�.



r�D
Black-Scholes ℄d+_ 30 o({��}Z?Æ>�?k�"6a��,}BI, ��RF, �"$6, Itô ℄d, F'eÆ�, �>F<����tWRLVg7LÆ-}'�R{}��Kq�Æ�f4r�V2Z$|3D�l, �6	AT|�, �A Riemann }I6.��y Einstein }p:u�?, �$#��RR{���	k'�g|}. �k>N�V[C, 1("��}1(℄dZ&Z?W, *>N�V[C, Merton� Scholes (�K℄ Black4.g) �|- Nobel1�K. s�.B0�k~h, Z?Wk�VgW}s�, �9�}"�Z�K��2i, �aZ?J"}(W�XÆ/�Z?RN>.-Mi, ���V℄�}Z?A��Z?W}[)}bANI�
K�3V&, �N�V}�5;kO8[8��V&}5F�y9/}�n�,�6Z.�z�"6ar�(}2ZOA`�,}BIk���k.�, �$�#�A��:}y_8u}tW/(.

123
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1. h*: S X1, · · · , Xn �# �b&4�!6/, ( Y = X2

1 + · · ·+
X2

n }P�{�.

2. h*: �X℄l AW}�"+ X �bP�{� f .

3. h*: Au�"$+ X }6/{� F '�, �X�"$+}{�
F (X) �b [0, 1] L{l6/.

4. h*: S X ∼ N(µ, σ2), I��LS}.)2� E
(
etX
)
, t ∈ R.

5. h*: Au X, Y }&�P�{�k f(x, y), A k3=�'S.�,C$�
(U, V ) = (X, Y )A.( (U, V ) }&�P�{�.

6. h*: S X1, X2 �# �b&4�!6/, (1)( Y = X2/X1 }P�{�. (2)3 X = (X1+X2)/2,�X: X X (X1−X)2+(X2−X)2�#.

7. h*: Audr)R1}��/ {εn} b|
∑

n

P(|Xn −X| > εn) <∞,I Xn .	[[r(R X .

8. h*: F�}�*S6(3N 1, 0, '��/VF�|y/V 01 �/, (r�V�/ , (1) 11 taUq}	{℄B, (2) 01 taUq}	{℄B, (3) 101 taUq}	{℄B.

124
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9. h*: S X, Y k*V�"$+, Au�:� x ∈ R, O
E
(
eixX |Y

)
= E

(
eixX

)
,BIÆ� 3.1 �X X X Y �#.

10. h*:

(a) S (X, Y ) }ÆG.6(k µ1, σ
2
1 � µ2, σ

2
2,  

((X − µ1)σ
−1
1 , (Y − µ2)σ

−1
2 )�buji�N r }&4�!6/, ( E(Y |X);

(b) S X1, · · · , Xn k�# �b&4�!6/, ( E(X1|X1+ · · ·+
Xn).

(c) �*VG8, X 'e*V��?}z��, Y 'e*V��}�. ( E(Y |X) X E(X|Y ).

11. h*: {Sn}kb1U(}�I�"N�, ( P(S2 > 0, · · · , S2n > 0).

12. h*: r�I�"N�}#�, S Tk kta�f k }℄B, I*P_�� T1 }6/;.

13. h*: S ξ }_{�k G(z), �X:

P(ξ <∞) = lim
z↑1

G(z).

14. h*: �R/V.�I}�"N� {Sn}, I_{�.)�t ℄
Tk }6/;.
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15. h*: rta�r℄B}Y* , 4 u2n := P(S2n = 0) 4�, Au
S2n = 0, I T ≤ 2n, >`

u2n =
n∑

k=1

P(S2n = 0|T = 2k)P(T = 2k)

=

n∑

k=1

P(S2n−2k = 0)P(T = 2k)

=

n∑

k=1

u2n−2kP(T = 2k),!I�Vji�=�U P(T = 2k)?

16. h*: S {ξn} �#46/ P(ξn = 1) = p and P(ξ = −1) = q,

p+ q = 1. (_� a > 0 b| Xn := aξ1+···+ξn kF.

17. h*: S {Xn} kF, {Fn} kF6.

(a) Au {Yn : 0 ≤ n ≤ N} kjRF6}F, I Yn = E(YN |Fn),

n ≤ N .

(b) Au Y ∈ FN , Æ: Yn = E(Y |Fn), I {Yn : 1 ≤ n ≤ N} kjRF6}F.

(c) Au {Yn : 0 ≤ n ≤ N} X {Zn : 0 ≤ n ≤ N} �kjRF6}F YN = ZN , I��O 0 ≤ n < N O Yn = Zn.

18. h*: �X Doob 6VÆ� }M/�.

19. h*: ~:LS}1�U(}Dp�"N� Xn �ta�r℄B T ,�X: Yn = X2
n − n, n ≥ 0, *kF, 4��X {Yn} r1℄ T LJOÆG.$�.
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20. h*: O/Va�J�O m+1VJM, 6 0, 1, · · · , m0a"�. ^<b 0 �MU(, �/VF�, pF��*S�u<zAP}JM,4�6��F�, 6��u, /�y�<%�OJM�#�<U, Y�b i �JMU�}K<k"N? 1 ≤ i ≤ m.

21. h*: SrLS}�;{oY* , <D5D}K<.4, WN p�
q = 1− p, qIF.)2�<{o}K<.

22. h*: S {Xn} kDp�"N�, Hn ∈ σ(X1, · · · , Xn)  drX n� ω [j}D� C b| |Hn(ω)| ≤ C, qS T k1℄ E[T ] <∞,

Yn k H jR X }�"$6, �X: Yn r T L*OÆG.$�:

E[YT ] = E[Y0]. `*k�R�x;>�V"8}/V-P	X. )e: BI��r(Æ�.

23. h*: IF.)�(1�U(}3�I (p 6= 1/2) �"N� {Sn}ta�f k }℄B Tk }6/6+ta+�1�}℄B T }6/.

24. h*: S ξ k3E�"$+, �X: P(ξ > 0) > 0 v ℄v Eξ > 0.

25. h*: SO/f�qr℄� 0 }>Uk 50 ^, rKV℄B��6
3/4 }K<L� 20%, 6 1/4 }K<m 20%, =S!<�6
>,^Vh�\r�1l�℄�aEr℄� 2 yÆ}KÆ>UN 52 ^}wd}Æ/, *kk	�Or℄� 2 6 52 ^}>UFXl�℄�/ff�}/!, Y�8Æ/BIF"N�? l�℄�BIwI76��Q;p, Au℄� 1 f�m, �8Æ/��"N�?l�℄�QBIwI9C?

26. h*: =SL* }dm�}!<k r = 5%, uB}Y*BIwIB?
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27. h*: Au (5.1)  } ξn ,� 0 < u1 < u2 < u3 }K<6(N
p1, p2, p3, � p1, p2, p3 k�} �N 1, YdrK<<�b|�q�}>UvM {(1 + r)−nSn} KNF}/Hk^I? M/D?

28. h*: S X = (Xt) k_�U(} Brown m�, (1) �:���
t1, t2, t3, t4 ( E[Xt1Xt2Xt3 ] X

E[Xt1Xt2Xt3Xt4 ];

(2) S s < t, ( E[Xs|Xt]; (3) S s < t < u, ( E[Xt|Xs, Xu].

29. h*: Einstein (q Brown m� Xt }P�{� u(t, x) = pt(x) BIG=8\x.M
∂u

∂t
=

1

2

∂2u

∂x2
,�X�.

30. h*: Brown m���l, skr	hL[)�R_q, ZN�6I Donsker .$_��℄l Brown m�, ��k�}�i�[. �/VM��℄l Brown m�.

31. h*: S X = (Xt) k_�U(} Brown m�, Æ:
Yt(ω) :=

∫ t

0

Xs(ω)ds, t > 0, ω ∈ Ω.�V$6k3D} Riemann $6, �X: Y = (Yt) k Gauss vM,(�}�.?{� cov(Ys, Yt).

32. h*: S a < 0 < b, Ta, Tb 6(k_�U(} Brown m�ta�y a, b }℄B. IF.)�( P(Ta < Tb), E[T ] 6+ T } Laplace$�, � T = Ta ∧ Tb.
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33. h*: �S}y Brown m�/Æ��y:�//�	�t. I���Æ�y//�}�t x = at + b D? o4v a, b =�℄�Æ,4�℄�ÆD? �	S�. , a, b > 0, I x = at+ b k//r_��L, �<�}�t, 4 T k Brown m� X ta�y�/�t}℄B, ,
T = inf{t > 0 : Xt = at+ b}.( P(T < ∞). Z}vr/�f�<j}6a.) , O9I�tuN}.)�yÆEB��FU, �	�kIy��}Uu. ZNr��YO/V0�, /�lT5X��. >N exp(cXt−c2t/2)kF, >`M Doob F!�Æ�, �:� t > 0 O

E
(
exp(cXt∧T − c2(t ∧ T )/2)

)
= 1,>N Xt∧T ≤ a(t∧ T ) + b, g�) ac− c2/2 ≤ 0  c > 0 ℄, t �6)R[%, �℄

E

[
exp

(
(ac− c2

2
)T

)]
= e−bc,.M ac− c2/2 = −λ v λ > 0 ℄O�Y c = a +

√
a2 + 2λ, I

E
(
e−λT

)
= exp(−b(a +

√
a2 + 2λ)).

34. h*: S Xt = tBt, ( X }'a$? 〈X〉. �X: Xt := tBt −∫ t

0
Bsds kF.

35. h*: S B(1) X B(2) k*V�#} Brown m�, �X: �N}L$kF, b%�X 〈B(1), B(2)〉 = 0.

36. h*: S 0 ≤ t1 < t2 ≤ t3 < t4, �"$+ ξ, η 6(jR Ft1 X Ft3�<, �X:

E[ξ(Bt2 − Bt1)η(Bt4 − Bt3)] = 0.
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37. h*: �X.

(a) (8.3)  Æ:} M (i) O
〈M (i)〉t = F 2

ti−1
(t ∧ ti − t ∧ ti−1),� P!kk3D$6

∫ t

0

F 2
ti−1

1{s∈(ti−1,ti]}ds.

(b) �.4} i, j O
〈M (i),M (j)〉 = 0.

38. h*: S F,G k*V'�lBvM, �X
〈F.B,G.B〉t =

∫ t

0

FsGsds.

39. h*: S M k	.�$F, Au M2 = (M2
t ) *kF, �X: �:�

t, Mt =M0.

40. h*: S M k	.�$F, Au�:�	.�$F N O 〈M,N〉 =
0, �X: �:� t, Mt =M0.

41. h*: Xt := B3
t − 3tBt, �X: (Xt) kF.

42. h*: (Itô }/VUu) �X:

n!

∫

0≤u1≤···≤un≤t

dBu1
· · ·dBun

= t
n
2 hn

(
Bt√
t

)
,� hn k�V} Hermite "xd

hn(x) = (−1)ne
x2

2

dn

dxn

(
e−

x2

2

)
.
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43. h*: 2� Orstein-Uhlenbeck vM}�.?
E[(Xt − EXt)(Xs − EXs)].

44. h*: �X Xt = |Bt| kÆF.

45. h*: ��, $��r.}:�|}#Æm�Æ/Æ>℄d<xU�.
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