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1 Questions

1) Which series can be forecast?

2) How to forecast time series?

3) Unconditional moments vs. Conditional moments

4) Variance vs. Forcast error variance

5) State varibles vs. Control variables (rf. McCandless 2008, p.51)

2 MSE

A quadratic loss function is choosed to
min MSE(y;,1,) = E(y: — yt*ﬂ\t)za where y;y), = E(Yes1|ve, Ye1, - - -) = Eeyera
The MSE of this optimal forecast is
E(yi1 — Et!/t+1)2-

See Hamilon (1994, pp.72-73)

3 Forecasts of ARMA Models
1) MA(c0)

Yt = Z Oier—i = € + ey + 0o +---, 0Oy =1.
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move fowward Yty+2 = Zi:ﬂ 0i€t+2—i = €42 + 01€t+1 + 02615 + 93615—1 +---,

\Yeth = Do Oi€ini = €ryn + Or€in1 +O2ein o+ +Oheg + o A Opgre1 oo
(Ey, =0,

Euwyy = € + 01601 + Ogep0 + - -,
Lt el Eyir1 = Ei(€q1 + 016 + O26s1 + 0360+ -+ ) = 0+ Orep + Oaey + O340 + - - -,
Eryrio = Bilerro + Orepn +baer + 03¢, 1+ -+ ) = 04+ 0+ boer + 03¢0 + -+,

\EtytJrh =Ei(epn + b€sn+ - +0he + 061+ --) = Oper + Oppre1 + -+ ;
r . . ) . .
vary, = E[(y — Ey)?] = E(yf) = (1 +60F + 603+ - )o?,
varyy; = B[ (y: — Ewyy)?] = 0,
variance variyi41 = Et[(ytJrl - ]Etyt+1)2] = Etﬁ?—i—l = 0527
varyirs = By (Yr2 — Eery)’] = Ee(egn + O16041)° = (1 + 67)02,

| VartYi+n = Et[(yt+h - Etyt+h)2] = (1 + ‘9% + ‘9% Tt 92—1)‘762-

{Etth = E(Yern|ye, Ye—1, Yi—2, - - -, €, €11, €1—2, . . .)<— form predictions of y given its past

varYin = Var(Yern|Ve, Ye—1, Ye—2y - -+ €ty €41, €42, - - .)<— how certain about the prediction
2) AR(1)
o0
Yt = QY1+ € = Z e
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Yir1 = QYr + €141,
move fowward | Yt+2 = QYiy1 + €12 = ¢(¢yt + €t+1) + €42 = ¢2yt + G + €42,
_—> )

Yirh = PYsrh-1 + €tin;

EI// = 0*

unconditional expectation

conditional expectation

Evy: = oye—1,

1 step ahead forecast

Eiwyir1 = Ei(oy) + Everpr = 0By + 0 = oy,
Eyrio = Ei(¢yes1) = 0Bys1 = d(oye) = d’wi,

2 steps ahead forecasts

h steps ahead forecasts

Ewyirn = Ee(dysrn1) = OBy n1 = ¢h?/t§

(vary, = E[(y: — Ey)?] = Eyi = E[(&; + ¢per-1 + PPera + -+ )] = 25
varyy, = Eqf(y; — Elf/l)ﬂ = E[(y: — 02(1171)2] = E!"}Z - (73-

forecast error variances | VaTtYr1 = Ee[(Yer1 — Beyer1)?] = el (g1 — ¢we)?] = o2,

varyra = By (Yrra — 0*41)?] = Eof(der1 + €142)*] = (1 + ¢?)a?,

| Vartyiin = Ei{(yien — ¢"yr)Y] = (L + ¢* + ¢* + - - + ¢*" D) o2,
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Figure 1: AR(1) forecast and standard deviation !

4 Forecasts of VAR Processes

1) Vector MA (o0)

yi = Z O, =€ +016_1+0¢, 9+, O=1
i=0

'Source: Cochrane (2005, p.33)




Etyt-‘rh = ehet + 0h+1€t_1 + 0h+26t—2 + .. :
varyipn = 0 +6010°0) + -+ 6,10°0),_,.

2) VAR(1)
yi=Fy, 1 +Ge & y,=Fy, +GE.
1 o’
G=1|0|—> 1|0 E(e€)) = 0® — E&& =1
1 o?

yi=Fyr1+G& =) F'GE& .
i=0

Vir1 = Fy, + Gy
Vite = Fyi1 + GEip0 = F2Yt +FGE11 + G

Virh = Fyiin—1 + G&yn.
Eiyit1 = Et<FYt> =FE.y: = Fyy;
Eiyio = Et<FYt+1> =FE,yi 1 = F2Yt;

Eiyirn = Et<Fyt+h71) =FEyiih1 = Fh}’t-

varyygy1 = Et[(YtJrl - Eth+1)(yt+l - EthJrl),] = Et[(GGtH)(GGtH)/) = GG/,
varyire = Ei[(Vire — Eryiro) (Vire — Bryige)] = Ee[(FGergr + Gerra)(FGey + Geryn)'] = FGG'F + GG/,

h—1
Valtyi+h = Et[(Yt+h - Etyt+h>(yt+h - Etyt+h)/] = Z F'GG'F".

=0

programming in a simple loop\ Et}’t—i—h = FEtyt—i—h—la
7
varyy, = Fvary,., 1 F' + GG'.

5 The State-Space Representation

Any process can be mapped into a VAR(1), which leads to easy programming of forecasts.
1) MA(1)—VAR(1)

=Eyi=c
Y=c+e+ 061 ==y =+ 6+ 0.

€t41 | state equation 0 0 €t + €t+1
€t B 1 0 €t—1 O ’

n observa:tion eq. " + [1 0] |: €t :| '

€t—1



2) AR(p)—VAR(1)
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3) VAR(c0)—VAR(1)

Y = ¢§Z)yt_1 + (bg(ﬁ/)yt—Q + -+ cbg(/lz)zt_l + ¢3(/2Z)Zt_2 + oy,
2t = @??Jt—l + ngi)yt—Q + -+ ¢,(zlz)zt—1 + ¢£2z)2t—2 + o F €

(o] [ow o o e ] [wa] 10
2| o o o B an| o
Y—1| = | 1 0 0 0 Y| = |0 0 [eyt]
21 O 1 0 0 Zi—o 0 0 L&t
Ee, =0
Xt = F X¢—1 + ©

4) ARMA (2, 1)—VAR(1)

Y = O1Ys—1 + Polp—2 + € + O164_1.
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€t 00 0 €1 1
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1 [0?
G= (0] = |0 Eel =02 - E& = 1.
1 o2

5) ARMA (2, 2)—VAR(1)

Yt = P1Y1—1 + GoYi—o + € + 0161 + O26,_9.

GEt
E(e€)) = o
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6) ARMA(p, q)—VAR(1)
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6) ARMA(2, 2) with two variables y; and z;—VAR(1)

Yt = Q1Yp—1 + Palp—2 + € + 0161 + O2€4_9,
2y = PR—1 + €.

Yt ¢ P2 0 0 O Yi—1 1
Yt—1 1 0 0 0 O Yi—2 0
z | =10 0 p 0 0 ze—1| + 1] &.
€t 0O 0 0 0 O €11 1
€1 0O 0 0 1 0 €t_9 0

6 How to Calculate the Impulse-Response

The impulse response function is the path that y follows if it is kicked by a single unit shock.
It allows us to start thinking about “causes” and “effects”.



1) MA(o0) or AR(1)

{yt =6+ 061+l o+ = Z;’io Oiei—i, O =1,

the closed form solution 00 .
Ye = QYp—1 + €& = Zi:o Oler—.

Table 1: IRF of two simple processes
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Figure 2: Value of y when it’s kicked by a single unit shock ¢; (i.e., ¢;_ = €4 = 0 but ¢ = 1)*
2) Vector MA(o0) or VAR(1)

m @B ez Be o (1] = ) G ]

so 6, (L) gives the response of y; 4, to a unit shock €, and 0,,(L) gives the response of y;1) to a
unit shock €.

Bf Oxt

S22 8 2 .
= Fx,_; + Ge, = ZFlGeH =2 % G, FG,F2G,....FiG,...«¢q=18=1.

7 Numerical Solution Using Dynare

see Miao(2014, pp.32,69)
1Source: Hamilton (1994, p.5)
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