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1 Real Business Cycle Theory

1.1 The representative household

max
Ct,Nt,Bt

E0

∞∑
t=0

βtU(Ct, Nt), β ∈ (0, 1], UCt > 0, UCCt < 0, UNt < 0, UNNt < 0,

s.t. PtCt +QtBt ≤ Bt−1 +WtNt +Dt, Qt ≡
1

1 + it
is the price per bond borught today,

⇓ Solving the problem by Extended Kuhn-Tucker conditions or optimal control or dynamic programming

L = E0

∞∑
t=0

βt[U(Ct, Nt) + λt(Bt−1 +WtNt +Dt − PtCt −QtBt)],

⇓ FOCs :

∂L
∂Ct

= 0 ⇒ βt(UCt − λtPt) = 0 ⇒ UCt
EtUCt+1

=
λt

Etλt+1

Pt
EtPt+1

,

∂L
∂Nt

= 0 ⇒ βt(UNt + λtWt) = 0,

∂L
∂Bt

= 0 ⇒ −λtQtβt + Etλt+1β
t+1 = 0 ⇒ βEtλt+1

λt
= Qt =

1

1 + it
⇒ 1

Qt
= 1 + it.

λt(Bt−1 +WtNt +Dt − PtCt −QtBt) = 0, ← The complementary slackness condition.

βt(UCt − λtPt) = 0

βt(UNt + λtWt) = 0

}
⇒ −UNt

UCt
=
Wt

Pt
← The labor supply equation,

UCt
EtUCt+1

=
λt

Etλt+1

Pt
EtPt+1

=
β

Qt

Pt
EtPt+1

⇒ Qt = βEt
(
UCt+1

UCt

Pt
Pt+1

)
← The Euler equation.

U(Ct, Nt) =

{
C1−σ
t −1
1−σ − N1+ϕ

t

1+ϕ for σ 6= 1

lnCt − N1+ϕ
t

1+ϕ for σ = 1
→


Wt

Pt
= Cσt N

ϕ
t ,

Qt = βEt
[(

Ct+1

Ct

)−σ
Pt
Pt+1

]
.

1.2 The representative firm

min
Nt

WtNt ⇔ max
Yt

PtYt −WtNt,

s.t. Yt = At�
�Kα
t N

1−α
t , α ∈ [0, 1)

At = Aρat−1ε
a
t , εat ∼ i.i.d.N (0, σεa).

⇓FOC:

Wt

Pt
= (1− α)AtN

−α
t ← the labor demand equation.
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1.3 Log-linearization

AS



Wt

Pt
= (1− α)AtN

−α
t ⇒

{
wt − pt = ln(1− α) + at − αnt
w − p = ln(1− α) + a− αn

⇒ ŵt − p̂t = ât − αn̂t,

Wt

Pt
= Cσt N

ϕ
t ⇒

{
wt − pt = σct + ϕnt

w − p = σc+ ϕn
⇒ ŵt − p̂t = σĉt + ϕn̂t,

Yt = AtN
1−α
t ⇒

{
yt = at + (1− α)nt

y = a+ (1− α)n
⇒ ŷt = ât + (1− α)n̂t,

At = Aρat−1e
εat ⇒ ât = ρaât−1 + εat ,

AD


Yt = Ct ⇒ ŷt = ĉt, ← The goods market clearing condition

1 = EtβQ−1
t

[(
Ct+1

Ct

)−σ
Pt
Pt+1

]
⇒ 1 = Et

[
eln β−lnQt−σ(ct+1−ct)−(pt+1−pt)

]
=?

Mt

Pt
= Yt

Q−η
t

⇒ m̂t − p̂t = ŷt − ηît ← The money demand equation, where η ≥ 0 is the interest rate elasticity.

Notice that the method of taking logs and then substracting the log terms of the steady state equation should
not be used on equations that involve expectation terms, even when the equation is multiplicative, because the
expectation of a log term is not the same as taking the log of an expectation term.

This is the result of Jensen’s inequality, which implies ln(Ex ≥ E lnx) for the log function. Only for a linear
function f(x) is f(Ex) = Ef(x) (cf. Huang, Lecture Notes).

1 = Et
[
eln β−lnQt−σ(ct+1−ct)−(pt+1−pt)

]
,

= Et
[
eln β+it−σ∆ct+1−πt+1

]
← ln

(
1

Qt

)
= ln(1 + it) ≈ it,

⇓ a first-order Taylor expansion around steady state that lnβ + it − σ∆ct+1 − πt = 0 ⇒ − lnβ = it − σ∆ct+1 − πt+1,

= Et{[1 + [− lnβ − (− lnβ)] + (it − i)− σ(∆ct+1 −∆c)− (πt+1 − π)]},
⇒ 1 = 1 + ît − σEt∆ĉt+1 − Etπ̂t+1,

⇒ 0 = ît − σEt∆ĉt+1 − Etπ̂t+1 ⇒ σEt∆ĉt+1 = ît − Etπ̂t+1 ⇒ Et∆ĉt+1 =
1

σ
(̂it − Etπ̂t+1),

Note that log-linearization means taking the log-deviation around a steady sate value. Assume x denotes the
steady sate value of variable xt. Define the log-deviation of variable xt from its steady state x as

x̂t = lnXt − lnX = xt − x ⇒ lnXt = lnX + x̂t ⇒ elnXt = Xt = elnX+x̂t = Xex̂t ≈ X(1 + x̂t),

= ln

(
Xt

X

)
,

= ln

(
1 +

Xt −X
X

)
,

≈ ln 1 +
1

X
(Xt −X), ← a first-order Taylor expansion

=
Xt −X
X

,

=
Xt

X
− 1,

⇒ Xt

X
= 1 + x̂,

⇒ Xt = X(1 + x̂t).

It states that the log deviation of xt from its steady sate value are approximately equal to the percentage
difference between xt and its steady state value. This approximation holds from small deviations from the steady
state, which highlights that log-linearization is a local approximation method.
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1.4 The complete model characterized with linearity



AS


ŵt − p̂t = ât − αn̂t,
ŵt − p̂t = σĉt + ϕn̂t,

ŷt = ât + (1− α)n̂t,

ât = ρaât−1 + εat ,

AD


ŷt = ĉt,

ĉt = Etĉt+1 − 1
σ (̂it − Etπ̂t+1),

m̂t − p̂t = ŷt − ηît,
r̂t = ît − Etπ̂t+1, ← The Fisherian equation.

1.5 Determination of equilibrium values of real variables

Labor market clearing Ns = Nd = N , or n̂s = n̂d = n, so that

ât − αn̂t = σĉt + ϕn̂t,

= σŷt + ϕn̂t,

= σ[ât + (1− α)n̂t] + ϕn̂t,

⇒ n̂t =
1− σ

σ(1− α) + α+ ϕ
ât;

⇒ ŷt = ât + (1− α)
1− σ

σ(1− α) + α+ ϕ
ât,

=
σ(1− α) + α+ ϕ+ (1− σ)(1− α)

σ(1− α) + α+ ϕ
ât,

=
1 + ϕ

σ(1− α) + α+ ϕ
ât;

= ĉt;

r̂t = σEt∆ĉt+1, ← the Euler equation

= σEt∆ŷt+1,

= σ
1 + ϕ

σ(1− α) + α+ ϕ
Et(ât+1 − ât),

= σ
1 + ϕ

σ(1− α) + α+ ϕ
Et(ρaât + εat+1 − ât),

= σ
1 + ϕ

σ(1− α) + α+ ϕ
Et[(ρa − 1)ât + εat+1],

= σ(ρa − 1)
1 + ϕ

σ(1− α) + α+ ϕ
ât, ← Etεat+1 = 0;

ω̂t ≡ ŵt − p̂t,
= ât − αn̂t,

= ât − α
1− σ

σ(1− α) + α+ ϕ
ât,

=
σ(1− α) + α+ ϕ− α(1− σ)

σ(1− α) + α+ ϕ
ât,

=
σ + ϕ

σ(1− α) + α+ ϕ
ât.

Gali (2015, slides/book):

Neutrality: real variables determined independently of monetary policy;

Optimal Monetary Policy: undetermined;

In contrast with real variables, the equilibrium values of nominal variables cannot be determined independently
of monetary policy.
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1.6 Monetary policy and price level determination

Example i: An exogenous path for the nominal interest rate:

it = i+ υt ⇒ ît = υt,

υt = ρυυt−1 + ευt , εvt ∼ i.i.d.N (0, σεv).

⇓
Etπ̂t+1 = ît − r̂t,

= υt − r̂t,
⇑

⇒ π̂t = υt−1 − r̂t−1 + ξt, with Etξt+1 = 0 for all t,

⇓{
p̂t = p̂t−1 + υt−1 − r̂t−1 + ξt,

ŵt = ω̂t + p̂t.

where ξt is a sunspot shock, possibly unrelated to economic fundamentals. Note that expected inflation is determined since it can

be written as a function of exogenous variables. But actual inflation is not. An equilibrium in which such nonfundamental factors

may cause fluctuations in one or more variables is referred to as an indeterminate equilibrium. The example above shows how an

exogenous nominal interest rate leads to nominal variables indeterminacy.

Example ii: A simple interest rate rule:

it = i+ φππ̂t + υt ⇒ ît = φππ̂t + υt, φπ > 0,

υt = ρυυt−1 + ευt , ρυ ∈ [0, 1], εvt ∼ i.i.d.N (0, σεv).

⇓
Etπ̂t+1 = ît − r̂t,

= φππ̂t + υt − r̂t,
↓

π̂t =
1

φπ
(Etπ̂t+1 + r̂t − υt), if φπ > 1,

⇒ π̂t =

∞∑
k=0

φ−(k+1)
π Et(r̂t+k − υt+k), ← solve forward to get only one nonexplosive solution

=

∞∑
k=0

φ−(k+1)
π Et

[
σ(ρa − 1)

1 + ϕ

σ(1− α) + α+ ϕ
ât+k − υt+k

]
,

= σ(ρa − 1)
1 + ϕ

σ(1− α) + α+ ϕ

∞∑
k=0

φ−(k+1)
π Etât+k −

∞∑
k=0

φ−(k+1)
π Etυt+k, ât = ρaât−1 + εat , υt = ρυυt−1 + ευt ,

= σ(ρa − 1)
1 + ϕ

σ(1− α) + α+ ϕ
Et(φ−1

π ât + φ−2
π ât+1 + φ−3

π ât+2 + · · · )− Et(φ−1
π υt + φ−2

π υt+1 + φ−3
π υt+2 + · · · ),

= σ(ρa − 1)
1 + ϕ

σ(1− α) + α+ ϕ
Et[φ−1

π ât + φ−2
π (ρaât + εat+1) + · · · ]− Et[φ−1

π υt + φ−2
π (ρυυt + ευt+1) + · · · ],

= σ(ρa − 1)
1 + ϕ

σ(1− α) + α+ ϕ
(φ−1
π ât + φ−2

π ρaât + φ−3
π ρ2

aât + · · · )− (φ−1
π υt + φ−2

π ρυυt + φ−3
π ρ2

υυt + · · · ),

= σ(ρa − 1)
1 + ϕ

σ(1− α) + α+ ϕ
(φ−1
π + φ−2

π ρa + φ−3
π ρ2

a + · · · )ât − (φ−1
π + φ−2

π ρυ + φ−3
π ρ2

υ + · · · )υt,

= σ(ρa − 1)
1 + ϕ

σ(1− α) + α+ ϕ

φ−1
π

1− φ−1
π ρa

ât −
φ−1
π

1− φ−1
π ρυ

υt,

= σ(ρa − 1)
1 + ϕ

σ(1− α) + α+ ϕ

1

φπ − ρa
ât −

1

φπ − ρυ
υt,{

⇒ p̂t = p̂t−1 + π̂t, ⇐ π̂t = p̂t − p̂t−1,

⇒ ŵt = ω̂t + p̂t.
;

Etπ̂t+1 = φππ̂t + υt − r̂t, if 0 < φπ < 1 (nominal indeterminacy),

⇒ π̂t = φππ̂t−1 + υt−1 − r̂t−1 + ξt, with Etξt+1 = 0 for all t,{
⇒ p̂t = p̂t−1 + π̂t,

⇒ ŵt = ω̂t + p̂t.
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Responses to monetary policy shock (φπ > 1, i.e., the “Taylor principle” requirement)

it = i+ φππ̂t + υt,

= i+ φπ

[
σ(ρa − 1)

1 + ϕ

σ(1− α) + α+ ϕ

1

φπ − ρa
ât −

1

φπ − ρυ
υt

]
+ υt,

= i+ φπσ(ρa − 1)
1 + ϕ

σ(1− α) + α+ ϕ

1

φπ − ρa
ât − φπ

1

φπ − ρυ
υt + υt,

= i+ φπσ(ρa − 1)
1 + ϕ

σ(1− α) + α+ ϕ

1

φπ − ρa
ât +

(
1− φπ

φπ − ρυ

)
υt,

= i+ φπσ(ρa − 1)
1 + ϕ

σ(1− α) + α+ ϕ

1

φπ − ρa
ât −

ρυ
φπ − ρυ

υt;

m̂t = p̂t + ĉt − ηît,
= p̂t−1 + π̂t + ŷt − ηît,

= p̂t−1 +

[
σ(ρa − 1)

1 + ϕ

σ(1− α) + α+ ϕ

1

φπ − ρa
ât −

1

φπ − ρυ
υt

]
+

1 + ϕ

σ(1− α) + α+ ϕ
ât − η

[
φπσ(ρa − 1)

1 + ϕ

σ(1− α) + α+ ϕ

1

φπ − ρa
ât −

ρυ
φπ − ρυ

υt

]
,

= · · ·+ ηρυ − 1

φπ − ρυ
υt.

For simplicity, let ρυ = 0 and υt = ευt which means the process of monetary shock is i.i.d.

Then we arrive at 
∂ŷt
∂ευt

= 0,
∂it
∂ευt

= − ρυ
φπ−ρυ = 0,

∂π̂t
∂ευt

= − 1
φπ−ρυ = − 1

φπ
< 0,

∂m̂t
∂ευt

= ηρυ−1
φπ−ρυ = − 1

φπ
< 0.

Turn to the case in which 0 < ρυ < 1 which means the shock is persistent but damping.
∂ŷt
∂ευt

= 0,
∂it
∂ευt

= − ρυ
φπ−ρυ < 0, → liquidity effect

∂π̂t
∂ευt

= − 1
φπ−ρυ < 0,

∂m̂t
∂ευt

= ηρυ−1
φπ−ρυ ≶ 0.

And the case ρυ = 1? (The shock will last forever)
∂ŷt
∂ευt

= 0,
∂it
∂ευt

= − ρυ
φπ−ρυ = − 1

φπ−1 < 0,
∂π̂t
∂ευt

= − 1
φπ−ρυ = − 1

φπ−1 < 0,
∂m̂t
∂ευt

= ηρυ−1
φπ−ρυ = η−1

φπ−1 ≶ 0, recall that η ≥ 0.

The analysis above assumed that monetary policy can be described by an interest rule. In the above two cases,
money supply does not play an independent role in determining the equilibrium and just adjusts endogenously.
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Example iii: Another simple interest rate rule,

m̂t − p̂t = ŷt − ηît
η=0

===⇒ m̂ = p̂t + ŷt,

Et∆ĉt+1 =
1

σ
(̂it − Etπ̂t+1), ŷt = ĉt

σ=1
===⇒ ît= Et(∆ĉt+1 + π̂t+1) = Et∆m̂t+1.

it = i+ φ∆m̂− σευυt ⇒ ît = φm∆m̂− σευυt, φ > 1, υt ∼ N (0, 1) υt = ρυυt−1 + ευt , ρυ = 0, εvt ∼ N (0, σεv).

⇓

φm∆m̂− σευυt = Et∆m̂t+1 ⇒ ∆m̂t = φ−1
m Et∆m̂t+1 +

σευ
φm

υt,

⇓ iterate forward and note that lim
k→∞

φ−km Et∆m̂t+k = 0

∆m̂t =
σευ
φm

υt ⇔ m̂t = m̂t−1 +
σευ
φm

υt︸ ︷︷ ︸
an equilibrium outcome

↔ ∆m̂t = ρm∆m̂t−1 + εt ⇔ ARMA(2, 2).

A difference equation with rational expectation:

...

xt+2 = y−1xt+3 + czt+2,

xt+1 = y−1xt+2 + czt+1,

xt = y−1xt+1 + czt,

= y−1(y−1xt+2 + czt+1) + czt

= y−2xt+2 + y−1zt+1 + czt,

= y−2(y−1xt+3 + czt+2) + y−1zt+1 + czt,

= y−3xt+3 + y−2czt+2 + y−1zt+1 + czt,

...

= y−kxt+k︸ ︷︷ ︸
0 when k→∞

+ y−(k−1)czt+k−1 + · · ·+ y−1zt+1︸ ︷︷ ︸
Etzt+k−1=0

+czt.
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Example iv: An exogenous path for the money supply:

m̂t − p̂t = ŷt − ηît, η > 0, η = 0 ⇒ m̂t − p̂t = ŷt,

⇒ p̂t = m̂t − ŷt + ηît,

= m̂t − ŷt + η(Etπ̂t+1 + r̂t),

= m̂t − ŷt + η(Etp̂t+1 − p̂t + r̂t),

⇒ p̂t =
η

1 + η
Etp̂t+1 +

1

1 + η
m̂t +

1

1 + η
(ηr̂t − ŷt),

=
η

1 + η
Etp̂t+1 +

1

1 + η
m̂t + ut, where ut ≡

1

1 + η
(ηr̂t − ŷt) evolves independently of {m̂t},

=
1

1 + η

∞∑
k=0

(
η

1 + η

)k
Etm̂t+k +

∞∑
k=0

(
η

1 + η

)k
Etut+k.

p̂t =
1

1 + η

∞∑
k=0

(
η

1 + η

)k
Etm̂t+k + ūt, where ūt ≡

∞∑
k=0

(
η

1 + η

)k
Etut+k is independent of monetary policy.

p̂t =
η

1 + η
Etp̂t+1 +

1

1 + η
m̂t + ut,

⇒ p̂t − m̂t =
η

1 + η
Etp̂t+1 +

1

1 + η
m̂t + ut + m̂t+1 − m̂t+1 − m̂t,

=
η

1 + η
Etp̂t+1 +

1

1 + η
m̂t + ut +

(
η

1 + η
+

1

1 + η

)
(m̂t+1 − m̂t+1 − m̂t),

=
η

1 + η
Etp̂t+1 +

1

1 + η
m̂t + ut +

η

1 + η
(m̂t+1 − m̂t+1 − m̂t) +

1

1 + η
(m̂t+1 − m̂t+1 −mt),

=
η

1 + η
Et(p̂t+1 − m̂t+1) +

η

1 + η
E(m̂t+1 − m̂t) +

1

1 + η
E(m̂t+1 − m̂t+1) +

1

1 + η
(m̂t − m̂t) + ut,

=
η

1 + η
Et(p̂t+1 − m̂t+1) +

η

1 + η
E(m̂t+1 − m̂t) + ut,

⇒ p̂t − m̂t =
η

1 + η
Et(p̂t+1 − m̂t+1) +

η

1 + η
E(m̂t+1 − m̂t) + ut,

⇒ p̃t =
η

1 + η
Etp̃t+1 +

η

1 + η
E∆m̂t+1 + ut, where p̃t ≡ p̂t − m̂t,

=

∞∑
k=1

(
η

1 + η

)k
Et∆m̂t+k + ūt, ← can be solved forward to yield

⇒ pt = m̂t +

∞∑
k=1

(
η

1 + η

)k
Et∆m̂t+k + ūt;

m̂t − p̂t = ŷt − ηît,

⇒ ît =
1

η
[ŷt − (m̂t − p̂t)],

=
1

η
(p̂t − m̂t) +

1

η
ŷt,

=
1

η

[ ∞∑
k=1

(
η

1 + η

)k
Et∆m̂t+k + ūt

]
+

1

η
ŷt,

=
1

η

∞∑
k=1

(
η

1 + η

)k
Et∆m̂t+k +

1

η
(ŷt + ūt),

=
1

η

∞∑
k=1

(
η

1 + η

)k
Et∆m̂t+k + ũt, where ũt ≡

1

η
(ŷt + ūt) is independent of monetary policy.

1.7 Optimal Monetary Policy

Given that household’s utility is a function of C and N only—–two real variables that are invariant to the way
monetary policy is conducted—–it follows that no policy rule is better than any other (cf, Gali, 2015, ch.2.4.4).

1.8 Money in the Utility Function (MIC)

We will discuss it in DNK model and solve it by dynamic programming.
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