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1 Exercises and Questions

1. Exercises:
Enders (2015, ch.1: E1, E2, E3, E4)
2. Qusetions:
(1) What is a time series? Why firstly use a linear DE to describe a time series?
(2) Why we need a solution to DEs and why the solution be requested to converge?
(3) Why we have developed at least 4 methods (backward iteration et al.) to solve DEs?
(4) Why not make much use of forward iteration?

(5) Why p} represents the deviation from the intertemporal equilibrium and p{ means the
intertemporal equilibrum?

2 Outline of 2 Groups of DEs and 4 Solution Methods

1. Linear DEs with constant coefficients and constant terms (1st- vs. 2nd- vs. pth- order);

2. Linear DEs with constant coefficients and variable terms (deterministic vs. stochastic terms;
Ist- vs. 2nd- vs. pth- order).

(1) Iteration (with- vs. without- an initial condition)

(2) Y; = Y}P + VP, where yP = AN and o} = k, kt, kt?, ...
(3) Lag Operators

(4) Matrix Operation



3 Lag- & Forward- Operators

3.1 The properties of lag operators

L'y = Yy,
L7y = yewi = Fy,
Lc = c,
(L* + L?)y, = - - - the distributive algebraic laws for “+” and “x”
L'Ly; = L'(I’y;) = - - - the associative algebraic laws
L'L’y, = [’(L'y,) = - - - the commutative algebraic laws
LDy, = LMy, =-..
Loyt = e e .
(1+ oL+ ¢*L*+ - )y, = Z(Qﬂ/) Yo =7 _t¢L, for ¢ < 1;
i=0
: 1 —¢L ,
(14 (L) P 4+ (L) 2+ -]y = - (OL)—lyl =T oY for |¢| > 1,
Ye 1 - i
= 1=gr = @D ;wL) v, for |¢] > 1.

The 1st- & 2nd- & pth- & (p, q)- order equation

H(L)=1—¢L
yt:c+¢yt71+et:>yt:c+q§Lyt—|—et:>(1—¢L)yt:c+et—():>¢

P(L)=1—¢1L—¢2L?

y=c+do1yi—1+ P2+ = (1—¢1L— ¢2L2)yt =cCc+e€
d(L)=1—p1 L—--—¢p LP

Yt =CH Or1yi—1 + -+ Opl—p + &

O0(L)=1+6) L4404 L9

Y=CH+ oy + -+ Oplp + &+ 0161+ -+ 06—

3.2 Using lag operators to solve DEs
1) AR(1) (|]¢| = 1) note that |¢] # 1

Yt =C+ oY1 + €, where |¢| < 1,
> 1-9L)yy=c+e
c €t
1— oL 1-oL
=1+ oL+ ¢*L*+-- e+ (1+ oL+ ¢*L* +---)e
=(1+o+¢*+ e+ (e +de 1+ e o+ --)

1
1_¢C+€t+¢€t—1+6t—2+"'

=y = 1_¢+Z¢€t—i-
i=0




Y = Cc+ @Y1 + €, where [¢p| > 1,
= (1—¢L)yt:C+€t

c € o C er(pL)™ o (L) e

:>yt:1—gz5L+1—gbL 71—(.)L+(1—(.‘)L)((J)L)*171—(.‘)_1—(6)]4)*1
== (6L Y (6L) e,

1-¢ =

__¢c —1OO —if7—1

=15 ¢ ;(w (L7 "e)

_ ¢ _—1Oo —irf—ir—1

=

c I
:>yf:1_¢—¢lz¢ Ettit1-
=0

2) ARMA(L, 1)

Yy = C+ oY1 + € + 0e,_1, where |¢] < 1

= _ c +(1+6L)€t
Iy Y
= 1E¢+ 1_€t¢L + 10it¢1L, note that ¢ # 1.
:—1_¢+(1+¢L+¢2L2+"')Gt+9(1+¢L+¢2L2+~-)5t71
- 1E¢+(Et“‘d)et—l+¢€t—2+“')+(96,5_1+9¢et_2—|—0¢26t_3+,..)
=y = 1E¢+€t+(¢+0>€t_1+(¢+9¢)6t—2‘|‘(¢+«9gf)2)€t_3—|—-..



3) AR(2)

Yt = C+ O1y—1 + O2yi—2 + €,

C+ €
= yt - 2 o . . ] . 9
1 — ¢ L — ¢poL? < inverse characteristic equation
C+ €
= Yy =

(1= ML)(1 = X\L)
= (1=XML)7'H1 = XL) He+e)

- &IITLI)—lﬁI[I)—]L(/\ )\2)—(1()

T
WA
VAP Mo

= (A= Ao)! -
o =) (1—>\1L 1—A2L) (cte)

{MA U Ali?Az(l_AQ)_l] {

(1— ML) (1= NL)” ]et

)\1 )\2 >\1 >\2

A
:[---]H-{A T (I+ML+NL2 ) — (1+ AL+ AL* + --)}eh where [\, |As] < 1
17— 2

A1 — )\2

PLIDY. AL — A3
=yl =[leteat+ (M4 ) + ()\1 _/\z) €r—2 + <)\1 _)\z) €3+ -
or 2 : A &
=[Jet (a1 + ) + (A + caX)e—1 + (A ] + (32/\§)F/—2 + ... where ¢; = 1 o ER—
)\1 )\2 /\1 - /\2

Recall that y!* = AM. Substituting it into the homogeneous equation yields the following equation
and makes a comparison

— 1A — P2 = 0} {)\1, A = HEVOrties §%+4¢2 where
=

% 4+ 4oy % 0 = A1+ Ao = @1, Ao = —o;

1—¢1L—¢oL* =0 (1 =MLY (1 —=XL)=1— A +X)L+MML?2=0 = A+ X =01, A2 = —¢o.
1 1 [A1],]A2|<(1,1) (stability condition)

M= do= —

= A1 I 27T I,

|L1|,|La] > (1,1) (stability condition)




4) AR(p)

Yt = P1Yp—1 + GoYr—2 + -+ + OpUr—p + €,

%= 1 —¢1L — ¢aL? — -+ — ¢, LP < inverse characteristic equation
= y=[1-ML)'1 =L))o (1= NL) e,
1
T - nD) (A= LD) (1= AL
1 T T ] , ;
N - : ¢ 2 : ,’,‘):l €T, = )\)\_) ..... /\) = (
T WA e R e w R R A A ) =
=[cr(1 = ML) 41— XL) 4 4 ey (1 = N L) ey,
= [c (1+A1L+A§L2+-~)+c2(1+A2L+>\§L2+---)+---+c,,(1+>\ L+ XL+ -~)](—:t,
=(c1+cea+ e+ (ad +eda+ -+ eA)e1 + (AN + oA+ + cp)\ )€r—o -
= Poe, + V161 + oo+ = (Yo + V1L + Yo L7 + -+ e = Y(L)ey.
0 .
= T N oM+ N = 1
aGt
)P B y > >
the effects of €; on the present value of y =0 t+j yt+]
e T =
j=0 7=0
the long-run multiplier with =1 lim (ayt+j 4 aytﬂ- 4. ayt+j> _ 1 .
Jj—o0 aGt 6et+1 (96t+j 1— (bl — §Z§2 — = (bp
1 —¢1L —¢ol?—-- — GpL? = (1 = ML)(1—XoL)--- (1= A\,L),
S 1=z —¢p2® — =P = (1= A2)(1— Aa2) - (1 = \p2),
lie outside th‘re unit circle
& (1—¢rz—¢oz? — - =22 P = (1= M\2)(1 = Ngz) -+ (1 = N\y2)2 7,
- (1 —¢12 — ¢o2® — -+ — ¢2P) (= Mz) (L= Xz) (L= M2)
2P z z z ’
2N N - PN TE ==y A=y = (2T = A (2T = ) (2T = ) =0,

~
lie inside the unit circle

— A=A =X A=) == AT =) (27 = ),) =0.

3.3 Using forward operators to solve DEs with rational expectations

Given an initial condition, a stochastic DE will have a backward- (]¢| < 1) and a forward-
(|¢| > 1) looking solution.

Knowing how to obtain forward-looking solutions is useful for solving rational expectations
models although future realizations of stochastic variables are not directly observable.



1) Using forward iterations to solve the lst-order equation

Yy =C+ QY1 + €

Y —C— €&
= Yt—1 = T
updating 1 period Y41 — C — €441
_ = gb
—c— Yt42—C—€t42
yt+1:w (—¢ ) —C— €41
Yy = P

1 oo
P — ¢ _C—Zqﬁ’iqﬂ when |¢| > 1

c N
:1_¢—¢IZ¢ Cttit1-
i=0

This forward-looking solution will (as p gets infinitely large)
converge " || > 1;
i
diverge || < 1.

Notice that the key point is that the future values of the disturbances affect the present.
2) Using lag operators to solve the previous problem:

Y =c+ QY1+ &,

C+ €

1— oL

o e 1Lt

“1-¢  (I-o¢L)g 'L
c o L1

1-¢ (1—¢ 'L
c O e
1-¢ (1-¢ 'L
= - - e A R

= 1E¢_;¢ii€t+i

C o0
= — ¢! Z O €rpiv1-
=0

= Y =

when |¢| > 1

1-¢
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3.4 3 models (cf. Mankiw and Reis, 2002, QJE)
1) Adaptive expectations (backward-looking)

Ty = KUY + Ty—1, k>0
Y = My — Pe.

Sloving the system yields

pr— Pe1 = K(my — pi) + (Pr—1 — Pi—2)
= (1+K)pr = 2pt-1 — Pr—a + KMy
= (14 K)pt — 2pt—1 + pr—2 = 0<— the homogeneous equation
:/\17/\2:1i\/—_/£_1:|:\/_z a %+ bi = R'(cos 0t & isin Ot)
1+k 1+k
= plph = AN+ AN = RY[(A) + Ag) cos Ot + (A; — Ag)isin 6],

where R = v/a? + b? and |R| < 1, the solutions will converge with oscillatory behavior.

2) Rational expectations (forward-looking)

T = Ky + Eympr, £ >0
Ye = My — P

Sloving the system yields

pr — De—1 = k(my — pe) + (Eeprr — pr)
= Epip1 = (2 + K)pe — pi—1 — kny
= Epii1 — (24 K)pe + pro1 = —kmy < an expectational DE
= [F? — 24+ k) F + 1LpS = —km§ « [ = L~
= (1=MF)(1=MEF)Lp; = —rkm§ = A\ + Ao =2+ 1, M =1
= (1= MFE)(L—X)p{ = —km; < (1 — N\ F)[(1 — \F)L|p; = —rmy
(1= OF)(1— OL)pt = (=) (—m)me — Ay — 0y — o

( )p§ 7 K= 7
= (L—6L)p
= ( )

f=1-0)(1-0F)"'m
1—0L)pf = (1 —0)*(1+0F + 0*F* + - )m¢
=>p=0p1+(1-0 Z@Etmtﬂ

3) Rtional expectations (lagged-looking)
TBA

4 Matrix Operation

cf. Chiang (2005, ch.4-5, pp.48-) and Hamilton (1994, ch. 1 & A.4, p.721)
0) The 1st-order DE

Y =C+ QY1 + €
' P ' % — ¢t |p| > 1 < forward iteration.

Byt . ) PR, 4 Aarats .
dynamic multiplier {K = ¢z |§b| < 1 <= back 1teration,
a€t+z
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1) The characteristic roots of a 2nd-order DE

Yt = C+ O1yi—1 + OaYi—2 + €,

Epn=p=ct+oip+oop < p= (l — Q1 — ()2)7](7 =

0

—0
Y — p= O1(Ye—1 — p) + Ga(ye—2 — p1) + € L= Yt = P1Yr—1 + G2Yi—2 + €.

Let y: = [yb ytfl]/a then
yi =Fyi 1 + v

= e+ [

Recall that the eigenvalues of a maxtrix F are those numbers A for which

That is

|F — A\I,| = 0.
Substitute and yield
o1 P2 A O] o1 — A o _ 2 _
H:l 0 — 0 A =0 1 Y =0 = A —¢1)\—¢2—O.

The two eigenvalues of F for a 2nd-order DE are thus given by

+ 244

2) The dynamic multipliers of a 2nd-order DE
Blackboard-Writing

Yy = Q1Ys—1 + P2Y—2 + €,

Ye | o1 P2 Yi—1 €t
L) =11 sl [
y: = Fyi1 + v

y1 = Fyo + vy,
y2 = F?yo + Fuy + vy,

vi=Fyo+F v+ F P+ + Fou o + Frup g+,
t—1 t

ye = Flyo + ZFinfig Fitly , + Z F'v_,.

=0 1=0

21 2B S0l ]

_ P+ b2 o] |e—2
- =[5 ] 9]

Yt = FiﬂJO + Ftuy—l +e+ pre1 + (Qﬁ + ¢o)ero+ -
= Filyo + Ftﬁyfl +e+Frieg + F%1€t72 + -

F— )M,/ =0 = A,) & F*=TAT' = Fj,.
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3) The pth-order DE
Y = O1Ys—1 + P2li—2 + -+ Pp_1Yi—(p—1) + PpYi—p + €.
Let y: = [yta Yt—1,Yt—2, " ytf(pfl)}x then

ye =Fyi1 + v

That is ~ - _ - . o
Yt $1 Q2 Q3 o GPpo1 Dp| | Ye-1 €t
Yt—1 10 0 - 0 0 Yt—2 0
Y2 | =0 1 0 -+ 0 Of |y=3| 4+ |0

| Yt—p+1 | i o 0 0 -- 1 0 1 [Yt—r] _0_

The eigenvalues of the matrix F are the value of A that satisfy
A — GNP — AP — e — gy A — ¢, = 0.

Once we know the eigenvalues, it’s straightforward to characterize the dynamic behavior of the
system.

Case 1. distinct and real roots (eigenvalues)

Recall that if the eigenvalues of a (p, p) matrix F are distinct, there exists a nonsingular (p,
p) matrix T (eigenvector) such that

F =T AT
—~ =
(pxp)  (pxp) (pxD)
where
A O O --- 0
0 X O --- 0
0 0 0 --- XN

This enables us to characterize the dynamic multiplier (¢/ — F7) very easily.
For example

F?=TAT ! x TAT!

=TxAx(T'T)xAxT!
=TxAxL xAxT™!

= TA*T .
where
A0 0 0
2
AZ 0 A5 0 0
0 0 0 - /\}27
More generally, . .
F/ = TA'T,



where

N 0 0 - 0
, 0 XN 0 -~ 0
A'J = . . . .
0 0 0 - XN
Let Tj; (T%) denote the row i column j element of T (T™'), thus
T, Tig -+ Ty /\{' 0. 0 --- 0 T2 Tip
_Tpl Tho -+ Ty o 0 0 --- >‘1]§ TPl P2 ... 7TPP
-Tn/\{ Tm)\% e Tlp)\i; T o2 o0 ip
B TN, TosXy -+ Ty) T2 7?22 ... T
_TP1>\{ TPQ)\% T Tpp)\g R R K
(TuT"M + (TN + - + (Tlprl))\g;

from which the (1, 1) element of F/ (the dynamic multiplier) is given by

p—1 p
)\i

D and ZAl = 1.
H (/\z — >\k> =1

k=1 ki

ayt+j
86t

= = B = AN+ AN+ AN, where A; = (I,,T") =

Case 2. repeated real roots (eigenvalues)
Assume that F has p repeated eigenvalues and q linearly independent eigenvecotr. Using the
Jordan decomposition (note that ¢ < p)
F =M J M,
N
(pxp)  (pxp) (gx9)

where ] ]
{)1 .;) 8 0 0 N\ 0 O
' nxn) |0 0 0 PV
0 O J, IR Y
More generally, | |
F/ = MJ'M™,
where
4 [ (7 i (I -t (J) -2 j J}(nq)_
30 0 (0) X (1) X <2> X (n J 1) \
I 0 , . A j o
Y=, ] with J=1| 0 N 1))\51 (n—2>/\g( 2)
o o --- JZ : f_
| 0 0 0 A |

10



where

. (—1)(j—2)-(j—n+1 - , . . .
(]> _ i n)(g_n)...?sjzl ) for j>n; (y) N ( j ) _ (j + 1) |
n 0 otherwise. n n—1 n

Let M;; (M%) denote the row i column j element of M (M™'), thus

F/ =MJM!

ARV AN ARY N PARY = J j=(n=1)]
g [0 ()4 () Enl) O g

; o 21 22
_ MQl M22 ]\4:21) 0 A ({) )\3—1 nj_2> N (n—2) M M
My My -+ My, : : : 3 MPL P2
. 0 0 0 X ]

My, <3)A§' My, (j> N MipX | MY M2 M

0 1 M21 M22 M2p

Mpl Mp2 Mpp

- 9 -

Take the 2nd-order DE as an example

F/ = MJM!
. _MH Mo by j)\jil Mt M2
o _le M| | O N M M2

[ My N My N =t + MpN | [MY M2
_M21>\j Mo N =1+ Mo N | | MY M??

[(Myy MY+ Myp MPYN 4 (My M) jX— - }

so that the dynamic multiplier takes the form

ayt+j

de, Fly = AN 4 Agj N,

Case 3. complex roots
TBA

11
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