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1 Overlapping Generations Models (OLG)

See Heer and NauBner, 2009 2nd ed., Dynamic General Equilibrium Modeling–Computatoinal Methods and Ap-
plications.

Ch.9 Deterministic Overlapping Generations Models
Ch.10 Stochastic Overlapping Generations Models

1) The OLG model vs. The Solow model: The Savings rate is given exogenously or endogenously;

2) The OLG model vs. The Ramsey model: The household is homogenous or heterogeneous.

The heterogenous household (

Exchange Economies︷ ︸︸ ︷
Endowment Economies vs. Production Economies)

Samuelson (1958) vs. Diamond (1965)

In each period, some old generations die and a new generation is born.

Ct = Ltc
young
1t + Lt−1c

old
2t , note that cyoung1t = cold2,t+1, cold2t = cyoung1,t−1 ,

Lt = (1 + n)Lt−1 ⇔ Lt = (1 + n)tL0 = (1 + n)t ∵ L0 ≡ 1,

St = stLt. ← total savings of generation t

Figure 1: Overlapping generations 1

1Source: Croix and Michel (20??, 4th ed.) and Acemoglu (2019).
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1.1 The Baseline OLG Model

a. Households (individual born in period t solves the problem of life-time utility maximization)

max
c1t,c2,t+1,st

u(c1t) + βu(c2,t+1),

s.t. c1t + st ≤ wt, ← individuals only work when young and supply 1 unit of labor

c2,t+1 ≤ Rt+1st where Rt+1 ≡ 1 + rt+1.

L = u(c1t) + βu(c2,t+1) + λ1t(wt − c1t − st) + λ2,t+1(Rt+1st − c2,t+1),

L
c1t

= 0 ⇒ u′(c1t)− λ1t = 0 ⇒ u′(c1t) = λ1t,

L
c2,t+1

= 0 ⇒ βu′(c2,t+1)− λ2,t+1 = 0 ⇒ βu′(c2,t+1) = λ2,t+1,

L
st

= 0 ⇒ −λ1t + λ2,t+1Rt+1 = 0 ⇒ λ1t
λ2,t+1

= Rt+1,

⇓
u′(c1t) = βRt+1u

′(c2,t+1). ← the consumption Euler equation

u(cgt) =
c1−θgt − 1

1− θ︸ ︷︷ ︸
one of form

, for 0 < θ 6= 1, g = 1, 2.

⇓
c−θ1t = βRt+1c

−θ
2,t+1,

c1t = wt − st,
c2,t+1 = Rt+1st.

⇓
(wt − st)−θ = βRt+1(Rt+1st)

−θ,

⇒
(
wt − st
st

)−θ
= βR1−θ

t+1 ,

⇒ wt
st

= (βR1−θ
t+1 )−

1
θ + 1,

⇒ st =
wt

β−
1
θR
− 1−θ

θ
t+1 + 1 > 1

⇔ st = s(wt, Rt+1), s1 > 0, s2
?

≶ 0,

⇒ st < wt. ← savings are always less than earnings

⇒ sw ≡
∂st
∂wt

← the impact of wage on savings

=
1

β−
1
θR
− 1−θ

θ
t+1 + 1

,

⇒ sw∈ (0, 1);

⇒ sR ≡
∂st

∂Rt+1
← the impact of gross interest rate on savings

= −
(
β−

1
θR
− 1−θ

θ
t+1 + 1

)−1−1
wt(−

1− θ
θ

)β−
1
θR
− 1−θ

θ −1
t+1

=
1− θ
θ

wt

β−
1
θR
− 1−θ

θ
t+1 + 1

1

β−
1
θR
− 1−θ

θ
t+1 + 1

(βRt+1)−
1
θ

=
1− θ
θ

st

β−
1
θR
− 1−θ

θ
t+1 + 1

(βRt+1)−
1
θ ,

⇒


sR > 0, 0 < θ < 1, → the substitution effects wins out

sR = 0, θ = 1, → the substitution and income effects cancel out

sR < 0, θ > 1. → the substitution effects loses out
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1© The elasticity of inter-temporal substitution

max
Ct

U0 = u(Ct) + βu(Ct+1), s.t. Ct +
Ct+1

1 + rt
= Yt +

Yt+1

1 + rt
,

F.O.C. u′(Ct) = β(1 + rt)u
′(Ct+1),

u′(Ct) = β(1 + rt)u
′[(1 + rt)(Yt − Ct) + Yt+1].

log(1 + rt) = logU ′(Ct)− log u′(Ct+1),

d log(1 + rt) =
U ′′(Ct)

U ′(Ct)
dCt −

U ′′(Ct+1)

U ′(Ct+1)
dCt+1,

d log(1 + rt) =
CtU ′′(Ct)

U ′(Ct)
d logCt −

Ct+1U ′′(Ct+1)

U ′(Ct+1)
d logCt+1,

d log(1 + rt) =
CU ′′(C)

U ′(C)
d log

(
Ct

Ct+1

)
= −

CU ′′(C)

U ′(C)
d log

(
Ct+1

Ct

)
,

d log
(
Ct+1

Ct

)
d log

(
1+rt

1

) = −
U ′(C)

CU ′′(C)
= σ(C).

u(C) =
C1− 1

σ

1− 1
σ

, σ > 0,
1

σ
≡ θ,

= log(C), σ = 1.

F (Ct, rt) = u′(Ct)− β(1 + rt)u
′[(1 + rt)(Yt − Ct) + Yt+1] = 0,

F (Ct, rt) = 0 ⇒ FCtdCt + Frtdrt = 0,

dCt

drt
= −

Frt

FCt
=
βu′(Ct+1) + β(1 + rt)u′′(Ct+1)(Yt − Ct)

u′′(Ct) + β(1 + rt)2u′′(Ct+1)
,

dCt

drt
=
β

u′(Ct+1)

u′(Ct+1)/Ct+1
+ β(1 + rt)

u′′(Ct+1)

u′(Ct+1)/Ct+1
(Yt − Ct)

u′′(Ct)
u′(Ct+1)/Ct+1

+ β(1 + rt)2
u′′(Ct+1)

u′(Ct+1)/Ct+1

,

=
βCt+1 + β(1 + rt)(− 1

σ
)(Yt − Ct)

Ct+1u′′(Ct+1)

u′(Ct+1)
u′′(Ct)
u′′(Ct+1)

+ β(1 + rt)2(− 1
σ

)
,

=
βCt+1 + β(1 + rt)(− 1

σ
)(Yt − Ct)

(− 1
σ

)
u′′(Ct)
u′′(Ct+1)

+ β(1 + rt)2(− 1
σ

)
=
−σβCt+1 + β(1 + rt)(Yt − Ct)

u′′(Ct)
u′′(Ct+1)

+ β(1 + rt)2
,

=

−σCt+1

1+rt
+ (Yt − Ct)

1
β(1+rt)

u′′(Ct)
u′′(Ct+1)

+ (1 + rt)
=

(Yt − Ct)−
σCt+1

1+rt
u′(Ct+1)

u′(Ct)
u′′(Ct)
u′′(Ct+1)

+ (1 + rt)
,

=
(Yt − Ct)−

σCt+1

1+rt
u′(Ct+1)

u′′(Ct+1)
/
u′(Ct)
u′′(Ct)

+ (1 + rt)
=

(Yt − Ct)−
σCt+1

1+rt
Ct+1

Ct
+ (1 + rt)

.

2© The substitution, income, and wealth effects

dCt

drt
=

(Yt − Ct)−
σCt+1

1+rt
Ct+1

Ct
+ (1 + rt)

.

Obviously, when Yt < Ct (Borrower), a rise in rt has a negative effect on current consumption; However, if Yt > Ct (Saver), a rise

in rt has an ambiguous effect on current consumption. Recall that we have Ct +
Ct+1

1+rt
= Yt +

Yt+1

1+rt
.

u(Ct) = logCt ⇒
1

Ct
= β(1 + rt)

1

Ct+1
⇒ Ct+1 = β(1 + rt)Ct,

Ct =
1

1 + β

(
Yt +

Yt+1

1 + rt

)
⇒

∂Ct

∂rt
= −

Yt+1

1 + β
(1 + rt)

−2;

u(Ct) =
C

1− 1
σ

t

1− 1
σ

⇒ C
− 1
σ

t = β(1 + rt)C
− 1
σ

t+1 ⇒ Ct+1 = βσ(1 + rt)
σCt,

Ct =
1

1 + βσ(1 + rt)σ−1

(
Yt +

Yt+1

1 + rt

)
.

This consumption function reflects three distinct ways in which a change in the interest rate affects the household:
1) Substitution effect. A rise in rt is a rise in the price of Ct in terms of Ct+1. → Ct ↓, St ↑. When σ > 1 this effect dominates

because consumers are relatively willing to substitute consumption between periods;

2) Income effect. A rise in rt also allows higher Ct+1 given Yt +
Yt+1

1+rt
. This expansion of the feasible consumption set is a positive

income effect that leads people → Ct ↑ and St ↓. When σ < 1 this effect wins out.
When σ = 1 and Yt+1 = 0, the previous two effects would exactly cancel out.
3) Wealth effect. The above two effects refer to the fraction of lifetime income devoted to present consumption. The wealth effect,

however, comes from the change in lifetime income caused by an interest rate change and reinforces the interest rate’s substitution
effect.

I refer the reader to Obstfeld and Rogoff (1996, ch.1, pp.28-31).
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b. Firms

max
Kt,Lt

Πt = Yt − wtLt −RtKt,

Yt = F (Kt, Lt), note that generation t-1 don’t work when old in period t

⇓

πt ≡
Πt

Lt
, yt ≡

Yt
Lt
, kt ≡

Kt

Lt
,

Kt+1

Lt
=
Kt+1

Lt+1

Lt+1

Lt
= (1 + n)kt+1, st ≡

St
Lt

⇓
max
kt

πt = yt − wt −Rtkt,

s.t. yt = f(kt) = kαt︸ ︷︷ ︸
one of form

,

⇒

{
Rt = f ′(kt),

wt = f(kt)− ktf ′(kt). ← Euler’s theorem
.

c. Equilibrium

Kt+1 −�����(1− δ)Kt = It = St = stLt = s(wt, Rt+1)Lt, with δ = 1,

⇒ kt+1 =
s(wt, Rt+1)

1 + n
=

wt(
1 + β−

1
θR
− 1−θ

θ
t+1

)
(1 + n)

=
f(kt)− ktf ′(kt)[

1 + β−
1
θ f ′(kt+1)−

1−θ
θ

]
(1 + n)

,


{
Lt = L
St
L ≡ st = syt ≡ sYtL

kt+1 = (1− δ)kt + sf(kt)︸ ︷︷ ︸
the Solow model

⇒


Lt = (1 + n)Lt−1

kt+1 = s(f(kt)−ktf ′(kt),f ′(kt+1))
1+n︸ ︷︷ ︸

the OLG model



{
Lt = L
Kt+1

L ≡ kt+1 = it ≡ It
L{

kt+1 = f(kt) + ct
u′(ct)
u′(ct+1)

= βf ′(kt+1)︸ ︷︷ ︸
The Ramsey model

,

⇒ k∗ =
s(f(k∗)− k∗f ′(k∗), f ′(k∗))

1 + n
,

kt+1=kt=k
∗

←−−−−−−−− a steady state

=
f(k∗)− k∗f ′(k∗)[

1 + β−
1
θ f ′(k∗)−

1−θ
θ

]
(1 + n)

,
the CRRA utility function←−−−−−−−−−−−−−−−−− a steady state

=
(1− α)(k∗)α{

1 + β−
1
θ [α(k∗)α−1]−

1−θ
θ

}
(1 + n)

.
the C-D production function←−−−−−−−−−−−−−−−−−− a steady state

⇒ k∗ = a unique solution.

Possible patterns 2

2Source: Acemoglu (2019, Lecture Notes for Economic Growth)
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θ = 1 (use log preferences)

Income and substitution effects exactly cancel each other: changes in the interest rate (and thus in the capital-
labor ratio of the economy) have no effect on the saving rate.

Structure of the equilibrium is essentially identical to the basic Solow model (cf. Acemoglu, 2019).

log c1t + β log c2,t+1, β ∈ (0, 1],

⇒ c2,t+1

c1t
= βRt+1,

⇒ st =
wt

β−
1
θR
− 1−θ

θ
t+1 + 1

,

=
wt

β−1 + 1
, ← θ = 1

=
β

1 + β︸ ︷︷ ︸
s: constant saving rate

wt.

Log preferences 3

kt+1 =
st

1 + n
,

=
βwt

(1 + β)(1 + n)
,

=
β(1− α)kαt

(1 + β)(1 + n)
,

⇒ k∗ =

[
β(1− α)

(1 + β)(1 + n)

] 1
1−α

.

3Source: Acemoglu (2019, Lecture Notes for Economic Growth)
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1.2 The Social Planner’s Problem

max

∞∑
t=0

βtsLt[u(c1t) + βu(c2,t+1)],

s.t. Ltc1t + Lt−1c2t︸ ︷︷ ︸
Ct

+Kt+1︸ ︷︷ ︸
It

= F (Kt, Lt)︸ ︷︷ ︸
Yt

.

⇓

c1t +
Lt−1c2t
Lt

+
Kt+1

Lt+1

Lt+1

Lt
=
F (Kt, Lt)

Lt
,

⇒ c1t +
c2t

1 + n
+ (1 + n)kt+1 = f(kt),

m

max

∞∑
t=0

βts[u(c1t) + βu(c2,t+1)],

s.t. c1t +
c2t

1 + n
+ (1 + n)kt+1 = f(kt).

L =

∞∑
t=0

βts{u(c1t) + βu(c2,t+1) + λt[f(kt)− c1t −
c2t

1 + n
− (1 + n)kt+1]}

∂L
∂c1t

= 0 ⇒ βts(u
′(c1t)− λt) = 0 ⇒ u′(c1t) = λt,

∂L
∂c2t

= 0 ⇒ βt−1s βu′(c2t)− βtsλt
1

1 + n
= 0 ⇒ βu′(c2t) = βsλt

1

1 + n
,

∂L
∂c2,t+1

= 0 ⇒ βtsβu
′(c2,t+1)− βt+1

s λt+1
1

1 + n
= 0 ⇒ βu′(c2,t+1) = βsλt+1

1

1 + n
,

∂L
∂kt+1

= 0 ⇒ −βtsλt(1 + n) + βt+1
s λt+1f

′(kt+1) = 0 ⇒ f ′(kt+1) =
λt
λt+1

1 + n

βs
.

⇓
u′(c1t)
βu′(c2t)

= 1
βs

1
1+n

;

u′(c1t)
βu′(c2,t+1)

= λt
βsλt+1

1
1+n

= f ′(kt+1).

⇓{
u′(c1t) = β

βs
(1 + n)u′(c2t);

u′(c1t) = βf ′(kt+1)u′(c2,t+1)
Rt+1=f

′(kt+1)⇐========⇒ u′(c1t) = βRt+1u
′(c2,t+1).

Acemoglu (2019, Lecture Notes for Economic Growth):

Not surprising: allocate consumption of a given individual in exactly the same way as the individual himself
would do.

No “market failures” in the over-time allocation of consumption at given prices.

1.3 Dynamic Inefficiency

In steady state

c∗ ≡ c∗1 +
c∗2

1 + n
= f(k∗)− (1 + n)k∗.

∂c∗

∂k∗ = f ′(k∗)− (1 + n) = 0 ⇒ f ′(k∗) = f ′(kgold) ≡ 1 + n,

∂c∗

∂k∗ = f ′(k∗)− (1 + n) < 0 ⇐ f ′(k∗) = α(k∗)α−1 = α

{[
β(1−α)

(1+β)(1+n)

] 1
1−α
}α−1

= α
1−α

1+β
β (1 + n) < 1 + n ⇒ k∗ > kgold.

Pareto Suboptimal/Dynamically Inefficient:

if k∗ > kgold, then ∂c∗

∂k∗ < 0 (reducing savings can increase total consumption for everybody).

With dynamic inefficiency, discouraging savings may lead to a Pareto improvement.
4Source: Acemoglu (2019, Lecture Notes for Economic Growth)
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c∗ & s∗gold
4
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