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1 Principles of Forecasting

Suppose we want to know the value of yT+1 based on a sample of size T (i.e., y1 = Y1, y2 = Y2, . . . , yT = YT ).
Let xT = {y1, y2, . . . , yT} and let y∗T+1|T denote a forecast of yT+1 based on xT . To evaluate the usefulness of this

forecast, we need to specify a loss function (the mean squared error, MSE) and

min
ϕ

MSE(y∗T+1|T ) ≡ E(yT+1 − y∗T+1|T )
2,

⇒ y∗T+1|T = E(yT+1|xT ),

i.e., the forecast with the smallest mean squared error turns out to be the expectation of yT+1 conditional on xT .

Proof: See table 1.

The representation with general notations
Suppose we want to forecast Yt+1 based on its T most recent values, i.e., (c, Yt, Yt−1, . . . , Yt−T+1)

′ ≡ xt,

min
ϕ

MSE(y∗t+1|t) ≡ E(yt+1 − y∗t+1|t)
2,

⇒ y∗t+1|t = E(yt+1|xt).

1) Recall forecasts of AR(1) without an initial condition

yt = ϕyt−1 + ϵt =
∞∑
i=0

ϕiϵt−i, |ϕ| < 1.
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move fowward
========⇒


yt+1 = ϕyt + ϵt+1,

yt+2 = ϕyt+1 + ϵt+2 = ϕ(ϕyt + ϵt+1) + ϵt+2 = ϕ2yt + ϕϵt+1 + ϵt+2,
...

yt+h = ϕyt+h−1 + ϵt+h;

unconditional expectation−−−−−−−−−−−−−−→ Eyt = 0,

conditional expectation−−−−−−−−−−−−−→ Etyt = ϕyt−1,

1 step ahead forecast
============⇒ Etyt+1 = Et(ϕyt) + Etϵt+1 = ϕEtyt + 0 = ϕyt,

2 steps ahead forecasts
=============⇒ Etyt+2 = Et(ϕyt+1) = ϕEtyt+1 = ϕ(ϕyt) = ϕ2yt,

...

h steps ahead forecasts
=============⇒ Etyt+h = Et(ϕyt+h−1) = ϕEtyt+h−1 = ϕhyt;

forecast error variances
=============⇒


vartyt+1 = Et[(yt+1 − Etyt+1)

2] = Et[(yt+1 − ϕyt)
2] = σ2

ϵ ,

vartyt+2 = Et[(yt+2 − ϕ2yt)
2] = Et[(ϕϵt+1 + ϵt+2)

2] = (1 + ϕ2)σ2
ϵ ,

...

vartyt+h = Et[(yt+h − ϕhyt)
2] = (1 + ϕ2 + ϕ4 + · · ·+ ϕ2(h−1))σ2

ϵ .

2) Consider forecasts of AR(1) with an initial condition

yt = ϕyt−1 + ϵt = ϕty0 +
t−1∑
i=0

ϕiϵt−i, |ϕ| < 1, y0 given.

move fowward
========⇒


yt+1 = ϕyt + ϵt+1,

yt+2 = ϕyt+1 + ϵt+2 = ϕ(ϕyt + ϵt+1) + ϵt+2 = ϕ2yt + ϕϵt+1 + ϵt+2,
...

yt+h = ϕyt+h−1 + ϵt+h;

1 step ahead forecast
============⇒ Etyt+1 = Et(ϕyt) + Etϵt+1 = ϕEtyt + 0 = ϕyt,

2 steps ahead forecasts
=============⇒ Etyt+2 = Et(ϕyt+1) = ϕEtyt+1 = ϕ(ϕyt) = ϕ2yt,

...

h steps ahead forecasts
=============⇒ Etyt+h = Et(ϕyt+h−1) = ϕEtyt+h−1 = ϕhyt.

Q1: What’s differences about forecasts with and without an initial condition?

Et ⇔ E[·|xt]

Q2: What’s differences about forecasts between conditional expectations and projections?

nonlinear vs. linear
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2 Linear Projection vs. Conditional Expectation

y∗t+1|t = c+ ϕ1yt + ϕ2yt−1 + · · ·+ ϕTyt−T+1 =
[
c ϕ1 ϕ2 · · · ϕT

]


1
yt
yt−1
...

yt−T+1

 ≡ ϕ′xt = P(yt+1|1,xt)= E(yt+1|xt).

0′ = E[(yt+1 − Etyt+1)x
′
t]

posit the forecase error⊥xt⇔ E[(yt+1 − ϕ′xt)x
′
t] = 0′ ← linear projection of yt+1 on xt.

The linear projection turns out to produce the smallest mean squared error among the class of linear forecasting
rules.

Table 1: Proof
Linear Projection Conditional Expectation

Let a′xt is any arbitrary linear forecasting rule Let y∗t+1|t = f(xt) is any function other than conditional expectation

MSE = E(yt+1 − a′xt)
2 MSE = E[yt+1 − f(xt)]

2

= E(yt+1−ϕ′xt + ϕ′xt − a′xt)
2 = E[yt+1 − Etyt+1 + Etyt+1 − f(xt)]

2

= E(yt+1 − ϕ′xt)
2 + 2E[(yt+1 − ϕ′xt)(ϕ

′xt − a′xt)] = E(yt+1 − Etyt+1)
2 + 2E[(yt+1 − Etyt+1)(Etyt+1 − f(xt))]

+E(ϕ′xt − a′xt)
2 +E[Etyt+1 − f(xt)]

2

= E(yt+1 − ϕ′xt)
2 + 2E[(yt+1 − ϕ′xt)x

′
t︸ ︷︷ ︸

0

(ϕ− a)] = E(yt+1 − Etyt+1)
2 + 2E[(yt+1 − Etyt+1)(Etyt+1 − f(xt))]︸ ︷︷ ︸

0 (cf. Hamilton, 1994, p.73)

+E(ϕ′xt − a′xt)
2 +E[Etyt+1 − f(xt)]

2

⇒ E(yt+1 − a′xt)
2 = E(yt+1 − ϕ′xt)

2 + E(ϕ′xt − a′xt)
2⇒ E[yt+1 − f(xt)]

2 = E(yt+1 − Etyt+1)
2 + E[Etyt+1 − f(xt)]

2

minMSE
=====⇒ E(yt+1 − a′xt)

2 = E(yt+1 − ϕ′xt)
2 minMSE

=====⇒ E[yt+1 − f(xt)]
2 = E(yt+1 − Etyt+1)

2

⇒ P(yt+1|xt) ≡ ŷt+1|t = ϕ′xt

MSE[P(yt+1|xt)]= minMSE ≥ MSE[E(yt+1|xt)]= minMSE︸ ︷︷ ︸
The conditional expectation offers the best possible forecast.

3 Linear Projection vs. OLS Regression

key words: ϕ and observations.

LP
The coefficient for a linear projection (LP) of yt+1 on xt is the value of ϕ that

0′ = E[(yt+1 − ϕ′xt)x
′
t],

⇒ E(yt+1x
′
t) = ϕ′E(xtx

′
t) assume E(xtx

′
t) is nonsingular

⇒ ϕ′ = E(yt+1x
′
t)[E(xtx

′
t)]

−1 when E(xtx
′
t) is singular, see Hamilton, p.75, footnote2.

The MSE/forecast error associated with a linear projection given a sample of T observations on xt is given by:

E(yt+1 − ϕ′xt)
2 = Ey2t+1 − 2E(ϕ′xtyt+1) + E(ϕ′xtx

′
tϕ)

= Ey2t+1 − 2ϕ′E(xtyt+1) + ϕ′E(xtx
′
t)ϕ

= Ey2t+1 − 2E(yt+1x
′
t)[E(xtx

′
t)]

−1E(xtyt+1) + E(yt+1x
′
t){[E(xtx

′
t)]

−1E(xtx
′
t)}[E(xtx

′
t)]

−1E(xtyt+1)

= Ey2t+1 − 2E(yt+1x
′
t)[E(xtx

′
t)]

−1E(xtyt+1) + E(yt+1x
′
t)[E(xtx

′
t)]

−1E(xtyt+1)

= Ey2t+1 − E(yt+1x
′
t)[E(xtx

′
t)]

−1E(xtyt+1).
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LP is closely related to ordinary least squares (OLS) regression, but still have diffirences between them.

OLS
A linear regression model (given a sample of T observations on yt+1):

Y2 = ϕY1 + ϵ1

Y3 = ϕY2 + ϵ2

Y4 = ϕY3 + ϵ3
...

YT = ϕYT−1 + ϵT−1

YT+1 = ϕYT + ϵT


OLS
==⇒

T∑
i=1

ϵ2t = ϵ1+ϵ2+· · ·+ϵT = Y2−ϕ1Y1+Y3−ϕ2Y2+· · ·+YT+1−ϕTYT =
T∑
t=1

(Yt+1−ϕYt)
2

{
Yt+1 = c+ ϕ1Yt + ϕ2Yt−1 + · · ·+ ϕTYt−T+1 + ϵt ⇔ Yt+1 = ϕ′Xt + ϵt;

YT+1 = c+ ϕ1Y1 + ϕ2Y1 + · · ·+ ϕTYT + ϵT ⇔ YT+1 = ϕ′XT + ϵT .

Given a sample of T observations on yt+1 and xt (i.e., 2T observations), the sample sum of squared residuals (SSR)

Y2 = c+ ϕ1Y1 + ϕ2Y0 + · · ·+ ϕ−T+2Y−T+2 + ϵ1 = ϕ′X1 + ϵ1

Y3 = c+ ϕ1Y2 + ϕ2Y1 + · · ·+ ϕ−T+2Y−T+3 + ϵ2 = ϕ′X2 + ϵ2

Y4 = c+ ϕ1Y3 + ϕ2Y2 + · · ·+ ϕ−TY−T+4 + ϵ3 = ϕ′X3 + ϵ3
...

YT = c+ ϕ1YT−1 + ϕ2YT−2 + · · ·+ ϕ−T+2Y1 + ϵT−1 = ϕ′XT−1 + ϵT−1

YT+1 = c+ ϕ1YT + ϕ2YT−1 + · · ·+ ϕ−T+2Y1 + ϵT = ϕ′XT + ϵT


OLS
==⇒

T∑
i=1

ϵ2t =
T∑
t=1

(Yt+1 − ϕ′Xt)
2

minMSE⇒


0′ = E[(yt+1 − ϕ′xt)x

′
t] ⇒

E(yt+1x
′
t) = ϕ′E(xtx

′
t) ⇒

ϕ′ = E(yt+1x
′
t)[E(xtx

′
t)]

−1.

min
ϕ

SSR =
T∑
t=1

(Yt+1 − ϕ′Xt)
2

=
T∑
t=1

[Y 2
t+1 − 2Yt+1ϕ

′Xt + (ϕ′Xt)
2]

=
T∑
t=1

(Y 2
t+1 − 2Yt+1ϕ

′Xt + ϕ′XtX
′
tϕ)

=
T∑
t=1

(Y 2
t+1 − 2Yt+1X

′
tϕ+ ϕ′XtX

′
tϕ)

⇒ 0 =
T∑
t=1

(−2XtYt+1 + 2XtX
′
tϕ̂)

⇒ ϕ̂ =

[
T∑
t=1

XtX
′
t

]−1 [ T∑
t=1

XtYt+1

]

=

[
1

T

T∑
t=1

XtX
′
t

]−1 [
1

T

T∑
t=1

XtYt+1

]
.
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Obviously, ϕ′ in linear projection is constructed from population moments while it in OLS regression is con-
structed from sample moments. In other words, OLS regression is a summary of the particular sample observations
{Xt}Tt=0 and {Yt}T+1

t=1 , whereas linear projection is a discription of the population characteristics of the stochas-
tic process {xt, yt+1}∞t=−∞. However, there is a formal mathematical sense in which the two operations are the same.

Parallel between OLS and LP (cf. Hamilton, 1994, appendix 4.A, pp.113-114){
OLS → the particular sample moments, (X1, X2, . . . , XT ) and (Y2, Y3, . . . , YT+1);

LP → the population moments, {xt, yt+1}∞t=−∞.

Consider an artificial discrete-valued random variable x that can take on only one of sample of size T, each with
probability 1

T
:

prob{x = X1= x1} =
1

T
,

prob{x = X2= x2} =
1

T
,

...

prob{x = XT= xT} =
1

T
.

Denote x = (x1, x2, . . . , xt)
′ as the explanatory vector andXt = (X1, X2, . . . , Xt)

′ as the real value of explanatory
vector.

Ex︸︷︷︸
the population mean

= E{xt}Tt=1 =
T∑
t=1

(Xt · prob{xt = Xt}) =
1

T

T∑
t=1

Xt︸ ︷︷ ︸
the sample mean

,

E(xx′)︸ ︷︷ ︸
the population second moment

=



X1 · (X1 · prob{x = X1}) X1 · (X2 · prob{x = X2}) · · · X1 · (XT · prob{x = XT })
X2 · (X1 · prob{x = X1}) X2 · (X2 · prob{x = X2}) · · · X2 · (XT · prob{x = XT })

...
... · · ·

...
XT · (X1 · prob{x = X1}) XT · (X2 · prob{x = X2}) · · · XT · (XT · prob{x = XT })

+ · · ·


=

1

T

T∑
t=1

XtX
′
t︸ ︷︷ ︸

the sample second moment

.

=
1

T
(X1X

′
1 +X2X

′
2 + · · ·+XTX

′
T )

=
1

T



X1

X2
...

XT

 [
X1 X2 · · · XT

]
+ · · ·


=

1

T




X2
1 X1X2 · · · X1XT

X2X1 X2
2 · · · X2XT

...
... · · · ...

XTX1 XTX2 · · · X2
T

+ · · ·


varx = E[(x− Ex)2] =

T∑
t=1

[
(Xt − EXt)

2 · prob{xt = Xt}
]
=

1

T

T∑
t=1

(Xt − EXt)
2.
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We can construct a second artificial variable y that can take on one of the discrete values (y2, y3, . . . , yT+1).
Notice that these are not observations on y.

Posit that the joint distribution of x and y is given by

prob{x = Xt, y = Yt+1} =
1

T
, for t = 1, 2, . . . , T.

Then

E(xy) =
1

T

T∑
t=1

XtYt+1.

The coefficient for a linear projection of y on x is the value of ϕ that minimizes

minMSE ≡ E(y − ϕ′x)2 =
1

T

T∑
t=1

(Yt+1 − ϕ′Xt)
2 = min SSR

Thus, the formulas for an OLS regression can be viewed as a special case of formulas for a linear projection.

Notice that is the stochastic process {xt, yt+1}∞t=−∞ is covariance-stationary and ergodic1 for second moments,
then the sample moments will converge to the population moments as the sample size T goes to infinity, i.e.,

ϕ̂
p−→ ϕ ← a consistent estimator.

1cf. Miao 2014 ch.4, p.115
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