Advanced Macroeconomics

Mathematical Foundations and Analytical Principles

Author: DENG Yanfei, SHEN Ji, WU Jieran, ZHANG Jun
Institute:

Date: 2025-9-8

Version: 1.0

”A huge tree grows from a tiny sprout; A nine-story tower rises from piled earth; A thousand-mile

Jjourney begins beneath one’s feet.”—— Lao Tzu



Contents

Chapter 1 Static Optimization Problem vs. Dynamic Optimization Problem 1

1.1 Static Optimization Problem . . . . . . . . . . ... 1

1.1.1  Unconstrained Optimization . . . . . . . . . . . . . . it e e 1

1.1.1.1  Single Decision Variable . . . . . . .. ... .. ... .. 1

1.1.1.2  Multiple Decision Variables . . . . . . . . ... ... ... 10

1.1.2  Constrained Optimization . . . . . . . . . . . . ot 16

1.1.2.1  Equality Constraints Between Choice Variables . . . . . ... ... ... .. .. ... 17

1.1.2.2  Inquality Constraints Between Choice Variables . . . . . ... . ... ... ... ... 31

1.2 Dynamic Optimization Problem . . . . . . . . .. .. 41

1.2.1  Discrete ime . . . . . . . o o vt s e e e e e e e e e 42

1.2.1.1  Two-period decision-making under perfect expectations . . . . . . . . .. . ... ... 42

1.2.1.2  Multi-period decision-making under perfect expectations . . . . . ... .. ... ... 47

122 Continuous time . . . . . . . . . . . e e 61

1.2.2.1  No constraints between state variables . . . . . .. . ... .. oL 61

1.2.2.2  Equality constraints between state variables . . . . . . .. ... oL L. 71

Chapter 2 Determination of static equilibrium vs. dynamic equilibrium 74

2.1 Static (within-period) equilibrium analysis . . . . . . . . . . ... ... 74

2.1.1 Existence and uniqueness of static equilibrium . . . . . .. ... oL oL 74

2.1.1.1  Static non-goal equilibrium . . . . . ... oo 74

2.1.1.2  Static goal equilibrium . . . . . ..o o 80

2.1.2  Deviation from static equilibrium and its stability . . . . . . . . .. ... ... ... .. 80

2.2 Dynamic (intertemporal) equilibrium analysis . . . . . . .. .. . ... oL 87

2.2.1 Equilibrium dynamics, steady state and stability of continuous-time systems . . . . . . . ... .. 89
2.2.1.1  Equilibrium dynamics of continuous-time economic systems described by differential

eqUAtIONS . . . . . ... 89

2.2.1.2  Steady state and stability of continuous-time economic systems with differential equations 93

2.2.2  Equilibrium dynamics, steady state and stability of discrete-time systems . . . . . .. ... ... 102
2.2.2.1  Equilibrium dynamics of discrete-time economic systems described by difference equa-

LHONS . . . . . 102

2:2.2.2  Steady state and stability of discrete-time economic systems described by difference

EQUALIONS .« « . . v v v e e e e e e e e e e e 110

Chapter 3 Comparative Static Analysis vs. Comparative Dynamic Analysis 124
3.1 Comparative Analysis of Static Equilibrium . . . . . . . ... ... o oL 124
3.1.1 non-goal equilibrium displacement and comparative static analysis . . . . . . .. ... ... ... 124

3.1.1.1  Comparison of the old and new non-goal equilibrium in the economic systems described
by reduced-form equations . . . . . . ..o oL 125
3.1.1.2  Comparison of the old and new non-goal equilibrium in the economic systems described
by structral equations . . . . . . .. L. Lo 125
3.1.2  goal equilibrium displacement and comparative static analysis . . . . . . .. ... ... ..... 132
3.1.2.1 Comparison of the old and new goal equilibrium in the economic systems described by
reduced-form equations . . . . . .. ... 132
3.1.2.2  Comparison of the old and new goal equilibrium in the economic systems described by
structural eqUAtions . . . . . ... L e e e e e e e 138



CONTENTS

3.2 Comparative Analysis of Intertemporal Equilibrium . . . . . .. ... ... ... ... ... 154
3.2.1 non-goal steady-state displacement and comparative steady-state analysis . . . . . ... ... .. 154
3.2.1.1  Comparison of the old and new non-goal steady-state in the economic systems described
by reduced-form equations . . . . . . .. ... L. 154
3.2.2 goal steady-state displacement and comparative steady-state analysis . . . . . . . . ... ... .. 155
3.2.2.1 Comparison of the old and new goal steady-state in the economic systems described by
reduced-formequations . . . . . . . . ... e e e 155
3.3 Comparative Analysis of Equilibrium Dynamics . . . . . . ... .. ... ... ... ... . ... 156
3.4 Comparative Analysis of Stochastic Equilibrium . . . . . . . ... ... .. L0 oL 157
Chapter 4 Stochastic Equilibrium Statics vs. Stochastic Equilibrium Dynamics 158
4.1 Stochastic Static Equilibrium Analysis . . . . . . . . . . .. 158
4.1.1 Existence and uniqueness of stochastic static equilibrium . . . . . . .. ... ... 158
4.1.1.1  Complete-information stochastic equilibrium statics . . . . . .. .. ... ... ... 158
4.1.1.2  Incomplete-information stochastic equilibrium statics . . . . . ... ... ... ... 160
4.1.2  Departure from and stability of stochastic static equilibrium . . . . . .. . ... ... ... 186
4.1.2.1 Convergence of non-goal stochastic static equilibrium . . . . . ... ... ... ... 186
4.1.2.2  Convergence of goal stochastic static equilibrium. .. . .. .. .. ... ... ... .. 187
4.2 Stochastic Dynamic Equilibrium Analysis . . . . . . . . . . ... o 187
4.2.1 Existence and uniqueness of stochastic dynamic equilibrium . . . . . .. ... ... 000 187
4.2.1.1 Equilibrium dynamics under complete-information rational expectations . . . . . . . . 188
4.2.1.2  Equilibrium dynamics under incomplete-information rational expectations . . . . . . . 207
4.2.2  Departure from and stability of stochastic dynamic equilibrium . . . . . . . ... ... ... ... 237
4.2.2.1 Convergence of non-stochastic steady states of a dynamic economic system with com-
plete information. . . . . . . ... oL 237
42.2.2 Convergence of non-stochastic steady states of a dynamic economic system with incom-
plete information. . . . . . . . . L. 237
Chapter 5 Stochastic Static Optimization vs. Stochastic Dynamic Optimization 238
5.1 Stochastic Static Optimization . . . . . . . . . . . . .. e e e 238
5.1.1 Complete-information stochastic equilibrium . . . . . . . ... ... 000 238
5.1.1.1  Single random variable . . . . . .. ... ... L 238
5.1.1.2  Multiple random variables . . . . . . . . .. ... 240
5.1.2  Incomplete-information stochastic equilibrium with exogenous information structure . . . . . . . 243
5.1.2.1  Singlesignal . . . . . ... 243
5.1.22  Multiplesignals . . . . . . . .. e 245
5.1.3 Incomplete-information stochastic equilibrium with endogenous information structure . . . . . . 262
5.1.3.1  Singlesignal . . . . . ... 263
5.1.3.2  Multiplesignals . . . . . . . .. 265
5.2 Stochastic Dynamic Optimization . . . . . . . . . . . . . e e e e 268
5.2.1 Discrete time . . . . . . . ... e e e e e e 268
5.2.1.1 Intertemporal decision-making under complete-information rational expectations . . . . 268
5.2.1.2  Intertemporal decision-making under incomplete-information rational expectations . . 280
522 Continuous tiMe . . . . . . . . . . e e e e e 282
5.2.2.1 Intertemporal decision-making under complete-information rational expectations . . . . 282
5.2.2.2 Intertemporal decision-making under incomplete-information rational expectations . . 282



Chapter 1 Static Optimization Problem vs. Dynamic

Optimization Problem

An optimization problem means that selecting one or more independent variables with or without constraints to make
the objective function reach its extreme value, and the result is the value (set) of the choice variable(s) when the objective
function reaches the extreme value.

1.1 Static Optimization Problem

Static optimization problems are divided into two common cases: unconstrained problems and constrained problems.

Constrained problems are further divided into those with equality constraints and those with inequality constraints.

Unconstrained optimization is also called free optimization. Strictly speaking, it does not mean that there is no
constraint on the choice variables, as the domain of the choice vairables is also a constraint if it exists. The word “un-
constrained” here means that there is no constraint between the choice variables of the optimization problem. The choice

variables are also called decision variables.

A single choice variable (hereinafter referred to as “single-variable”) does not have the chance to be tied to other
selection variables, while it is possible that two selection variables (hereinafter referred to as “double-variable) or more
selection variables (hereinafter referred to as “multi-variable) are mutually correlated and may increase or decrease at the
expense of each other.

1.1.1 Unconstrained Optimization

We first discusses the necessary and sufficient conditions for the optimization problem when there are no constraints
on the choice variables, including the solution of single-variable and multi-variable unconstrained optimization problems

respectively.

1.1.1.1 Single Decision Variable

Using calculus, the optimization problem of a single choice variable directly takes the derivative of this independent
variable and sets the derivative to 0, which is called the first-order condition. However, this requires that the function
O = f(x) is a continuously differentiable smooth curve (excluding constant functions and monotonic functions). The point
where the derivative is 0 may be an “inflection point” (unstable point) or a “stationary point” (stable point). The stationary
point may only be a local, relative extreme value (hereinafter referred to as ’extreme value” or ’local maximum/minimum”),
rather than a global, absolute extreme value (hereinafter referred to as ”global maximum/minimum”). The discussion above
involves at least six problems:

(1) Why exclude constant functions and monotonic functions?

(2) Why should the objective function be continuously differentiable?

(3) How to determine whether it is an inflection point or a stationary point?

(4) How to distinguish whether a stationary point is a local maximum or minimum?
(5) How to know whether it is an maximum or minimum?

(6) How to simply prove that the differentiation method is reasonable?
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Problem 1: The value z of a constant function is fixed. No matter how the independent variable x is chosen, the target
value can never be larger or smaller; The value at the endpoints of a monotonic function with a domain [x;, x] are easily

judged as extreme values, which are of course the maximum/minimum. These can be expressed as, respectively:

min f(x) = f(x1),
max f(x) = f(x2).

fx) =z &

Problem 2: The objective function may not be smooth and may have a sharp inflection point (corner point) where
the derivative does not exist, so if the sharp inflection point is an extreme point, it cannot be judged by the derivative.
This chapter focuses on calculus methods, so the basic premise is that the function can be differentiated at all orders; in
other words, the first-order derivative, second-order derivative, third-order derivative, fourth-order derivative, and even
any higher-order derivative are assumed to exist:

10, 70, £, P (),

Promlem 3: For a continuously differentiable objective function, the first-order derivative is the slope. If the first-
order derivative is greater than 0, the slope is positive, and if the first-order derivative is less than 0, the slope is negative.
The first-order derivative at the extreme point must be 0, but a point where the first-order derivative is 0 is not necessarily
an extreme point. The slopes on the left and right sides of the extreme point should have opposite signs. If the slopes on
the left and right of the first-order derivative have the same sign when the first-order derivative is 0, it is an inflection point.
Therefore, the first-order derivative of 0 is a necessary condition for the existence of an extreme value, but not a sufficient
condition. This boils down to:

f(x) >0 left
f/(x) >0 right
f(x) <0 left
f'(x) <0 right
f(x) >0 left
f'(x) <0 right
S (x) <0 left
f'(x) >0 right

the same sign

infection point
the same sign
f'(x)=0
opposite signs

stationary point

opposite signs

Problem 4: The change in the sign of the first-order derivative in the neighborhood of the stationary point helps to
determine the extreme value. The slope on the left side of a local maximum point is positive and the slope on the right side
is negative. The slope on the left side of a local minimum point is negative and the slope on the right side is positive. The
sign of the second-order derivative in the neighborhood of the stationary point can also helps. If the positive slope is getting
slower and slower (the function value increases at a decreasing rate) and the negative slope is getting steeper and steeper
(the function value decreases at an increasing rate), it is a local maximum (the second-order derivative is always less than
0). If the negative slope is getting slower and slower (the function value decreases at a decreasing rate) and the positive
slope is getting steeper and steeper (the function value increases at an increasing rate), it is a minimum (the second-order
derivative is always greater than 0). This comes down to:

f(x)>0,f"(x) <0 left

local maximum
f(x) <0, f"(x) <0 right

. f(x) <0, f"(x) >0 left
local minimum
f'(x)>0,f"(x) >0 right

extreme values

Problem 5: For a continuously differentiable objective function, if the extreme points can all be determined, we can
simply compare the extreme points to determine the global maximum/minimum, but this is quite troublesome, and the
extreme points may not be easy to exhaust. Another way is that if the concavity or convexity of the objective function
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are easy to determine, then the local maximum/minimum is also the global maximum/minimum, as objective functions
with concave or convex characteristics are common in optimization problems regarding economics. Concave and convex
functions can be determined according to the definition (in the following definition, 0 < w < 1, and x1,x, are any two
points given on the curve), and the second-order derivative of a concave function is “everywhere” less than 0 and the
second-order derivative of a convex function is “everywhere” greater than 0, so a concave objective function has a global
maximum and a convex objective function has a global minimum. This boils down to:

) wf(x)+ (1 —w)f(x) < flwx; + (1 — w)x,] definition
global maximum convex;
"(x) <0, Vx ropert
global maximum/minimum f” ) property
o f"(x) >0, Vx property
global minimum concave.
wf(x)+ (1 -w)f(xz) = flwx; + (1 —w)xy] definition

Only when the second-order derivative has a positive or negative sign can we judge whether it is a maximum or
minimum from above. However, it does not rule out the possibility that the second-order derivative may be 0. In this case,
it still fails to judge whether it is a maximum or a minimum. Therefore, f”’(x) < 0 or f”(x) > 0 and f’'(x) = 0 are
necessary conditions for the existence of extreme values. Why? This is also the reason for the following question.

Problem 6: The derivation of the first-order necessary conditions uses the mean value theorem, and the derivation of
the second-order (or higher) necessary or sufficient conditions uses the Taylor expansion.

i) If O = f(x) is continuously differentiable in the domain, and O has an extreme value f(x,), then we must have
f'(x0) = 0.

Suppose x is in the neighborhood of x,,, that is, x € x,, + Ax, and suppose f(x) < f(x,), then we have f(x, + Ax) <
f(x,), then

fxo +Ax) = f(x,) <0 <0:

Ax >0 -

fxo +Ax) = f(x,) <0 >

Ax <0 -

f(xo +Ax) = f(xo) <0
Ax <

f(xo +Ax) = f(x,) N
Ax >

fl(x) = lim
= f, (Xo) _ Ax—0

0. fl(xo) = lim_ 0

This is Fermat’s lemma. [37] proved this first-order condition in the mathematical appendix directly using the mean
value theorem. Let x,, be a point in the domain, and x = x,, + Ax be another point (Ax > 0 or Ax < 0), then there is a point
wx + (1 —w)x, = xo + W(x —x,),w € (0, 1) between x and x,,, according to Lagrange’s mean value theorem,

F0) = flxo) FO) = F(50) = f (%o +0(x = %0)) (x = %,).

X —Xo

I (xo + w(x = x0)) =

If f(x,) > 0, according to the continuity assumption, there exists an interval |x —x,| < z such that f’(x) > 0 is true
everywhere in the interval. Therefore, for any x > xq, f(x)—f(x,) > 0, which contradicts the assumption of f(x) < f(x,).
Similarly, f’(x,) < 0 will also lead to a contradiction. The first-order necessary conditions for the minimum can also be
roughly proved in this way. Therefore, the necessary condition for the extreme value is f”(x,) = 0. It can also be expressed
by differential thinking, that is, dO = f’(x)dx. At the extreme point, any change in x (dx # 0) will not cause a change
in O (dO = 0), then it can only be that f’(x) = 0. The solution of this equation is x,, so the condition is equivalent to
f'(x0)=0"

We can also proof by contradiction. If at the extreme point, f’(x,) # 0, then either f’(x,) > 0, which means that as
X, increases, the target value will increase; or f”(x,) < 0, which means that as x,, increases, the target value will decrease.
In both cases, the target value will not be an extreme value, so the extreme point must have f’(x,) = 0.

ii) Then let’s see how to derive the necessary or sufficient conditions of the second or higher order. Let the function

O = f(x) be expanded in a Taylor series of order n € N* around x = x,, (the remainder is omitted and N* represents the

1See also Theorem 12.1 in [9, p-327] or the rigorous proof of the first-order condition in [Sundaram2001].
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set of positive integers)

Nonlinear approximation

JARIED)
3!

f”( o) 9 (x)

4! ()C _xo)4 +

()C x”)l ()C —X(,)3 +

f('x) f(x()) + f ('xl))('x x()) t—

Linear approximation

(n)
+ AaC) (x —xo)".
n'

(a) We focus on the function value at x (x # x,,) within the neighbourhood of x,,. If the first-order derivative f’(x,) #
0, and the second-order derivative and higher-order derivatives are all 0, then:

f(x) = fxo) = f,(xo)(x - Xo).

If we want to determine whether the function reaches an extreme value when x = x,, (that is, when f(x) < f(x,) for
any x is in the left or right neibourhood of x,, x,, is a local maximum point; when f(x) > f(x,) for any x is in the left or
right neibourhood of x,, x,, is a local minimum point), it depends on the sign of f”(x,)(x — x,), but it is the product of

f'(x,) and (x — x,), so the sign cannot be determined.

But if f(x,) is an extreme value, take the maximum value as an example: On the left side of the maximum point,
X —x, < 0and f’(x,) > 0; on the right side of the maximum point, x — x, > 0 and f”(x,) < 0. It can be seen that there
is always f’(x,)(x — x,) < 0 on both sides of the maximum point. Therefore, f’(x,) # 0 means that x = x,, is not an
extreme point; in other words, the extreme point must have f”(x,) =0

(b) Since the extreme point must have f’(x,) = 0, assuming the second-order derivative is f”’(xg) # 0 and the
third-order derivative and higher-order derivatives are 0. The Taylor expansion is:

70~ fx) =0+ e 2

Regardless of whether x is on the left or right side of x,, (x — x,)> > 0 always holds true. As long as the second-
order derivative ' (x,) > 0, then f(x) > f(x,), the value f(x,) is always smaller than that in the neiborhood so it is a
minimum.

Regardless of whether x is on the left or right side of x,, (x —x,)? > 0 always holds true. As long as the second-order
derivative f”'(x,) < 0, then f(x) < f(x,), the value f(x,) is always larger than that in the neiborhood so it is a maximum.

(c) But what if the first-order derivative f’(x,) = O and the second-order derivative f”’(x,) = 0? Then the value
f(x,) and the value f(x) where x is in the neibourhood of x( cannot be compared by expanding to the second-order
term. Assuming that the third-order derivative is not zero (f) (x,) # 0), and the fourth-order derivative and higher-order
derivatives are 0, the Taylor expansion is:

£ (x0)

3
3 2 ( x()) N

) - f(xo)—0+0+

Since the sign of (x — x,,)? is not determined, the sign of f©) cannot determine the sign of £ (x,)(x — x,)3, so the
value f(x,) and the value f(x) where x is in the neibourhood of x( cannot be compared uniformly So x = x, is not an
extreme point. Since a point x,, such that f’(x,) = 0 is not a stationary point, it must be an inflection point. The derivative
of a derivative is 0, which shows that the derivative itself can be either a maximum or a minimum, which corresponds to
a slightly different inflection point in form.

(d) Recursively, if the first-order derivative f’(x,) = 0, the second-order derivative f”’(x,) = 0, the third-order
derivative 3 (x,) = 0, but assuming the fourth-order derivative is f*)(x,) # 0, and the fifth-order derivative and
higher-order derivatives are 0. The Taylor expansion is:

Fx) = fxo) =0+0+0+ L2

Regardless of whether x is on the left or right side of x,,, (x — x,)* > 0 always holds true. As long as the fourth-order
derivative f*)(x,) > 0, then f(x) > f(x,), the value f(x,) is always smaller than that in the neiborhood, so it is a
minimum.
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Regardless of whether x is on the left or right side of x,, (x — x,)* > 0 always holds true. As long as the fourth-
order derivative £ (x,) < 0, then f(x) < f(x,), the value f(x,) is always larger than that in the neiborhood, so it is a

maximum.

By enumerating, the rule can be seen: if the first-order derivative at x = x,, f’(x,) = 0, then it is an inflection point
or a stationary point. Let the first non-zero derivative value encountered in the second-order or higher-order derivatives
be the jth-order derivative, that is, ) (x,) # 0. When j is an odd number, (xo, f(x,)) is an inflection point; when j is a

evev number, f(x,) is a minimum when £/ (x,) > 0, and f(x,) is a maximum when £/ (x,) < 0.

The above six problems outline and successively introduce the first-order or higher-order conditions for unconstrained
optimal solutions, but they are still confined to the scope of mathematics. In economics, what needs to be answered is how
to select the choice variables that meet the corresponding economic conditions based on a specific economic environment to
optimize the goals of economic entities. The following three examples respectively present the similarities and differences
of “choice variables” in different structures of perfect competition and in the market environment of perfect competition
and monopolistic competition.

Example 1. Product supply in a perfectly competitive market

In perfect competition, prices are determined by market supply and demand. Neither buyers nor sellers can control
prices. Representative manufacturers choose product sales quantity Q (with subscript s to indicate supply) to optimize
profits. Profits are defined as revenue after deducting costs. When both product and factor markets are perfectly competi-

tive, revenue and costs are functions of sales, and the objective profit function is

manl'[ = R(Qys) — C(Qy).

Let’s look at the first-order condition first:

marginal revenue  marginal cost

dI1 —_—— —_——
=R'(Qs) -C'(Q5)=0 = R(Qy) = C(QY) -
a0, AL = L)
MR MC

This results in the equilibrium condition where marginal revenue equals marginal cost, from which the desired product
supply (output level) Q5 can be solved. However, the goal of maximizing profits may not be achieved at this point. At the
point where profits are minimized or even continue to rise (an infection point), the revenue from an additional unit of sales

is equal to the cost of an additional unit of sales. Therefore, this is only a necessary condition.

Let’s look at the second-order condition:

d*n d (do
= ( )=7€”(Q§)—C”(Q§)<0 = R"(Q5) <C"(Q).

do? ~ do, \do,

That is, when the rate of change of the marginal revenue is less than the rate of change of the marginal cost, it can

ensure that the profit reaches its maximum value (a sufficient condition).

The explicit revenue curve, under perfect competition, is R(Q,) = PQ,, with marginal revenue R’ (Q5) = P, and the
change rate of the marginal revenue R” (Q7) = 0. The first- and second-order conditions are:
Cc(Qy) =7,
C”"(QY) > 0.

This shows that the marginal cost at the optimal output level Q3 is also the selling price, and the marginal cost at this
point is increasing. Why? If the marginal cost is decreasing at O, then producing one more unit at this time will still
benefit P, while the marginal cost will be less than P, so Q¢ will not be the optimal choice.

Example 2. Labor demand in a perfectly competitive market

Production activities depend on production factors, and common production factors include technology, capital, and
labor. Omitting technology and exogenous capital, the demand equation for labor as a production factor of representative

manufacturers is derived from profit optimization:
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revenue  variable cost  fixed cost
max = PQ, — WLy - RPK .
La ‘ij

Both product and factor markets are perfectly competitive. The price level P, the wage level /, and the capital rental
rate R (equals to the real interest rate », which is the difference between the nominal interest rate / and the expected inflation
rate 7., plus the capital depreciation rate ¢) are exogenous to the problem of optimizing corporate profits (exogeneity is
indicated in gray). The demand for the production factor of physical or tangible capital K is relatively fixed in the short
term, or is considered exogenous. The company only chooses the input factor of labor L, (with subscript d indicating
demand) to provide output supply Q; (or the labor demand can be determined by choosing the output i.e., Ly = Qy), to
achieve the optimal profit.

Back to the optimization problem above. Substitute the production function Qs = AF (K, Lg) under the technology
level A into the defined profit identity:

max Il = PAF(K,Ly) — RPK — WLy = max Il = PAF(K,Lg)—WLq

La=0s La=0s

Nominal capital PK and its price (nominal aggregate interest rate) R are both exogenous, so removing this term does
not affect the first-order necessary conditions and the optimal choice variables determined by them:

real wage  marginal product
— Y e —— |

dIT o labor demand curve WP =AFL(K,Ly);  desired labor demand o w

_:PAFL(K7L‘1)—W:O _ _ Ld:f —,A,K

dLy WA = PFL(K,LY) r
SN——— N————

marginal cost  marginal revenue

The optimal output is therefore:
Q; =AF(K,L).

The functional relationship between the desired demand for labor as a production factor and the optimal output can
be expressed by the inverse function F~! as follows:
F—l
(=1 L d= T Q s*

The above optimization problem can be expressed as a general function:

4
max Il= f|Ly; —,AK|.
La=0Qs P
[ S——
objective function

First-order necessary conditions and the optimal choice variables determined by them:
14
deZO < LZ:f(F,A,K).

Substituting the above objective function into the value function, we can get the value function:

value function

° = (L W oak): X ax
- d P ’ ’ b P ’ ’ .
It has the following properties:
derivative
partial derivative —~—_  partial derivative
drre — dL:)i —
ar frg aK + Jr )
———
SN——— )
=0 £0 direct effect

indirect effect

6
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=0+f[(.

It can be seen that the derivative value of the value function with respect to a certain exogenous variable is the partial
derivative value of the objective function with respect to the exogenous variable, which is the envelope theorem. This
is a reflection of the comparative analysis in Chapter 3, but it is also an extension of the optimization theme. The reason
for this introduction is that, first, a similar function form is used in the dynamic programming solution method for the
dynamic optimal problem presented later in this chapter; second, it reminds readers that although the value function can
be regarded as a structural equation (there is correlation between the independent variables), it is not troubled by the

endogeneity problem.

It is also necessary to use the second-order condition to determine whether the selected L makes the objective

function achieve a maximum or minimum value:
dZ—H = PFrp <O.
dL?

The production function is assumed to have positive and decreasing marginal product (Fr > 0, Frr < 0), so the
second-order condition is less than 0, meaning that the above optimization problem produces a maximum value. Of course,
according to the definition or the property, it is not difficult to see that the objective function of labor demand defined by
the profit identity is a concave function; in other words, the cost in the profit function is linear, so the concave and convex
characteristics of the profit function are determined by the production function that is closely related to the revenue; in
other words, the concave and convex characteristics of the profit function in this example are consistent with the concave
and convex characteristics of the production function. The concave production function is an important assumption in

economics, so in the profit optimization problem, a local maximum is also a global maximum.

The production function is set tobe O, = AK*L b“’, and the parameters @ € [0, 1] and (1 —a) € [0, 1] represent the
output share of the corresponding factors (i.e., the percent change in output caused by a change of 1 percent of the factor).
This is called the Cobb-Douglas function (the origin and properties will be systematically introduced in Chapter 3). If we
do not consider the labor factor for the time being and instead examine oil resources as an input factor, assuming that the

manufacturer maximize output eliminating the cost of oil , that is:

0 = rr(l)eillx(:Z(K“Oill_“ — poilOil),

0.C.
=25 0= (1-)AK0I™ = po,
. Poil
= OlI%=—F—"—,
! (1-a)AK®
_1
i Poil «
= Oil=|——F—F— >
! [(1 —a)ﬂka]
1-4
A Doil i
oil'" = | ———— ;
) [(1 —a)ﬂK”]
1
Poil @ Poil e
=ﬂKﬂ/ - —P H T < - s
= Os (1—@).?[[(“] Oll[(l—a')ﬂK“]

1o1-1 1_ 11-1 1
=AP "(1-a)e ' K-A=P_ “K(l-a)=,

1 1-1 1_ 1 1-1 1_
=AP (1-a)e 'K-A=P_ [ “K(1-a) ' (1-a),

1
=a(l-a)s AP 7K,

= AK.

. -1 . . . .
The last step is to set A = a(1 — a)i‘lﬂiPoﬂ @ where A is the technical level, and A is defined as the effective
technical level, which is driven by the actual oil price poij. And because 1 — i < 0, an increase in the actual oil price will
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lower the effective technical level. 2
Example 3. Optimal pricing of products in a monopolistic competition market

Given other input factors, the manufacturer chooses the desired labor to maximize profits (the concave production
function ensures that the extreme value is the global maximum). Now it is still assumed that the labor factor market is
perfectly competitive, but the manufacturer has a certain degree of monopoly power in the product sales market, which

means:

(1) If we assume that one manufacturer corresponds to one product, it is not appropriate to use a representative
manufacturer in a monopolistic competition environment, because monopolistic competition means that manufacturers
have pricing power due to product differences. Assuming there are two manufacturers in the market, the products of
manufacturer 1 and manufacturer 2 are not completely substitutable, and the elasticity of substitution is € (the specific
definition of this concept is detailed in Chapter 3).

(2) Capital and technology are still given (exogenous), and the capital is even normalized to 1. The production function
is set to Qis = ALl.ld“’, where @ = 0 is set to represent constant returns to scale (see also Chapter 3), because the input
factor increases n times, it is easy to prove that the output also increase n times, that is, A(nL;q) = n(AL;q) = nQ;s. The
factor market is still perfectly competitive, and wages are determined by market supply and demand, set to W (exogenous
for the manufacturer). However, because the manufacturer i,i = {1,2} has monopoly powers in the product market, the

factor inputs are determined by the product demands, that is,

prodect supply determined by product demand factor demand determined by product deand
—— —_——
ALjq = Qis = Qia = Lig = Qia/ A

(3) The demand function for product i comes from the utility maximization of the household sector given a budget
constraint. This is the solution to the optimization problem of equality constraints (strictly speaking, inequality constraints),
which will be discussed later. Although the manufacturer has monopoly power for its products and can have pricing power
for its products, the total price level also includes the prices determined by other manufacturers. Therefore, the total price
index P is exogenous to any manufacturer; at the same time, the manufacturer’s pricing will affect the demand for the
priced product, but the total demand of the whole society O is also exogenous to a single manufacturer (at equilibrium,
total demand equals total supply equals Q). Based on these introductions, we will directly assume that the demand curve
of product i is (Example 9 will explain its origin) without deduction:

0u=[2) "0
id = (?) 0.
There are two similar approaches to solving the optimal price when the manufacturer’s profit is optimized (that is, the

desired selling price at the instantaneous state):

Method 1: The manufacturer first selects the product demand to maximize the profit function, and then uses the
1

inverse demand function P; = (%) ° P to solve the optimal price:

max H[ = PiQid - ‘VLid,

Pi=QiaSLia
Qia 14
=P;iQiqa — WTl =|P;i - i Qia,
N 1

Qia) * 4 Qi W
(0] 1220 %% g,

The first-order necessary conditions are:
dIT; 1 1 -L W
—— =|1--|PO<Q. - —=0.
dQ;a ( 6) 0 Q’d A

This can be used to solve the desired product demand, and then the desired pricing level can be solved based on the

2The definition of effective technology in the production function uses Moll (2023) for reference.
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inverse demand function. However, this process is slightly redundant, because by observing the first-order condition above,

in which PO<Q, < is exactly P;, this first-order condition is transformed into:

1 W
1--|Pi—-—=0.
[1=e)r=5 0

This skips solving the optimal Q7 and obtains the instantaneous optimal pricing when maximizing profits:

—_——
o € w
T e-1 A

—— ~——
markup nominal
MC

The marginal output of labor is A, and the nominal wage divided by the marginal output of labor is the nominal

marginal cost. %5 is called the cost markup. Therefore, the above formula shows that the product price under monopolistic

competition is equal to the cost markup multiplied by the marginal cost, which has an additional cost markup compared to

the perfect competition environment.
Method 2: The manufacturer directly chooses the selling price of the product to maximize the profit function:

max _II; = PiQiqa — WLia = PiQia - W%,

Lia=Qia=P;
W WY [(P:\ €
[ri= )= (=5 |(7) 2]

Pl W (P
=p<¢alp) ¢

The first-order necessary condition is:
dIl;
dp;

1 il
(1-97

o (P ‘f‘llQ_O
A\P p=

—€

From this we can get:
markup real MC

o
P; e W/P
P e-1 A
SNe—— —

o

The relative price of a product is defined as % , while % represents the real wage level. The real wage divided by
the marginal cost of labor is the real marginal cost. The above formula shows that the relative price of a product under
monopolistic competition is equal to the cost markup multiplied by the real marginal cost. Eliminating the total price level
P on both sides, we get the same derivation result as in method 1. An equilalent result can also be get by maximizing the
real profit function %Qid - %Lid.

Method 3: The manufacturer chooses a price higher than the marginal cost to maximize the profit function:

max II; = (P; = MC;)Qjq,
Qia=2P;
€

Q] b

= (P = MCy) [(%)

P}—e P €
=L ) — MC; | — .
pme ¢ (P) Q

The first-order necessary conditions are:

dIl; Pre P\ 1
d_Pi_(l—e)P_EQ+EMCt F FQ—O
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From this we can get:
€

P’ =

4

MG;.
e—1 '

The above solution for the optimal price or the subsequent solution for the optimal demand is based on a given
marginal cost. The marginal cost can also be derived from the profit maximization of equality constraints or the cost
minimization of equality constraints. Although this is an equality-constrained optimization problem, it can be converted

into an unconstrained optimization problem for a single decision variable:

minC; = WLy,
Lia

)
. Qis
[ ‘v_a
o=
dcC w
MC; = — = — =MC.
- T4, T

It can be seen that under the corresponding assumptions, the marginal costs of each manufacturer are the same.

1.1.1.2 Multiple Decision Variables

1. Two Decision Variables

When explaining the first-order necessary conditions for single-variable optimization, we mentioned the idea of dif-
ferentials, that is, dO = f’(x)dx. At the extreme point, the change of x (dx # 0) will not cause the change of O (dO = 0).
So it can only be f’(x) = 0. This is very inspiring for obtaining the first-order necessary conditions for obtaining extreme
values in the unconstrained optimization problem of two variables. Let the objective function of the two selected variables
be O = f(x,y). The total differential is dO = f,dx + f,dy. At the extreme point, any changes in x and y (dx # 0 # dy)

will not cause changes in O (dO = 0), so it can only be
f »=0= f y-
This gives the first-order necessary condition for obtaining the extreme value of the two-variable unconstrained opti-
mization problem.

The second-order and higher-order necessary or sufficient conditions for unconstrained optimization problems with
two variables are similar to those for single variables, but usually the second-order conditions are sufficient (ie, the second-
order conditions are not 0), so we will focus on them. By making the function O = f(x, y) perform a second-order Taylor
expansion around (x = x,,y = y,,) and substituting the first-order necessary conditions into:

F(x,9) = f(x0,¥0) = £ (x = x0) + f;()’ Yo) + fxx(x xo) +2fxy(x xo)(y = yo) + fyy(y YO)Z] >

1
=0+0+5 [fo ,\0) +2f (X xn)(\ \(1)"']3\(\ }0) ]

= B - xo>2+2f},x<x o) = yo) + f;i(y—yo)z],

% (- xa>2+2j;x(x x0)(y - yv)+(;oyij<-—yo)2 Efy;z(y—mz §M<y m}
%{:(x—xohzgx(x X0) (= o) + E;:;i;z<y—yo)2} [;” e —yo)z—igﬁiw—yaﬂ”,
{:o« x0)? + 22—x(x X0)(y = Yo) + E;;( mz] W@ yo>2},

{»(x—xo)+§:x(y yo)2 fT;)(zf)z( _)70)2}2

squaring

10
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quadratic form

or 1
:E X —Xo y_)’z)]

f)?x f)?y X —2Xo
f)?x fyoy Y—=Yo
———
Hessian matrix

L,
} =5 [/)?x (x - /\,0)2 + 2[;)), (x=x0)(y = yo) + f;’y()’ - )'0)2 .

Judging from the formula obtained by “squaring”, to determine whether it is positive or negative, it depends on the
positive or negative of £, and f7, fy, — ( f;’y)z, and first of all, ¢, 1y, > ( fx”y)zshould be satisfied. Under this:

DIf 2, >0, f(x,y) = f(X0,y0) > 0, thatis, f(x,y) > f(xo,¥0), 80 f(xo,Yo) is the minimum.
DIf 2. <0, f(x,y) — f(x0,¥0) <O, thatis, f(x,y) < f(X6,¥0), 50 f(X0,Yo) is the maximum.
3) Since [ fyy > ( f;’y)2 always holds, fY f), always have the same sign in the case above.

Judging from the formula obtained from the “quadratic form”, the above conditions for determining positive and

negative are easily reflected in the Hessian determinant:

4) When the “squared” formula is positive, the leading principal minors of the 2 X 2 -dimensional Hessian matrix are
all positive, and the object function has a minimum, that is,

first-order leading principal minor: > 0,

Fx

. and . .
minimum positive definite

0 0
fxx fxy >0
(o (4
yx yy

second-order leading principal minor:

5) When the “squared” formula is negative, the leading principal minors of the 2 X 2 -dimensional Hessian matrix are

first negative and then positive, and the object function has a maximum, that is,

. o w4 o
first-order leading principal minor: o <0,
. and . .
maximum negative definite
o SR
second-order leading principal minor: |"** “*Y| > 0,
(o o
yx Jyy

If the second-order condition continues to be 0, then look at higher-order conditions until a higher-order sufficient
condition that is not O appears. When the first-order necessary conditions are met and the positive or negative conditions
of the second-order or higher-order conditions cannot be determined, it means that an “inflection point” appears in single
variable optimization, but this is more complicated and may also be a “saddle point”, that is, a maximum value on one

cross section and a minimum value on another cross section.
Example 4. Capital and labor demand in a perfectly competitive market environment

Still taking the problem of maximizing the manufacturer’s profit as an example, we add tangible capital as a choice
variable. But note that Qs = F (K, L) is not a constraint, because the equation does not intend to describe the relationship
between the two choice variables K4 and L. Therefore, the unconstrained optimization problem of the two choice variables
is:

max Il=PF(Ky,Lg)— RPKg—WLyg.
{Ka,La}=Qs

First-order necessary conditions:

dIl

& = PFx(Ka,La) = RP =0,
K, k(Ka, La)

dIl

— =PFL(Kg4,Lg) =W =0.
L r(Ka,Lg)

The nominal wage of labor is W, the marginal output of labor (marginal material product) is Fy. (K4, Lg); the rental
rate of capital R = r+ 0 =i — . + ¢ is called the marginal cost of capital use (where = i — ., represents the real interest
11
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rate, 7, is the expected inflation rate, and § is the capital depreciation rate. Example 12-1 and other places also explain
the reason) Fk (K4, Ly) is the marginal product of capital.

The second-order condition can be given by the Hessian matrix:

first-order leading principal minor: ’HK K‘ =PFgg <0,

Mgk kL
Mg o I I

—_— second-order leading principal minor: kK g P2(FgxFrr — FIZ< ) >0.
Hessian matrix l_[LK 1_ILL

Although the orders of the cross partial derivatives of Fxy and Frg are different, as long as they are continuous,
according to Young’s theorem, Fxy = Frk.

When Fxg < 0, according to FxxFrp > F 2 it should be that F;; < 0. Therefore, the second-order sufficient

KL’
condition for this optimization problem is:

FKK < 0,
FLL <0,

FrgFrp > F12<L'

It can be seen that the assumptions about some common properties of the production function are to make the profit
own a maximum. If the production function is a concave curve (the second-order derivative is less than 0 everywhere),
then the local maximum is also the global maximum. Similar to the second-order conditions for the maximum value of a
single variable, the decreasing rate of change of the marginal output of the two factors of capital and labor in the case of two
variables is also a part of sufficient conditions for the maximum value, but there is an additional condition for obtaining the
extreme value that ’the product of the rates of change of the same factors is greater than the product of the rates of change
of the cross factors”. The reason for adding this condition is that the change of one factor not only affects its own marginal
output but also affects the marginal output of the other factor. Assume that Fx; = Fp g is greater than Fxg and F 1, or the
impact of a factor change (such as capital) on the marginal output of the other factor (i.e., labor) is greater than the impact
on the marginal output of the factor (ie, capital) itself. Although Fxg < 0, this will lead to a net increase in Fg rather
than a decrease. At this time, increasing capital and reducing labor can still increase profits. Therefore, Fxg Frr > F12< I
is another sufficient condition for achieving the extreme value [39, pp.76-77].

Example 5. Optimal pricing of two products in a monopolistic competition market

Assume that the prices of the two products of a manufacturer with a certain degree of monopoly power are P; and P;
respectively, and the market demand functions for these two products are:

Q1d=a—bP1+P2,} {longd=logQ—elogP1+elogP,
VS.

Orqg=a—PBPy+ Py. log Qg =log O — elog P> + elog P.

The two sets of demand curves can be compared: the left side is the ad-hoc form, and the right side is the demand
curve of the two products picked out in Example 3 (it will be introduced later that it can be strictly derived based on
maximizing the consumption of a basket of consumer goods under given household sector expenditure, so it has a micro
foundation). Excepting the logarithm form of the two sides of the equations on the right, the two demand curves are very
similar. The aggregate price level P includes the prices of products other than product 1, such as P,. The different products
on the right side correspond to different manufacturers, and what needs to be calculated is the profit maximization of a
certain manufacturer, so only its price itself is the choice variable; while the two products on the left side belong to the same
manufacturer, and what needs to be calculated is also the profit maximization of the manufacturer, so price 1 and price 2 are
both choice variables. But in general, it can be seen from the demand function that the sales of the two commodities will
affect each other. If the price of one commodity is high, the demand will be low, but if the price of the other commodity
is high, the demand will also be high. This shows that both are normal commodities and are substitutable for each other.
In particular, the right side gives a substitution elasticity that will not approach infinity as €.

12
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The profit of a monopolistically competitive firm is defined as total revenue minus total cost, that is,

total profit total revenue total cost
— ——— ——
I =R(P;,P)—C(P,Pr).

The total revenue is
R(P1, P2) = P1Q1a + P2Q24,
= Pi(a — bPy + Py) + P(a — BPy + Py),
=aP| - bP} + PPy +aP, - fP5 + P| P,
=aP) - bP} +aP, — BP5 + 2P P;.

The discussion of factor markets is ignored here, and a total cost function can be simply assumed:

C(P1,Py) = 07, +Q1a02a + 03
=(a—bPy +Py)*+(a—bPy +Py)(a—pPy+Py)+(a—pBPy+P))>,
= (a* + b*P? + P3 — 2abP +2aP - 2bP{ P)
+ (a@ — aBPy + aPy — baPy + bBP| Py — bP} + aPy — fP3 + P1 P))
+(a? + 2P} + P} - 2a8P; + 2aP| — 2BP | P2),
= (a2 +aa+ az) +(-2ab+a-ba+2a)Py+ (2a—-aB+a-2apB)P,

+ (B2 =b+1)P?+ (1 - B+ 2P+ (~2b+bB+ 1 -2B)P1 Pa.

So we get the objective function:

{Ignag}n = —(a* +aa +a%) + (2ab + ba - 2a) Py + (af +2af = 2a)Py — (1 + b*)P? — (1 + H)P3 + (1 +2b — bB +2B)P Py.
1,72

The first-order necessary conditions are:

1
) = (aﬂ zaﬁ 261) 2(1 +B )1 2+ (1 +2b —bﬂ+ Zﬂ)Pl =0.
12

Rearrange:

2(1+b%)Py — (1+2b - bB+2B)Ps = ba +2ab - 2a, Fl=2(1+b%)Py - (1+2b-bB+2B)Py — ba —2ab +2a =0,
\'A)
—(1+2b-bB+2B)P; +2(1+ B>)Py = af + 2af - 2a. F2=—(1+2b-bB+2B)P; +2(1+B>)Py —aB —2aB +2a = 0.

Written in matrix form:

21+ b2) —(1+2b-bp+28)] |P1]  [ba+2ab - 24 g—';; 91 [py|  [pa+2ab - 20
= VS. =
—(1+2b-bB+2B) 2(1+p%) P, aB +2aB -2a 3_1;] g_gz P, aB+2aB -2a
N —————e —_—— — —
J y X J y X

If the Jacobi matrix is J # 0, then either matrix inversion or Cramer’s rule can be used to solve the endogenous
variables Py and P, (goal equilibrium values), thereby obtaining the optimal selling price (desired price) of the two com-

modities:
-1
2(1 +b?%) —(1+2b—-bB+2p)

—(1+2b-bB+2p) 2(1+ 8%

matrix inversion

Py
P

solve jointly ’

aB +2aB —2a

ba +2ab — 2al

or
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ba+2ab—-2a —(14+2b-DbB+2pB)
o aB +2ap - 2a 2(1+p%)
: 2(1+b2) —(1+2b-bB+28)|
—(1+2b-bB+2p) 2(1+ %)
Cramer’s rule
solve individually
2(1+ b3 ba +2ab -2«
o —(1+2b-bB+2B) aB+2aB-2a
2 2(1+1?) —(142b-bB+28)
—(1+2b-bB+2p) 2(1+ %)

The next chapter will focus on equilibrium problems and will introduce the application of matrix algebra in solving
the equilibrium of a linear system. The elimination method can also be used here. It is worth mentioning that the above
solution process converts the objective function into a function containing only prices (choice variable), but it can also
be solved like the method 1 of solving the previous Example 3, converting the demand function as an inverse demand
function, writing the objective function as the function of product demands, and then using them as the choice variables.
After solving the desired demand for the product, the desired price of each product is solved based on the inverse demand
function. For this problem, this idea is actually simpler [8, pp.332-333].

The second-order sufficient condition is:

first-order leading principal minor: |l‘[ PPy | ,

HPIPI HPIPZ

HPzPl HP2P2 HP1 Py HP] P,

N second-order leading principal minor:
Hessian matrix HP2 P, sz P,
with

1yl 4 Mp,p, = =2(1+b%),
a—P]:(Zab+ba—2a)—2(l+b)P1+(1+2b—bﬂ+2ﬁ)P2:0, . Tp,p, = 142b — bB + 2B,
oIl _ 2

5p, = (@B +2ap -2a) -2(1 +B)Py+ (1+2b - bB+2B)P; =0. Ip,p, = =2(1 + %),

2

Mp,p, = 1+2b — bB+2B.

The first-order leading principal minor is —2(1+ b?) < 0 and the second-order leading principal minor is the Hessian
determinant itself: 4(1 + b2)(1 + 8%) — (1 +2b — bB + 28)>. To ensure that the value sought is a maximum (concave or
quasi-concave function leads to a maximum value), the second-order leading principal minor should be positive, that is,
41+b2)(1+8%) > (1+2b-bB+2B)>.

II. Multiple Decision Variables

The following discusses the unconstrained optimization problem with m > 3 choice variables. Let the objective
function be O = f(x1,x2,x3,...,X), Wwhichis dO = fidx; + fodx; + f3dx3 +- - - + f,,,dx,, after total differentiation, where
f; represents the partial derivative of the function with respect to each choice variable x;, and j € [1,m] is a positive
integer. Similar to the discussion of the first-order necessary conditions in the double-variable section, at the extreme
point, the change of xy, x2,x3, . ..,X, does not cause the change of O(dO = 0). Using V to represent the set of partial
derivatives of the function with respect to each element (gradient vector), the condition is,

Vf(x1,x2,x3, ..., xm) =0,
this gives the first-order necessary conditions for achieving extreme values in multi-variable unconstrained optimization

problems.

Double-variable problems are already multi-variable in fact, so the second-order and higher-order necessary or suf-

14
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ficient conditions for unconstrained optimization problems with more variables are naturally still similar to the discussion
steps for single-variable problems. For simplicity, only the second-order Taylor expansion of the function of 3 choice
variables around (x; = x1,,X2 = X20,X3 = X3,) is listed, and the second-order partial derivatives at this point are marked
as ;xj, i ={1,2,3},j = {1,2,3}. Substituting the first-order necessary conditions into:
F 1,22, X3) = f (X102 X20:X30) = [0, (51 = X10)> + [0, (X1 = X10) (52 = X20) + £ 3 (X1 = X10) (X3 — X30)
+ 120 (02 = X20) (X1 = X10) + [0 4, (02 = X20)% + £ ¢ (X2 = X20) (X3 — X30)
+ [0 (63 = X30) (X1 = X10) + [0, (X3 = X30) (X2 = X20) + [, (X3 = X30)°,
= Left to readers;
squaring

quadratic form

fxolxl fJCOle f;)lx3 X1 —Xlo
or

or 0 0 0

= X1 —Xlo X2 —=X20 X3~ X30 XX X2 X2 xoxs | X2~ X20
0 0 0
X3X1 X3X2 xixz | X3 ~ X30

Hessian Matrix
For the Hessian determinant of 2 X 2 dimension, the concept of leading principal minor is not introduced. However,

for the Hessian determinant of 3 x 3 and higher dimensions, the first one of each order principal minors is the leading
principal minor, which is the object of our attention.

For the 3 x 3-dimensional Hessian determinant , if all leading principal minors are positive, the function has a mini-
mum, that is,

. e . M "
first-order leading principal minor: x| >0
and
Fow
second-order leading principal minor: SR> 0,
minimum xoxy Jxaxy positive definite
and
(4 (4 o
fX|X] fX[Xz fX1X3
1 1 1 1 1 . 0 (] 0
third-order leading principal minor: |f2 . f0 . fo .| > 0.
(o] 0 0
fJC3X1 fX3xz fX3x3

For the 3 x 3-dimensional Hessian determinant , if the leading principal minors are negative, positive and negetive in
order, the function has a maximum, that is,

first-order leading principal minor: x| <0
and
0 (2]
second-order leading principal minor: TR >0,
maximum fox fom negative definite
and
(o] (o] (&)
fx1x1 fx1x2 X1X3
. . _ e o o
third-order leading principal minor: |f2 .~ f2  f2 .| <O.
o o o
fX3X| fX3X2 fX3X3

Example 6. Demand for physical capital, human capital, and labor in a perfectly competitive market

In the previous Example 4, it is implied that all workers have the same production technology or the same working
hours. However, due to education, training, and learning by doing, workers will form an effective unit labor stock, which

is called human capital and is represented by H. Therefore, the unconstrained optimization problem of the three choice
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variables is:

max II = PF(Kd,Hd,Ld) - RPKd - WHHd - ‘VLLd.
{Ka.Ha,La}

First-order necessary conditions:

dI1

—— = PFg(K4,Hy,Lg) — RP =0,
K, k(Ka,Ha, Lg)
dH—PF(K Hy,Ly)-Wu =0
de_ H ds11d, L.d H =Y,
dI1

— =PFr(Kq,Hq,Lg) — W =0.
dL4

The nominal wage of effective labor is W g, and the marginal output (marginal material product) of effective labor is
Fr(Ka, Ha, La)

The second-order conditions can be given by the Hessian matrix:

first-order leading principal minor: |HK K’ = PFgg <0,

I1 I1
second-order leading principal minor: S P2(FkkFuu - Fipy) > 0,

Ngx Mgy Tgg 1 n
ok g

Nyx HOpp Hpr| =

Mg ey g

Hxkx Tga Tgr
Hessian matrix . . .. . >
third-order leading principal minor: (llgx  yy gz = 0?

Mg ey g

From the analysis above, we can know that the second-order leading principal minor should be positive. On this basis,
the odd-order leading principal minors have the same sign, that is,
Hgx g gL
third-order: |lyx Mgy Tpp|= P (Fkx FauFro + 2FkuFurFrx — FxxFp — FLoFey — FunFgp) <O0.
Mg pw oo

Under these conditions, the objective function has a maximum.
In summary, it is not difficult to find that:

(1) The first-order leading principal minor is the first element in the upper left corner of the Hessian matrix, the
second-order leading principal minbor is the determinant of the four elements in the upper left corner of the Hessian
matrix, and the third-order leading principal subformula is the Hessian determinant itself. These are the leading principal
minors of the 3 X 3 Hessian determinant, and the the leading principal minors of m X m Hessian determinant are the same.

(2) For m x m Hessian determinant, when there is a minimum, all leading principal minors of each order are positive,
and when there is a maximum, all leading principal minors of each order are alternately positive and negative; more
precisely, the leading principal minors of even order are always positive, and if the leading principal minors of odd order
are positive, there is a maximum; if the leading principal minors of odd order are negative, there is a minimum.

1.1.2 Constrained Optimization

In the previous section, the choice variables will not restrict each other, and the decision on a certain choice variable
will not affect other choice variables, so it is also called free optimization. Starting from this section, we will consider
optimization problems with various forms of constraints, including equality constraints, non-negative constraints, and
inequality constraints. It is not difficult to imagine that constraints will reduce the domain of definition, and the range
of the objective function will naturally become smaller, so the constrained extreme value will always be less than (when
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maximizing, or exactly equal to) or more than(when minimizing, or exactly equal to) the free extreme value.

1.1.2.1 Equality Constraints Between Choice Variables

I. Two-Variable Question with Single Equality Constraint

Assume that the objective function and constraint conditions of the two-variable problem with single equality con-
straint are:

0= [(xy)

st. glx,y) =1z,
Among them, x and y are choice variables (independent variables), O is the extreme value (dependent variable), f and
g are function symbols, and z is a constant (fixed number) or parameter (variable number). The constraints can also be
written as g(x, y, z) = 0 or simplified to g(x, y) = 0 by letting z = 0.

i) Elimination method

One solution to the equality constrained optimization problem is to solve the function of one or more more variables
through the constraints and substitute it into the objective function. In this way, the equality constrained optimization is
transformed into a free optimization problem. After the dimension of the selected variables in the objective function is
reduced, the necessary and sufficient conditions of unconstrained optimization can be directly applied.

ii) Differentiation method

From a geometric point of view, the optimal value is taken from the tangent point of the constraint line and the equal-
value target line (indifference curve), that is, at this point, the slope of the constraint line is the same as the slope of the
indifference curve. Its theoretical basis is:

For the unconstrained optimization problem of two variables O = f(x, y), after total differentiation, we have dO =
fxdx + f,dy, and at the extreme point, we must have fy = 0 = f;,, so dO = 0. After adding the constraint g(x, y) = z, the
objective function can still be fully differentiated, but f; = 0 = f, does not need to be satisfied, as long as dO = 0. dx and
dy are no longer arbitrarily variable, and the range of variation is reduced to the straight line g,dx + g,dy = 0. To satisfy
the above two conditions, we only need to have:

So g o Sy
f y 8y 8x 8y

iii) Multiplier method

The derivation of the Lagrange multiplier method can also be transform a constrained optimization to an unconstrained
optimization. Starting from the constraints, we have:

g(x,y) =z,
gy exists
¥y dy _ _g_x ,
8y#0 8y

= y=y(x),
= O = flx,y(x)].

This incorporates the constraints into the objective function. Then the second-order Taylor expansion is performed

3Taking bivariate equality-constrained optimization as an example, if there are two linear constraint equations intersecting at one point, these two con-
straints actually eliminate other possibilities for choice variables, rendering the constrained optimization problem meaningless. Therefore, the number
of constraint equations should be less than the number of choice variables, so as to have a practical restrictive effect on the choice variables.
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around point x = x,:

nonlinear approximitation

partial composite
deravative ~ deravative a’ b a b’
a b —— —— —— — ——
—_——

L3 1= F Lo 3 (ko) ] = 4 £2 103 (0014 2 Loy (0] 92 () b (o = ) T T S VLU 2 Syd) 9% * 3 Vi

e e ———————

ﬁr?t‘-iorder . composite first-order
partial deravative partial deravative

linear approximitation

The first-order necessary conditions satisfying the equality constraints are:

F.O.C. by constructing Lagrangian function

_9L
F.O.C. after diemsion reduction , " g;) “0 o o f)‘; + /lgg =0 ox
o o o0 )’x’dx lx=xo0 fx f o - 8yo o o X=Xo oL
0=f7+ /Yy = 8y = |+ Agy =0 == Oza_y = L=f(x,y)+Ag(x,y) -z].
— ' z=2(Xx0.Y0)=Y?=—% = ¢
df[ny(X)|| X gy 8(x0,¥0) =z g(x0,¥0) =2 v %
d. x=x( oA

left and right ends are completely equivalent

This constructs the Lagrangian function , with A being the Lagrange multiplier.
Substituting the first-order necessary conditions into the above nonlinear expansion, we have
I, y(0)] = flxo, y(xo)]
=0+ (fix + Y0 + [ + FAYOys + 790
5 oo |I< 0 < maximum,;
21008+ LT+ 75 .
>0 ¢ minimum.

This is equivalent to:

T+ 2£050+ fO,00% + £2v4..

yo=-%5

X

8y o 0 gx gx 0,0
=y“ - _fxx_2 xygo +fyy g y}xvc,

2 J J 0 J 2
- 2f) gx + 0 (g;c)) f grx 2&;\))(%; _ é;))(éo)
xx Xy 0 yy y gy (g;) 2 (go 3 >

y XX o

0\2 o ,0 o 0)\2

g5y8%  85y(8%)
=f;x—2f£ygz+f"y(—gz) — A =gl 2 - s
gy gy (&%

1
= (10897 = 2£2,898% + £2,(82)% + 182, (89)* — 2182,8%8% + 185, (89)°] ﬁz,
y
= (£ +28%,) (8 -2 (f;’y + ﬂgfiy) 8380+ (fyy + ﬂgyy) ()7,
= £0,(85) - 2£5,8%85 + L5, (8%

= [L5,(85)%) X 17 = TTEmisia L |+ 145, (8501 x 12
= ?
——

no need of squaring

2
) (x = x0)°-
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no need of quadratic form

= —19 ?
bordered Hessian matrix
bordered Hessian matrix bordered Hessian matrix
—_— —_——

0 g9 8y 0 g3 gy
=—le0 £, L3220 o flay@] 2 flryto)] & |g2 Lo Lo|s0.
o o o o o o
sy L3 LY, sy L3 Ly

It can be seen that, excluding the dimension of the added “edge”, the objective function has a minimum value when
the 2 x 2 bordered Hessian determinant is less than 0, and a maximum value when the bordered Hessian determinant is

greater than 0. 4
Example 7. Demand decisions for different consumer goods in a perfectly competitive market environment
Suppose there are two commodities C; and C, available for consumption, and the corresponding prices P, P, and
nominal income PQ are exogenous to the household sector. The utility function and budget constraint are:

max U = U(Cy, (),
C,C

s.t. P1Ci+ P,Cy=P0O =M.

The problem can be solved by both elimination and construction of Lagrangian function. For this problem, the
differential method is simple and intuitive. From the geometric plane of C| — C,, it is easy to know that the optimal
solution is the intersection of the indifference curve (the combination of C; and C; that can produce the same utility level)
and the budget constraint line.

The slope of the budget constraint for a given nominal income PQ in monetary terms is:

P1dCy + PodCy =d(PO),
= P1dC; + P,dC, =0,

4This is a second-order sufficient condition for bivariate equality-constrained optimization problems. The derivation process is relatively cumbersome,
and there are two minor additions to be made:

O]
%E—A e L=fxy)+Agxy)-z] & z=g(xy);
%EM e L=f(xy)+Az-gx,y)] & gxy) =z
(@)
0= flx,y(x)],
2= Ry O T+ £ [,y (0) 1y
o_ 83x.y(x)]
T = gy (01

C 1 —
= ¥y = —?(g;:x +82,y0) + (gD [-(89) 72 (89, + 85,y )1,
y

1 o o g; o o\-2 o o g;
=—— (8% — 8%y To |+ (=8%) |- (8Y) " (&YX — &%y 5 ||
8y 8y 8y

1 o o gJO( o (,0\=2 o o gj()
=5 |8xx “8xy_o |t 8x (gy) 8yx ~ 8y —o |-
8y 8y 8y
8%, BXy8Y  8XEYx 29y (g9)?
gy (&9 @) (&%)}

8% 85,87 89,8’

+
g3 (89)? (g9)3

i
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—
dC, Py
ac, P,

——

slope of
budget line

The slope of the indifference curve for fixed immediate utility U is:
dU = deCl + UzadCQ,
= 0= UTdCl + U;dCQ,

—
dCc; uy
= — = - s
dc, Usg
N——
slope of

indifference curve

where U7 = agc(f) , 1 = 1,2 is the first-order partial derivative of the utility function with respect to consumer good 1 and

consumer good 2 at the optimal decision point.

Combine tangency condition and budget constraint:
Combining F.O.C. on C; and C;

marginal substitution rate  realtive price
— —_—
o /770 —
U 1 / Uz = P l/ P

P1Ci+ PpCy = PO

F.O.C. on the Lagrange multiplier

Since U} = U;’(Cl, C») and Uy = Ug(C],Cz), if the specific form of the utility function is given, the desired
consumption levels C} and C;can be solved. The following chapters will discuss how to conduct comparative static analysis
of models with general functional forms, that is, the qualitative impact of changes in exogenous variables P, P, and PO

on the desired consumption choice bundle.

The second-order sufficient condition can still be written by constructing the Lagrangian function £ = U(Cy, C,) +
A(PO — P1Cy — P2(y) and rewriting the constraint condition as g(Cy, Cy) = P1Cy + P,C, — PO =0

bordered Hessian matrix
—_—
0 g & 0 P P
o o o — o o
81 11 Ll =Pt Uy Upls
(] o
Py U3 Ug

= 2P\ P,UY, = PIUS, - P3UY,,

o o o
8 21 22

—1a >
= |H| = 0?
where g7 = %, i = 1,2 represent the partial derivatives of the budget constraint curve for consumer goods 1 and
2 at the optimal decision point; Lioj = %lc(:’ i,j = {1,2} represents the second-order partial derivatives and cross-

partial derivatives of the budget constraint curve function for consumer goods 1 and 2 at the optimal decision point;
Uo ou ()

ij 6C,~_,— ’
for consumer goods 1 and 2 at the optimal decision point.

i, j = {1,2} represents the second-order partial derivatives and cross-partial derivatives of the utility function

The above second-order condition is closely related to the curvature of the indifference curve (i.e., the slope of the

slope), that is,
dc;  UP(C,Gy) Py

dcy ~ UY(Cr.Cy) Py
oUyY (C,C(Cy)) AU (C1,C2(Cy))
&ec, e U -UV % —
dc? U35)?
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(g, + Unie ) vg - Uy (ug, + U 4S)

dC,
o U3 ’
(v -vift) vg - g (U8 -Un )
o (U3)? ’
(vs - vng)vs - (ug32) (ug, - Un )
o (U3 ’
% (U& - U22/%) - (Ufl B U121%)
= 7 ,
e G Il G i
) Uy P2 ’
_ P1PoUS,) — PiUn = PIUY, + P1PoUY,
Ugrs; |
_2P1PyUY, ~ PiUn — PUY
UgP3 ’
|H| 207 _

TUgris>0 <

2 . . . . .. .
When ‘ji CCZZ > 0, the indifference curve is strictly convex, and the second-order condition is also greater than 0, so

the objective function has a maximum value. Therefore, objective function under equality constraints having a maximum

value requires the indifference curve to be strictly convex, but this is a necessary condition, because when the second-order
condition is equal to O (the indifference curve and the budget constraint line intersect on a line segment), there are multiple
intersection points, but they are also extreme values.

It is important to note that if the prices of good 1 and good 2 both rise or fall by the same amount (and, accordingly,
income rises or falls by the same amount), this will have no effect on the desired consumption outcome, because the budget
constraint has not changed in any way:

(AP1)Cy + (AP2)Co = A(PO),
= A(P1C1+ P2Cy) = A(PO),
= P1Ci1+ Po,Cy = PO.

This means:
2°C; = Cy(P1, Po, M) = (AP, AP2,AP0);

2°C; = C5(Py, P2, M) = (AP1,AP2,AP0).

The above optimal consumer demand equation has the characteristic of zero-order homogeneity. We can equate
monetary income PQOwith money supply (the principle can be referred to the quantity theory of money: MV = PQ),
which shows that the consumer demand equation points to the economic meaning of “monetary neutrality”, that is, an
increase in money supply only brings about an equal increase in prices, but does not have a real qualitative impact on

actual economic activities.

If we slightly modify Example 1 in this chapter, we can obtain a similar double-variable equality-constrained opti-

mization problem as this example:

max II = R(Qsl, Qsl) - C(Qsls QsZ)s

51,052

st. O +0s2 = Q

Because of the constraint of production quota 0, the selection variables Q; and Q,, are no longer independent, and
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the free optimum turns to the constrained optimum.
Example 8. Consumer demand and labor supply in a perfectly competitive market

The utility function of the “representative” household sector is:

Ug >0.Up >0,
Type l:  U=U(C,1-Lg), {UZc<0U7 [ 1, <0
UE‘,I*LS >0, U?)—LS,C >0.
max
C,Lg Ug >0, UZS <0,
Type2: U=U(C, Ly), Uee <0 Uf,r, <0
UE‘LS <0, UZSC <0.
S.t. PeC = WL5 5
—— N——

expected expenditure ~ wage income

where C represents consumption demand. Note that it is different from the symbol C used to represent cost. In addition,
it does not have a subscript d like other supply and demand variables, because there is no need to use symbols like C; to
distinguish consumption supply from output; L; is for labor supply, or to allow leisure 1 — L to enter the utility function
U, P, is the instantaneous expectation or point expectation about prices, W is the nominal wage, and subscripts C and L
represent the first-order, second-order, or cross-partial derivatives of the utility function with respect to the corresponding
elements (the positive or negative assumptions are the “approximate” sufficient conditions for the objective function to
achieve the maximum value). The objective functions of type 1 and type 2 are slightly different. The former enters the
utility function with labor and the latter with leisure. After standardizing the labor time, 1 — Ly is leisure, which, like
consumption, will bring positive utility.

To solve the optimization problem with two choice variables and an equality constraint, the elimination method or

the Lagrange multiplier method can be used.

i) Since the objective function and constraints are very simple, the elimination method is more convenient. Taking the
objective function of type 1 as an example, substituting the consumer demand variable C = %Ls solved by the equality
constraint, it is converted into an unconstrained single variable optimization problem:

c
—
%4
maxU =U| —L,,1-Lg
L P,
N——
The first-order necessary condition is:
d Uue ., (C,1-Ly)

U W _ 1= w
UL -UY, =0 > ‘OL—S - —
dLg P, s Ug(C,1-Ly) P,

[ — S~

marginal rate of substitution ~ expected real wage

The second-order sufficient condition is:
Cc c
— —
d(dU/dLy) d WU WL - L U WL - L
dLs dLs Pe C Pe KR) s 1-Lg Pe S K B
N—— N——

wW{(w w
o (Bt =2 as) - (30t e~ Vi),

e e
2
W %4
(E) Ulc+Ul_p 11, — ZP_eU?:,l—LS > 0.

Please pay attention and think for a moment: when converted into the optimization problem of an unconstrained
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single choice variable, according to the conclusion of the previous analysis, there is a minimum value when the second-
order derivative is greater than 0. Why is the second-order derivative greater than O here still determined to be a maximum

value?

ii) The Lagrange multiplier method will produce the same result. Introduce the multiplier A to construct a new
function:
14
max L =U(C,1-Ls)+A (—LS - C) .
C,Ls,A P,

The first-order necessary conditions are:

oL _

oc - Ue-1=0, Uy (C.1-Ly) w

5 W UC 1Ly P
—£=—Ui’_L,+iT=0’ - Uo(C,1-L,)  Pe
aLS s [e C LVL
oL w AR
6_‘/§ZP_LS_C:O' a

e

According to the constructed Lagrangian and the constraint g(C, Ly) = (W /P.)Ls—C = 0, the second-order sufficient

condition is:
bordered Hessian determinant

W

0 & g 0 -1 w
o ) o —|_ o _770
8c cc cr] =71 Ucc UL, |
o o o W _gj0 o
8L LC LL P. Ul—LS,C UI—LS,I—LS
2
W W w
— _ (e . (o _ - (e _ R (e
=0+ P, Ucir, * Py 1-Ls.C 0-Ui_p, -1, P, Ucce»

2

W %4

= 2P_ g‘,]—LS - (P_) Ulec = U{)—LS,]—LS > 0.
e e

Notice:
(1) The utility function is concave so the extreme value is also the global maximum.
(2) The indifference curve is strictly convex so there is a maximum.

(3) The second-order conditions for single-variable optimization without constraints are opposite in sign to the second-

order conditions for double-variable optimization under equality constraints.

To make it easier to see that the second-order conditions Example 7 and Example 8 are exactly the same in form, the
subscripts in the former are reduced to the relevant variables, and both sides of the second-order conditions in the latter
are multiplied by 72, as shown below:

2 2 .

{ 2P1PU8y cq = P1UZo,c0 = P2UC 1 > 05
2 2

2WPUE = WUE = PUY_p . >0.

Regardless of whether we choose two different consumer goods or choose consumption leisure, we follow the idea of
[8, pp.376-377] to discuss this in detail. In a nutshell, it ensures that the indifference curve is strictly convex to the origin,
so that it has a unique intersection with the budget constraint line, so that the objective function obtains a unique maximum

value under the constraint conditions.

(4) Combining the first-order conditions and equality constraints allows solving for the optimal values of the choice
variables (consumption demand and labor supply), explicit solution depends on the specific form of the utility function.
II. Multi-Variable Questions with Single Equality Constraint

Assume that the objective function and constraints for more than two variables but only a single equality constraint
are:

max
— 0= f(x1,%2,...,%m),

min
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S.t. g(X1,X2, ..

S xm) =0.

When there are m choice variables and one equality constraint, the derivation process of the necessary and sufficient

conditions for optimization is similar to that of two choice variables and one equality constraint. Now we can directly

construct the Lagrangian function, that is,

L=f(x1,x2,...,%n) +A[0— g(x1,x2,..

Sxm) ]

Not counting the dimension of the added “edge”, when the leading principal minors of the m X m bordered Hessian

determinant are all positive, there is a minimum, that is,

2nd-order leading principal minor:

and

3rd-order leading principal minor:

minimum and
0
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positive definite

Not counting the dimension of the added “edge”, when the leading principal minors of the m X m bordered Hessian

determinant are negative, positive, negative, ... in order, there is a maximum, that is,

2nd-order leading principal minor:
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3rd-order leading principal minor:

maximum and
0
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4th-order leading principal minor: |g¢,
8%
8%
and

After observation, it is not difficult to find that:
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(1) The bordered Hessian matrix of a multi-variable promblem with single equality constraint is symmetric along the
main diagonal;

(2) Because the equality constraint is meaningful only for at least two choice variables, let’s start with the second-order
leading principal minor of the bordered Hessian determinant. If the leading principal minors of each order are negative,
the matrix is positive definite and the objective function has a minimum value. (which is the opposite of the situation when
there is no constraint, because the bordered Hessian determinant has a negative sign in addition to the added edge);

(3) If the leading principal minors of each order of the bordered Hessian determinant is alternately positive and
negative. More precisely, the leading principal minors of the even-order are positive and those of the odd-order are negative,
the matrix is negative definite and the objective function has a maximum value

Example 9. A basket of consumer choices and the overall price level under monopolistic competition in product
markets

Note that it is the enterprise sector that has monopoly power in the product market, while the household sector can
only choose consumption demand according to the budget constraint to optimize the goal of a basket of consumer goods.
The objective function for the total consumption can be either continuous aggregation or discrete aggregation.

i) Continuous aggregation

Different consumer goods under monopolistic competition are not completely substitutable, and there is a certain
elasticity of substitution (this term will be derived and further introduced in the examples of comparative static analysis),
which is simply set to € here. Consumers need to choose a basket of consumer goods. Since this basket of consumer
goods is symmetrical, it is actually an optimization problem of a single variable under given budget constraint. For a better
comparison, the dual property of the optimization problem is used here, that is, given a budget constraint to make a basket
of goods as large as possible and given a basket of goods to make expenditures as small as possible will equally lead to the

first-order conditions of the optimization. This set of dual optimization problems are:
Dixit-Stiglitz aggregated CES function

O=C+HIFE+EK_
1 e—1 ﬁ d —_—~—
) el ual . ) 1 .
ma C= (/ Ce dl) , = min PO = PC = [ P;Cidi,
C; 0 C;
el \eT
st. [ PiGdi < PO = PC. s.t. ( Jyc.e di) > C.

CES refers to constant elasticity of substitution, that is, the elasticity of substitution between different consumer
goods € is a constant. A more detailed and comprehensive introduction to it will be left for Chapter 3. The equilibrium
condition of the product market (that is, the national income identity) is O = C, and the total income O is the given
resource endowment. Investment, government expenditure and depreciation are omitted, but will be restored to a certain
extent when the classical model and Keynes model are introduced later. It seems that the inequality constraint problem
is encountered here in advance. However, there is an Inada hypothesis in economics, which ensures C; > 0, excluding
corner point solutions, so the budget constraint takes an equal sign (the constraint is tight). The detailed discussion on
the conversion of inequality constraints into equality constraints will be left later, and the reader only needs to have an
impression here. Therefore, the Lagrange multiplier method is directly used to solve:

) 1 1 oy \&T
me = / P,Cldl +P|C - (/ Ci € dl)
0 0
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IL] :—1 -1
= P,-:P(/ Ci‘dz) ce,
0
Py (Ci\*
= t_|=)
P C

P\~ €
= c,-:( ) C.

In this way, we can get the demand curve for consumer product i in a monopolistic competition market environment.
Substituting it into the objective function, we can get the functional relationship between the total price level and the price

of a single commodity i:

1
/ P;C;di = PC,
0

1 P —-€
= /Pi[(—’) C]dizPC,
0 P
1 —€
pP;
P =] di=P,
R /(P) ;
i =
= P:(/ P}fdi) .
0

The above solution is the expenditure minimization problem. Based on the specific meaning of the Lagrange multiplier
(the price of the consumption basket C), we can quickly get the demand curve for consumer good i and the price index.
Assuming the budget is M/, we can also get the the demand function for a certain heterogeneous product i in the basket

from maximizing the basket.

N 1
Lo = (/ C,* di) +/1(M—/ PiCidi).
0 0

Fo.Cc. dL™*
f—— =
dc;

_1 1 symmetry _1 1
= C,c=apP;C"< — C;c=ar;C =,
1
Ci e Pl
= — = —,
C; P;
P\ €
= C[Z L Cj.
P;

This is the association between any two goods i and j. Under the tight constraint, the budget M is the total expenditure

on each consumer good:
1
M= / P;Cidi,
0
) _

P\ ¢
=/ Pi(—l) Cj.di,
o \Fj
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1
=CjP§ / Pl=edi,
- Jo

MPpP j_'E symmetry M Pi_E
= C = [ C =
T pimedi l
i

mpze < 17 v\ ]
/ o [ )
N P‘ “di o \ [y Pl-edi

€ €
e-1

- (./;3 p};cd/)
(o 7rear) ©

[ 1
1 €
=M (/ P}‘fdi)
0

(o Piear) ™

e-1

1 e-1
=M (/ P}‘fdi) .
0

(J Pl eai) I et
—| =M|———L| =wm (/ P}‘fdi) :
0

Define the total expenditure of a basket of consumption as the total price index P = M|y, then:

1
1 e-1
C:M(/ P}fdi) :
0

)

1 -1
1= P(/ P}—fdi) ,
0

1
1 T-€
= p:(/ P}‘fdi) .
0
1 1 P\ "€
M:/ PiCiddi:/ Pi(—') C;di,
0 o\

1 1 =
=cjpj./ Pi€di = C;P§ (/ P}fdi)
0 0

=C;P;P'7F,
M symmetry M
- €= pepre Ci= peprer
J i

N 1 M el
c:(/ s di) _ / (— 1_) di
0 o \PFpPi=e

1 —€
M '1 ?
= Pl=di = M pe
pl-€ 0 ! Ppl-€
= M = PC,
g

1
= /PiC,-di=PC
0

M  PC _ C
pepl-e ~ pepl-e = pep-e’
L 13 l

i =
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1.1 Static Optimization Problem

P\ €
= Cl‘ = (—) C.

This also derives the demand curve of consumer good i under a monoplistic competition environment. Another
convenient approach comes from that the Lagrange multipliers of the dual problems are reciprocals of each other [8,

p-437]. In this way, the Lagrangian function is:

€

1 -1 e-1 1 1
L = (/ Ce di) +— (/\/I—/ l)iCidi).
0 P 0

A basket of goods or the total price level can be a continuous sum as shown above, or a discrete sum. It is also an

ii) Discrete aggregation

optimization problem of converting inequality constraints into equality constraints based on economic assumptions:

I 1 1A dual I
max C= (% > int Cl.‘*A) , — rréin PC =Y, PiC,
' l R 1+A
s.t. Z{zl P;C; < PO = M. s.t. (% Z{zl Cl.“A) > C.

These are the dual problems about optimal consumption choice in the case of discrete aggregation. The Lagrangian

functions are:

| I 1+A-1 | |
L L1

= Pi=P(1+A) =) CH cH
! ( ) 1; i ) 1+A ¢ I

I 1+Aﬁ
= IXP;=P (%ZCIIA) ct.fm,

i=1

A =A

= IxXP;=PCwC*,

! p.\ A
= ZI:PI- (IXFl) C|=rc,
=
1+A ! 1— LA PERENN
= Iy P, =pl-%,



1.1 Static Optimization Problem

This results in essentially the same but slightly different consumer demand curve and overall price level function,
where the elasticity of substitution between [ different commodities is 1 + k and A is the desired cost markup [34, pp.360-
361]

Example 10. Consumption demand, labor supply, and demand for real money balances in a centrally planned
production environment

Money has the functions of pricing, transaction and storage. When used for transactions, it saves labor time for search-
ing for matches and increases leisure time, which makes it have positive utility. [13, ch.2.5.3] introduced the following
optimization problem of money in the utility function (MIU) when discussing the optimal monetary policy of the classical
model:

d

M
max U=U|C,—, Lg],
C,My/P,Lg P

st. Qg =ALT ™.

The constraint condition is the total resource constraint; the choice variables include not only the consumer demand
and the labor supply, but also the real money balance.

When the money market, product market, and labor market are cleared, the following equilibrium conditions exist:

MS:MdzM’
Os=0q4 =C,
Li=Lg =L.

Therefore, the three-variable optimization problem is:
M
max U=U|(C,—,L]|,
C,M/P,L P
st. C=AL"™

Construct a Lagrangian function :

L=U (C, %, L) +A(AL'"2 - C).

By taking the derivatives of the variables in turn, we can obtain four first-order necessary conditions:

%:Uc—/lzo,

‘;—f =Up+(1-a)AAL™ =0,
%=UM/I’=O’

%:ALI‘”—Czo.

The last first-order condition is the social budget constraint. Tiding-up:

marginal rate .
of substitution marginal product
—_—— ——

~UL/Uc =(1-a)AL™?;
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1.1 Static Optimization Problem

Um/p = 0
—— ——

marginal utility marginal cost

The marginal rate of substitution between labor and consumption is equal to the marginal product of labor, which
is essentially the same as the first-order condition of the decentralized competitive economy in Example 8, that is, the
decentralized competitive equilibrium configuration is Pareto optimal (the first welfare theorem); conversely, for different
market arrangements, equilibrium prices that support Pareto optimality can also be found (the second welfare theorem).
In addition, the above first-order condition shows that the marginal utility of real money balances is equal to the social
marginal cost of money “production”.

The specific form of the utility function is not given above. The most common ones are the separable and additive
type and the split-and-combined type:

M
M u=U C, ) L .
Uu=U (C, F, L) . I
M
1 (M 4 =f! (C,7)+f2(L>,
=1 O+ T+ L. |
)T
otl Clmw -1 . (M/P)'=% =1 L%% w {[(1 —a)C'V 4o (M) ] 1'5} -1
el oL -1 R 021 _L
] ¢ 1-L 1+4
_ M L1+$ 1 o "4
=v:1 :logC+logF— L o=l cl-a M a_ L
¢ P 1+
separable and additive
split-and-combined
In the separable and additive function, 1/ represents the constant relative risk aversion coefficient, o = —%(C'g.)

represents the intertemporal elasticity of substitution of consumption, v represents the elasticity of monetary demand, ¢
represents the Frisch elasticity of labor supply; In the split-and-combined function, v is the substitution elasticity between
consumption and real money balance, « is the realtive weight on real money balance. These parameters mostly express
the connotation of comparative analysis. Chapter 3 will further explore why the functions including the constant elasticity
of substitution (CES) or the constant intertemporal elasticity of substitution (CIES) are transformed into logarithmic form
or Cobb-Douglas form.

III. Multi-Variable Questions with Multiple Equality Constraints

Assume that there are m (more than two) variables and n (multiple) equality constraints. The objective function and
the constraints are:
max
—— 0 = f(x1,x2,. .., Xm),
min
s.t. gl(x1,xz, cesXm) =0,

gz(x1’x29 .. -,xm) = Oy

8" (x1,x2,...,xp) =0.

For n constraints, we can introduce n Lagrange multipliers (note that n < m — 1 to make the constraints meaningful):

L=f(x1,%0,...,%m) +Z/lj[0—gj(x1,x2,...,xm)].

j=1
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1.1 Static Optimization Problem

Here, the bordered Hessian determinant is:

0 O --- 0 g}ﬂ g}l(z N g)lcm

0 0O --- 0 gil g)ZQ . gim

0 0 e 0 gzl gzz e g)’ém
g)lcl g)2c] o gﬁ] £§c)1x1 ‘L)(glxz e ‘E)Oclxm
g)1C2 g)zcz e gﬁz ‘E)Ocle 'E)Oczxz e L;C)zxm
g)lcm g)zcm e g;l,n L;mel ‘£)OCmX2 e 'E)Ofmxm

After observation, it is not difficult to find that:

(1) The bordered Hessian matrix of multi-variable optimization with multiple equality constraints is symmetric along

the main diagonal;

(2) Because multiple equality constraints increase the dimension of the border of the Hessian determinant, judging
whether it is positive definite, negative definite, or judging whether the function has a maximum, minimum is the same as
the case of a single equality constraint with multiple variables. If the leading principle minors, starting from the second-
order, of the Hessian determinant are all negative, the bordered Hessian matrix is positive definete, and the function has a
minimum; If the odd-order leading principle minors of the Hessian determinant are all positive and the even-order leading
principle minors of the Hessian determinant are all negative, the bordered Hessian matrix is negative definete, and the

function has a maximum.

1.1.2.2 Inquality Constraints Between Choice Variables

In the optimization problem of m choice variable with n equality constraints, we have pointed out that in order to
make the constraints effectively constraint the choice variables, n < m should be hold. Takingm = 2,n = 1 as an example,

the equality constraints and inequality constraints are:

0 = f(x,y),

max max "
min 0=fxy), VAR K 0= f(xy), identical o

’ st. glx,y)+z=0,
st g(x,y) =0. st. g(x,y) 0.

z>0.

The inequality constraint g(x,y) < 0 can be transformed into an equality constraint by applying a non-negative
parameter z. If itis not interfered by z > 0, it can be solved by the Lagrange multiplier method discussed in the optimization
problem of equality constraints, that is, the first-order necessary condition is:

0L _
o =0,
92 _
ZL=fx,y)+A0-z-¢gx,y)] = &l
92 _
dz ’
0L _
G =0

But now that the inequality constraint z > 0 has been added, the first-order condition for z should change.
How to change?

Taking the maximization problem as an example, let’s assume an objective function that only contains non-negative

parameters z:

max 0 = f(2),

st. z>0.
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1.1 Static Optimization Problem

If there is not a non-negative constraint, f(-) should be a concave or quasi-concave function, in which case the
maximum value should be located in the first quadrant of the O-z two-dimensional coordinate system or in the vertical
direction. However, convex or quasi-convex functions may still obtain the maximum value on the ordinate axis under this
non-negative constraint. This can be summarized by the following mathematical expression:

whenz >0, f'(2)=0;

whenz =0, f'(z)=0; o 220 , f(z) <0, and 2f(z2)=0
, SN~ —_—— [ —
when z =0, f (Z) <0. non-negative FO.C. complementary slackness

Back to the optimization problem of 2 choice variables with 1 equality constraint and a non-negative constraint:

max
— 0= f(x,y), max
e identical ﬁ 0= f(x,y),
S.t. g(st)"'Z:O, st ( )<0
Lt ogx,y) <0.

z>0.

Construct Lagrangian functions for optimization problems with and without auxiliary parameters z:

S L= fey)+A0-z-ge )] v e L= f(0y) +A[0- g )],

min

s.t. z2>0.

The conditions for obtaining extreme values are (the left and right ends are completely equivalent):

F.O.C. of £ when z is nonnegative F.O.C. of £ without constraint

0L _y- 9L —_—
2z oL a2 R Y L _,
Ox ox Ox ’ ox -0
0L __ oL
aa;’?:(), %ﬁ:(), 2L _y dy —O—ax. , ﬂ:o
6_; 0L < a; s ’ \ = o
220, &£ <0, : &£ 2, 220, &£ =10, 2(-0) =0, 0-8(x,y) 20, 420, [0-g(x,y)]1=0,
az az az 220,120, z4=0, }
2% X — oL oL _
= - —— =0-z- p) = z=0-g(x,y).
o7 =0 1 =03 g(x,y)=0. g(x,y)

9L S0, as0, 225 -0
\%Vs 9L 0 ey Sy 20 2025
oS W aa TU sy

the left and right ends are equivalent

For the two Lagrangian functions mentioned above, the results of the first-order partial derivatives are exactly the same
for the unconstrained selection variables x and y. The third row on the left is the first-order condition for the optimization
of function .Z(z) = f(x,y) + 1[0 — z — g(x, y)]| with respect to the non-negative constraint z Combining this condition
with the equality constraint condition converted from the inequality, we can obtain the complementary slackness condition
on the Lagrange multiplier A on the third row on the right.

In the above optimization problem, if the two choice variables are also required to be non-negative, that is

max max
550 = f(x, ), =0 = f(x,y),

g identical min
st. glx,y)+z=0, < : st g(x,y) <0,
x,y,z2>0. x,y = 0.

Construct Lagrangian functions for optimization problems with and without auxiliary parameters z :

max max

‘E’fff(x’w"'/l[o_z_g(x,y)], VS. WLEJC(X,)’)"'A[O_g(xJ)]’
st. x,y,z=>0. st. x,y=>0.

Therefore, the conditions an optimization problem where the variables are non-negative and there is an inequality
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constraint are:

0L 0L
x>0, <0, x— =0,
ox ox >0 5£<0 x3£_0
yZO, 0% SO, 6.,%:0’ ox ox
6y (9y VS. 6.5 6.[2
— y>20, — <0, y— =0,
0L 0L dy dy
7220, — <0, z— =0,
9z oz 120 %50 %L
A T~ 040 T 7 oA
— =0.
oA

This is the Kuhn-Tucker condition similar to the first-order condition obtained in the nonlinear programming method
for optimization problems with nonnegative and inequality constraints. The application analysis of inequality constraints
in economics involves a considerable amount of trial and error, and the next edition may include additional discussions
based on specific cases from cutting-edge papers.

Previously, unconstrained optimality and equality-constrained optimality were applied to the market environments
of perfect competition and monopolistic competition respectively, which seemed to be separated from each other. How-
ever, in specific applications, the markets of perfect competition and monopolistic competition (or multiple monopolistic
competitions) should be considered comprehensively. The following three examples are static examples of modern macroe-

conomics laying the foundation for microeconomics. They are appopriate to demonstrate the comprehensive application
of static optimization.

Example 11-1. The market for final product sales is of perfect competition, while the market for intermediate
product sellers is of monopolistic competition.

i) The optimization problem of the final product production department under perfect competition in the product
buying and selling market.

The final product is indifferent, and the analytical framework for the representative production department to make a
desired decision is:

marginal revenue=marginal cost

revenueR[Qs (Qia)] — cost C[Qy(Qia)]
P — revenue  variable cost

€m— Em em-1 1 vs. —— ——
max II=P (/ 0., m dl) - / P;Q;qdi — max II= PQy, — WLy
Qia=0s 0 Example2 La=Qs

Os real wage=marginal product

The choice of intermediate input factors Q;4 is to choose the final product supply Q; to maximize profits, where the
final product is the Dixit-Stiglitz CES sum of the intermediate products and e, is the elasticity of substitution between the
intermediate input basket.

The first-order necessary condition is:

-1
dIl an-T €n—1 -l
—-0=" Ko T
dQiq (/ Qid l) €m Qid l
em en—1 -1 5m—1_1
= Pi_P(/Qfm dz) 0.,
em—1 efnnil €m 1
= Pi= ( / 0,5 dz) 05
P (O
= i Qid i
P Qs

Pi —€m
= Qid = F Q\

In this way, we can get the demand curve for intermediate product i in a perfectly competitive market environment.
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1.1 Static Optimization Problem

Substituting it into the objective function, we can get the functional relationship between the total price level and the price
of a single intermediate product i:

perfect
competition

—

1
PO, [ PiQudi= =0
0
1
= /PiQiddiZPQs’
0
1 - €
P\
- [l oere
0 P
1 \ " €m
= /Pl(i) di =P,
0 P
i v
= p:(/ P;_E’"di) .
0

It is not difficult to find that the required consumer demand curve and total price level index are consistent with
Example 9.

ii) Optimization problem of the intermediate product production department under monopolistic competition

The intermediate products are different. The basis for the heterogeneous intermediate product manufacturers i to
make a desired decision is:

H}DaXHi = P;Q;q — WLiq,

P; e
o[ 0.
Qis = AL;q,

Qia = 0is = 0;.

The simplified production function (capital input factor is exogenous and labor output share is 1) will be described in
detail in Chapter 3. Substituting the constraints and equilibrium conditions into the objective function, we can transform
the optimization problem about the demand for product i into an unconstrained optimization problem:

min M,‘ = WLid
Lia

%% S.t. Ale > Qis
HglaXHi = (Pi - X) Qia <

orminC; = WL;ig

is

=  min L=WLig+MC(Q;s—ALq)
Lia

max I1; = (P; — MC) Q;q4.
Qia

= MC;=35-=

s.t. Qis = ALig

Then, the optimal price decision for product i is obtained through the inverse demand function P; = (Q"" ) P,

Or it can be directly transformed into the optimal price decision problem for product i:

—€m —€m
maxTl; = (Pl- - %) [(%) Qs] — maxTl; = (P; ~ MC) [(%) Qs].

It is not difficult to find that this is a reappearance of Example 3, and the demand curve directly given in Example 3
comes from Example Example 9. This example presents the close connection between Example 9 and Example 3 from a
different perspective. Therefore, the solution is still marginal cost (a homogeneous production function makes the marginal
cost of heterogeneous enterprises the same) with a cost markup to reflect the optimal pricing decision under monopolistic
competition.

iii) The optimization problem of the household sector under perfect competition in the labor market

The decision analysis framework for the representative household sector not having monopoly power in both the final
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1.1 Static Optimization Problem

product buyer’s market and the labor seller’s market is:

maxU = U(C, Ly),
C.Lg

| | 1
S.t. / PiCidi = / WiLisdi+/ I1;di.
0 0 0

| —— | SIS NS
rC WL i

i

Note that the profit (sum) of the intermediate product manufacturer under monopolistic competition is I1; # 0, while
the profit (sum) of the final product manufacturer under perfect competition is I1 = 0. This comes back to Example 8,
except that the household’s expected total price level is simplified to the instantaneous total price level and the profit and
dividend income of the household as a shareholder of the enterprise is omitted. The solution is still the desired consumption
demand and the optimal labor supply.

Based on the same market environment, the final product production sector and the household sector are both assumed
to be representative, so the household sector’s demand for product i in a basket of consumer goods corresponds exactly to
the final product sector’s demand for product i in a basket of intermediate goods when the market is cleared, which is what is
solved in Example 9. It can be seen that the hierarchical structure of the trinity of representative households, representative
final product manufacturers, and heterogeneous intermediate product manufacturers has exactly the same modeling results
as the hierarchical structure of the integration of representative households and heterogeneous manufacturers.

Therefore, we might as well return to the two-sector structure of households and firms, but in addition to considering

that firms produce heterogeneous products, we can also consider that households have heterogeneous labor.
Example 11-2. Monopolistic competition exists in both the product seller market and the labor seller market.

This type of model comes from [11] and is explained in the famous works [13, ch.6] and [50, ch.7, pp.277-316], but
all of them take into account both monopolistic competition and nominal rigidity to form a dynamic form.

1) Optimization Problems of Production Departments under Monopolistic Competition in Product Seller Market
The decision-making behavior of manufacturer 7 is divided into two steps.

The first step is to maximize a basket of labor demand given labor expenditure, or minimize labor expenditure given
a basket of labor demand, which is back to a question similar to Example 9:

1
min/ WiLiqdl = M; , W, men
Liia Jo ~—— Lijq = W Ly,

1
iven labor expenditure
£ P = WL = / W Liqdl.
0

e a basket of labor
1

1 e
Il \ T Al W= ( W,l‘fhdl) "
S.t (/ ) 0

L[.IZ’ d/ >Lig=Lis=L;.

The production of firm i requires a basket of heterogeneous labor purchased from the representative household sector.
Given the technical level, and assuming that the production share of labor is 1, the product i is the CES aggregate of

€]
ep—1

€ep—1
o d] ) . Since the technical level of firm i is now more diverse,

heterogeneous labor, that is, Q;s = A;jLig = A; (fol L,/

the marginal cost will also be different.
In the second step, given that its labor demand is determined by supply, the basis for heterogeneous firms i to make a
desired decision is:

max Il; = (P; - MC;)Qia,

i

P\
sit. Qig = (F) 0.

The demand curve for product i results from minimizing consumption expenditure given a basket of heterogeneous

consumer goods (combined with product market equilibrium conditions), which will be reviewed later when we introduce

[V}
9}
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the decision-making behavior of the household sector.

The optimal price for manufacturer i is still:

po_ _Em

13

MG;.

€En —

Determine the marginal cost of firm i/ by minimizing the cost:

cost of labor input

1 cost of labor input

1 = . 7 N
minM; = | WiLiadl, minM; = WLy

) 1 - s s
cnt -1
€ S.t. AL Z ) .
St A; (/ L dl) > O ibig 2 Qus
0

effective labor input

effective labor input
The Lagrange multiplier is the marginal cost:

L =WLiq +MCi(Qis — AiLia).

The optimal price for firm i is then:

——
o _ €m w
i A
~—— €m — i
. —— ——
nominal .
price markup nominal
MC
real real
price markup MC
° /_._/\._\’ N
P i €m W/ P w o
= - = . = VSs. —=Fr7
P en—1 A; P
realtive price monoplistic competition perfect competition

If the technology level is A; = A, then the marginal cost is MC; = MC
ii) The optimization problem of the household sector under monopolistic competition in the labor seller market
The decision-making behavior of a representative household with heterogeneous labor force consists of two steps.

The first step is to maximize a basket of consumer goods given consumer expenditure, or minimize consumer expen-

diture given a basket of consumer goods, that is, return to Example 9
1 P \ “€m
. . L

mm/ P;Cidi = M, C; = (7) C, |

0 .
= 1 &= PC = / P;iCidi.

0

1 em—1 % 1 T—em
s.t. (/ c, di) > C. P= (/ P}‘E'"di) .
0 0

In the second step, the household chooses wages to determine the supply of heterogeneous labor /, and then chooses

i
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the total consumption and total labor supply based on utility maximization:

aggregate supply aggregate demand
—_——
1
max U =U|C, L;,dl s max U =U|C, L;jqdldi |,
C.W, 0 C.W;
————
the labor able to offer the labor w1llmg to offer
identital
1 1 1 L — 1 1 1 1
S.t. / P;Cidi = WiL;zdl +/ [1;di, ddeterminess gt / P;Cidi = / WiLjjqdldi +/ I1;di,
0 0 0 0 0 Jo 0
——— ——— — ——— | —
=rc = [ WLidi I1; =rc = [ WLidi I1;

"% —€n 1 1 1 W, —€n 1
Llsledz(W’) /L,-di. //L,-lddldiz(Wl) /L,-di.
0 0 0 0

The choice variable C can be solved from the constraint and substituted into the objective function together with the
labor demand curve to transform it into an unconstrained optimization problem:

F( / / WiLiadldi + / Hdz) / / ;mdldl]
ol o () [ e [ ] () )

1 AN 4 Wi\~
=U{—|wi|—=| L+, [=2] L
P w W
C {Lis}
F.O.C. dUu 1 (W N 4} T 1
_ O=—=(1-¢)Ur— | — L:i—eUr | — LW,
dWl ( h) C P (‘V) i hVL W iy
real wage markup MRS
—_———
° ,—-./\\
N W € (UL vs W, ow_=Up
P eg-1\Uc ' PP UL
~—— A W _
realtive wage monopolistic competition perfect competition

The focus of this example is to show how to obtain the optimal decision on prices and wages in an environment where
both the product market and the labor market have monopolistic competitition.

The next example is still based on the trinity hierarchy and makes a similar setting. The household sector’s labor
market is still perfectly competitive, but in addition to the intermediate product production sector, the final product pro-
duction sector is also in a monopolistic competition market environment. Considering that both the product market and the
labor market are monopolistic competition is similar to considering that both the final product and intermediate product
production stages are monopolistic competition.

Example 11-3. The final product seller market and the intermediate product seller market are both monopo-
listic competition.

This example is adapted from [17-19], and the specific application is expanded in [53, 54] The original papers are all
time series analysis, that is, they consider the dynamic decision-making caused by nominal rigidity or information friction.
As the first part of the advanced macroecnomics series, this book only considers the static decision-making problem of the
final product seller market and the intermediate product seller market in a monopolistic competition market environment.

i) Optimization problem of representative household sector under perfect competition in labor market
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The basis for the household sector to make desired decisions is:

maxU = U(C, Ly),
C,Lg

wage income from wage income from profit dividend from profit dividend from
intermediate good production  final good production intermediate good production  final good production
—_—— —_— —_——— —_—
1 1 1 1 1
S.t. / Pjdej = / W L;sdi + / WLjsdj + / I1;di + / dej
0 0 0 0 0
PsC W Lg I

From this, we can obtain the desired consumption demand and optimal labor supply as usual, by combining the labor

supply curve and the budget constraint (depending on the specific utility function given):
W B _ULS(C,Ls)
Py Uc(C,Ly) °

PyC=WLs+]11.
The final goods sector is monopolistically competitive, and consumption demand for heterogeneous final goods j
comes from the household sector maximizing a basket of final goods given its expenditure or minimizing its expenditure

given a basket of final goods:
Dixit-Stiglitz aggregated CES functyion

< 05=0fa=0 fs=C+IFAHEL
L )
max  C = (/ c.’ di) EPALEN min Py0s =My =PsC = [y P;C;dj,
J 0 X J
&t %
1 . _ 1 €, . ~
st. [y PiCidj < PQf = My. s.t. (fo C; ! dj) > C.

From this, we can get the demand curve of heterogeneous final product j and the total price index of final product:

0= (ﬁ)_ef 0
T\ "

. 1-€ T-€er
P Pf:(jol Pl fdj) 7
j = | — C < >
Py Cj=Qja; =0y
ii) Optimization problem of final product production department under monopolistic competition in product seller

market

The final products are different, and the analytical framework for heterogeneous final product manufacturers j to make

ideal decisions is:

household
demand for j

—
maxIl; = (P; -MC;j)  Qja

J

P\
st. Qja= (—) Or,
P;
Qs =02 ,[A;Ljal' ™",

_€m_

1 em—1 em—1
Oms = (/ Q]f;n dl) >
0
P;

—em
Qjia = (a) Oms,
jSd = jSsa de = Qms = Qm s

marchgoods

market clearing of final goods

—_—

Oja =0js. Ofa=0ps =0y
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Given the marginal cost, without considering the supply side, the optimal decision is simplified to:
Qjd

_L
<f
max II; = (Qf) Pr=MCj|Qja.

Pj=Qja

This is the method 1 introduced in Example 3. Following similar steps, we first solve the demand of the household

sector for heterogeneous final products, and then using the inverse demand, we can know that the optimal pricing of the
final product production department j is:

—_—
P - 5 e,
J - J
—— Ef -1 ——
nominal price — nominal

cost markup ~marginal cost

Next, we need to determine the marginal cost of final product manufacturer j by cost minimization:

total expenditure

1 total expenditure
min M; = / PiQiigdi+ WL;i4
J 12 ji J ’ .
Qjia.Lja 0 _ lerLl Mj= PuQOma + WLja ,
———— . sjd N
’ A expenditure of ) md & —
expenditure of labor input equivelant expenditure of expenditure of
intermidiate goods — intermidiate goods labor input
1 €m a @ -
-1 T 7o N\= _
. QerEnm di €m (A 7 )1—0 S Q s.t. de (Aijd) > st.
S.L. , <iid ! jLija 2 Ujs- —_— N
Y a basket of effective labor input
effective labor input intermidiate goods input
a basket of

intermidiate goods input
The Lagrange multiplier is the marginal cost:
L= (PmOma+WLjq) +MC; [0 = 0%, (A;Lia)' ™).

The first order condition of the intermidiate good demand is:
aL;
I _,
and

_ a-1 l-a
= P, —aMCijd (Aijd) 5
——
intermidiate good price index

= aMC,; Q% ((AjLja)' ™" Qpips

[ —
1
=aMC; Ojs Q4
a basket of intermidiate goods
used for the final good j
—— MC;
= de =a QjS3
Pm
0L n MC; 0
= iid | — =a—0;
Ji P, P, Jjs»
MC; [ Py |\
= Qjid =« — Ojss

manufacturer j’s demand
of intermidiate good i

aggregate demand
of intermidiate good i

— ! MC; [ P\~ [
= Qia E/ Qjiadj = a P (P_) / Ojsdj.
0 m m 0




1.1 Static Optimization Problem

The first-order condition for the demand for labor is:
oL
=0,
OL;q

= W= (1 —a')MCij;ld(Aijd)_aAj,

1
= (1-a)MC;Q2 ,(A;L;q)" ¢,
Ljq

LJS

Jd

= (1 -a)MC;

= Ljd —(1—
N——

manufacturer j’s
labor demand

aggregate
labor demand

- ! ) Mmc; o
= Ljd = Ljddjz(l— ijdj
0 W Jo
Combining the two equations in the above derivation process to further establish the marginal cost:

Pm =aMC,;Q;50,L,
(,]v

]d

= (1 -a)MC;

w 1—aQna
Py, a Ljq N
de a w

= = = =0
Lia l1-aP,

P = aMC;Q;s0. ),
1 PO
a Qj
_ l PQOd
S aQr (AL
1 PwQ
@ (AjLja) =’
1 P (Oma\™®
Al (L_jd)
1 Py ( a W)@
oAl (l—al)m) :

U

<
0

I

l-a
W
] - afll_)ar R ,
A (Aj)

= 1 I-a
a= a®(1-a)l-a@ W

Aj
The optimal price of final product production department j is then

l-a

€ w

pi=—1 ap;;(—) .
Ef—l A]

iii) Optimization problem of intermediate product production department under monopolistic competition in product

seller market.

Intermediate products are different. The desired decision of heterogeneous intermediate product manufacturer 7 is
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based on:

aggregate demand
of intermedaite good i

—
max I1; = (P; = MC) Qia ,
i
MC ~ém

s.t. Qid = P ( ) / std.] P
aggregate supply
of the final good

aggregate supply
of intermedaite good i
—_
Ois = ALiq,
Qia = Qis.

Given the marginal cost, MC; = %, without paying attention to supply, the equality-constrained optization is trans-

formed into the unconstrained optimization

C —€m
n}DaxH (P; = MC; )a ( ) /std]

FO.C. dIy1; MC; S\ MC; ) 1
—_— O:d_l;z(l—em)oz 5 J (P_) / Ojsdj +€m P ( ) / 0jsdj,
MC; —6m MC; ; —em—1
= 0=(en P P_ std] —€m P std]’
= P=—m_y,=m WV
€En — 1 €En — 1 Ai

In this way, we obtain the desired pricing equation for final product and intermediate product manufacturers both in

a monopolistic competition market environment.

The above three examples connect the production sector and the household sector at different production stages, but
they are still partial solutions. Combining the price index and the pricing equation, the aggregate supply curve or Phillips
curve can be further derived; combining the aggregate supply and aggregate demand curves, monetary policy analysis can
also be performed, which will be presented in the book [55]. In addition, if partial nominal rigidity is considered, the static

optimization problem will be transformed into a dynamic optimization problem.

1.2 Dynamic Optimization Problem

The salient feature of a dynamic model is that it describes the relationship between variables at different times. Intu-
itively, all variables in a dynamic model have a variable 7 that represents time, but the reverse is not necessarily true. The
key point is that there is a cross-period relationship between variables.

First, it should be noted that dynamic models can be divided into discrete time models and continuous time models.

(1) Discrete-time dynamics refers to the change of variables in a certain period of time, so t = 0,1,2,3,..., for
example:
AS; /At
Savings growth rate: Sy = (1 +7r)S; S Sie1 — Sy =18, S ;—/ =r,
t
AA; /At
Technology growth rate: A;1 = (1 + g4)A; S A1 — At = 84As & 1;—/ =g,
t
AL /At
Labor growth rate: L,y = (14 g7)L; & Ly — Ly =giL, = Lt—/ =g,
t
AK /At ]
Capital movement law: K;1 = I, + (1 — 6)K; =4 K1 — K, =1; - 0K, =4 It(/ = E’ -
t t
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1.2 Dynamic Optimization Problem

(2) Continuous-time dynamics means that the variable changes at every time point, 0, d, 29, . . ., where § > 0. At is
still used to represent any (small) time interval:
rA . dS(t)/dt
Sz+Az_Sz:e I_IS,, S(I)E—;)/ =r,
St+At = erAtS,, At At (t)
Continuous A —A e8alt _ . _dA(z)/dt
_ _gaA t+At t _ At = —2— = s
C(;';L%?;lnd Ariar = €898 AL, - AL = AL Ay, At—0 () A(t) 8a
Lesar = €818 Ly, Livar — Ly eS8 — lL L(t) = —dL(t)/dt =8,
Cont@nuousK K. = At — AtSK At - At [’ L(t)
mgsgtvrvr:ﬁnt t+Ar — Ky = Aty — AToK;. Ko — K, sk K(t) _ dK(1)/dt _ I(1)
A " T K1 K@)

The above derivation uses Taylor’s first-order approximation or I'HOpital rule, that is,

d(xAt XAt _ 1 LeXAf
E;CAI)(At—O):1+xAt or im & im AL

X
lim ——— = lim —— = lim — =x.
At—>0 At At—0 (At)’ At—0 1

f(A1) =™ ~ £(0) + £/(0)

In discrete time model, AX; = X;1 — X; At = (t+1) —t = 1, where A represents the differential operator. Az can also
be used to represent any time interval, and when Ar — 0, the problem is converted to a continuous-time problem, that is,

dr At
right subscript, and ¢ in continuous time problems is usually represented by brackets.

X(t) = x@) - Alim0 A g represents the differential operator. ¢ in discrete time problems often appears in the form of a
1 —

Furthermore, it is not difficult to imagine that the constraints of dynamic models are divided into endpoint constraints

and process constraints.

(1) Endpoint constraints mainly refer to the initial and final conditions of the decision, which can be constants (fixed)
or parameters (variable). The final conditions can be cross-sectional according to time or state. For simplicity, the initial
and final conditions are given in the dynamic optimization problem introduced below. More specifically, the initial state
and final state are often set to be 0.

(2) Process constraints may occur between decision variables and state variables, between decision variables, or
between state variables. We will see later that from the perspective of establishing a close connection between multivariate
static optimization and discrete dynamic optimization, the constraints between multiple static decision variables can be
formally transformed into constraints between dynamic decision variables and state variables, so this type of constrained
optimal problem can be directly solved by the Lagrangian method, but it is more convenient to use the optimal control
method of the Hamiltonian function in continuous time. If there are still constraints between different decision variables in
the dynamic optimization, the Lagrangian method is used on the basis of the Hamiltonian method. The following explains
that the dynamic optimal solutions for discrete time and continuous time have different focuses. The former focuses on the
decision variables from two periods to multiple periods, and the latter focuses on the state variables with no constraints
and with constraints.

1.2.1 Discrete time

1.2.1.1 Two-period decision-making under perfect expectations

In the static optimization problem with two-variable equality constraints, x and y are used to represent the two selection
variables.To better compare with the two-period discrete time problem, in the static optimization problem, x and y are
changed to x; and x; to represent the two choice variables in the static state. In the dynamic problem, x; and x; are still
used to represent the two selection variables, but the subscript has the meaning of “time”, which means the selection

variables at time = 1 and ¢ = 2.

max max
HO:f(XI,XZ), . . Vs. . . . %O:f(.XI,XQ),

min one-period statics <=  two-period discrete dynamics ¢ ™"

st g(x1,x) =z st glx1,x2) =z.

After comparison, it is not difficult to find that although the meanings of the symbol subscripts are different, the two-
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1.2 Dynamic Optimization Problem

period dynamic optimization problem in discrete time is completely consistent with the static optimization problem with
two-variable equality constraints in form. Therefore, the elimination method, total differentiation method and Lagrange
multiplier method introduced earlier are still effective.

Example 12-1. Two-period consumption decision in an endowment economy

max U =u(Cy) + Bu(Cy),

Cy,
current-period expenditure current-period income

—_— lifetime expenditure  lifetime income

So=0=8> 0)) 0>

S.t. C2+S2 S[7+(1—6)]S1+Q2 — Cl+_ —£1+—.
—_— C1,C2>0 I+7 147
next-period expenditure next-period income
lifetime budget constraint
budget constrain of two periods

Note:
(1) The utility function is assumed to be in a divisible and additive form, that is, U(Cy, C3) = u1(Cy) + u2(C2);

(2) The utility at different times is different for different moments, and the utility of the second period is measured by

the subjective discount factor 0 < 8 = < 1 relative to the first period, where p > 0 is the subjective discount rate. The

- 1+p
divisible and additive utility function considering the subjective discount rate is U(Cy, Cz) = u(Cy) + Bu(C,);

(3) U represents the lifetime utility function based on the beginning of the first period; u(-) represents the immediate
concave utility function, that is, u’(-) > 0, u”'(-) < 0.

(4) An endowment economy means that the income of the two periods is given, so O and O, are both exogenous
and are marked in gray. From the perspective of the first period, O, has not yet occurred. This implies the assumption of
perfect expectations, i.e., E1 Oy = O;. E represents the expectation operator, and the subscript 1 represents the information
set of the first period (if there are multiple periods, it represents the information set at the first period).

(5) Assuming that the Inada condition is satisfied, that is, there will always be consumption in each period and no
resources will be wasted, this means that the inequality constraint of the budget constraint in each period are all tight,
and the inequality constraints are transformed into equality constraints (this will be clearer in the inequality constraint
optimization problem introduced later).

(6) Since only two periods are considered, there will be no savings before the first period and no savings in the second
period, so So = 0 = S, , which is also the initial condition and the final condition. However, in addition to the endowment
income in the second period, the principal and interest generated by the savings in the first period after depreciation in the
second period will be consumed together, and the actual interest rate is », which is determined by the market price. For the
household sector, it is equivalent to an exogenous variable, also marked in gray. For simplicity, it is assumed that savings
are not depreciated, that is, 6 = 0. If 1 unit of consumer goods in the first period is used as the measurement scale, the
real price of consumer goods in the second period is 1 + ; if 1 unit of consumer goods in the second period is used as the
measurement scale, the real price of the consumer goods in the first period is1 + » To understand these two sets of relative
real prices from another perspective, the value of consumer goods at different times should not be directly compared, so
a certain time can be selected as the comparison benchmark. If the first period is selected as the benchmark, assuming
that the real price of consumer goods in the first period is 1, then the real price of consumption in the second period is
equivalent to ﬁfrom the perspective of the first period, which is the present value in finance; if the second period is
selected as the benchmark, assuming that the real price of consumer goods in the second period is 1, then the real price of
consumer goods in the first period should be (1 + r) in the second period. In the above model, the real prices of C; and O

are set to 1, and the real prices C, and O, are set to ﬁ

(7) The flow budget constraints of period 1 and period 2 are combined through the intermediate link S; to obtain the
inter-period lifetime budget constraint (right).

(8) In this two-period optimization problem, the choice variable can be Cj, that is, when Cj is determined, S| can
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1.2 Dynamic Optimization Problem

be determined according to the budget constraint of the first period, and C, can be determined according to the budget
constraint of the second period; the choice variable can be C,, that is, when C; is determined, S; can be determined
according to the budget constraint of the second period, and C; can be determined according to the budget constraint of
the first period; the choice variable can also be Sy, that is, when S is determined, C| can be determined according to the
budget constraint of the first period, and C, can be determined according to the budget constraint of the second period.
The choice variable is also called the control variable, and the control variable S; can also be called the endogenous state
variable, and S is called the initial state variable or the predetermined state variable.

i) Elimination method

Elimination method 1. Eliminate C, in the objective function according to the lifetime budget constraint, and only
C is left for the choice variable, which becomes an unconstrained optimization problem:

Hg}XU =u(Cy) +pu [(1+7)(Q1 - Cy) +O2].

G

The first-order necessary condition is:

w_, o B _ 1
dcy w(Cy)  l+r
—— S——
MRS relative price

The second-order sufficient condition is:
U4 e L+’ (Cy)] = u” (C) + B2 (1+7)u”(C2) < 0
@_d_cl[”( 1) =B +nu’ (C)] =u”(C1) + B~ (1+7r)"u"(C2) <0.
It can be seen that in order to ensure that the utility function reaches the maximum value, it should be hold that
u”(Cy) < 0and u”(Cp) < 0. The second-order derivative of the utility function is less than O everywhere, so the
immediate utility function is a concave function, and the lifetime utility function is the linear addition of the immediate

utility function, which is also a concave function. Therefore, the local maximum is also the global maximum.

Elimination method 2. Eliminate C; in the objective function according to the lifetime budget constraint, and only
C;, is left for the choice variable, which becomes an unconstrained optimization problem:

) G
U=ul|O1+ - —— | +Bu(Cy).
mcix “\@ I1+r 1+7r Bu(C2)
C

The first-order necessary conditions are:

——

w_, o B _ 1
dc; w(Cy)  l+r
N—— N——
MRS realtive price

Elimination method 3. Since there are two forms of flow budget constraints and lifetime budget constraints, in addition
to solving it according to the elimination method of a lifetime budget constraint, it can also be solved according to two
flow budget constraints:

Cl C2

C ZW+Q1 _Sl’} = maxU=u (0 -8))+Bu([r+(1-8]S+0>).
Co=[r+(1-06)]S1+ 02— Ss. Si
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1.2 Dynamic Optimization Problem

The first-order necessary condition is:

dUu -0 —u/ (C)+(1+r)Bu’ (C2)=0 lgu,(CZ) ~ 1
asi W) T T
N—— N——
MRS relative price

The second-order conditions of elimination methods 2 and 3 can be obtained by taking the second-order derivatives
of the corresponding choice variables.

ii) Differentiation method

On the C-C; plane, the slope of the indifference curve or isoutility curve (dU = 0) is:

, , dc, u’(Cy)
0 = d d _— - .
u (Cl) C, +u (Cz) C = dac, ﬁu’(Cz)

On the C;-C; plane, when the incomes of two periods (dY; = 0 = dY,) are fixed, the slope of the dynamic budget
constraint line is:

1 dc,
dCi+ ——dC,=0+0 — =—1+7).
1+1+r 2 + = ac, (1+7)
At the local or global maximum, the two are equal, resulting in the same first-order necessary condition:
p(C) _ 1
u'(Cy) 1+7

iii) Multiplier method

Constructing the Lagrangian function, the Lagrange multiplier A is added into the choice variables in the optimization

problem:
) C
max L = [u(Cy) +pu(Cr)] +4 (Ql + sz,) - (Cl 1 +2r)] '

C1,C2,1

The first-order necessary conditions are:

oL B
5_C1_M(C1) 1=0,
oL 1
ac, - P @A =0

0L 02 G
— = —|-[({Ci+——]=0.
0 (Q1+1+/' e
The third first-order condition is the dynamic budget constraint. Eliminating A from the first two first-order conditions,
we merge them to:

ﬂl/t/(CZ) 1 ’ ’

—_— L1 C = l +r C .

e W' (€1) = B(1+ 1) (C)

This is the well-known intertemporal Euler equation in dynamic macroeconomics. It states that consuming one unit
less in the first period will reduce the marginal utility of the first period u’(C}), but the reduced consumption will increase
income in the second period by 1+ after being saved, which will bring about an increase in marginal utility B(1+7)u’(C»)
with the first period as the base period. At the optimal point, the two are equal (marginal cost equals marginal benefit).

We can also construct the Lagrangian function through the Lagrange multiplier u according to the dual problem:

0)

min £ =Cy + —,
C,C 1+7r

Inada conditions
st u(Cr) +Bu(C) >U —_— u(Cy) +pu(C) = U.

C
= tE (Cl * ﬁ) + (U = [u(Cy) + Bu(Co)1}.
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The first-order necessary conditions are:

0L

— =1-u'(C;)=0

ac, pu’(Cy)

0L 1

= C,) =

a0 "1t ppu’ (C2) =

0L

E i [u(C1) + Bu(C2)] =0

u
The third first-order condition is to fix the utility level. The first two first-order conditions eliminate ¢ and merge into:

Bu'(Cy) _ 1
u'(Cy) L+7

The first-order conditions of the original problem and the dual problem are exactly the same. However, it is easy to
find that the Lagange multipliers A and u are reciprocals, that is, Au = 1.

Example 12-2. Two-period consumption decision of a production economy °

max U = u(Cy) + Bu(Cy),

C,C
budget constraints of two periods lifetime expenditure
PN lifetime income
Ci+K, < A1K;y, K given, K3=0 Ci+K>=AKy, Cy —
S.t > = Ci+— = A1Ky
Cr + K3 < AyK;. C1,C2>0 G+ 0 = AK,. Ap

5=1 lifetime budget constraint
K2=Il+(1—(5)K| 5 K2=Il

Constructing the Lagrangian function, the Lagrange multiplier A is added into the choice variables in the optimization
problem:

C
Jnax £ = [u(C1) + Bu(C2)] + (A]K] c A_z)

The first-order necessary conditions are:

0L
a—C,IZM,(Cl)—/lZO,
oL ) 1
= =B (Cy)) —A— =0,
ac, Bu’(C2) 1
oL G
— =A1K,-C;—-—=0.
a1 1Ky 1T
Slightly tidy up:
1 0—/\2
C?: (ﬁ_\T) o A1Kq,
1+ E) Ay
o\ -2 C®=—2, MK
G\ ST
3 R
CES{ | (] BA2 = Ii@zAlKl_Ci@:WAlKl’
1\ 4,
B (C) 1 L ApCr+ Cy = A1 A2K]. Yi=A K, K _ [® Pl
v Sy | et 2
1 ’ a 0% = A,K® A1Kjy.
_ 2
C+ 2 =A1Kq. “(Co=loe € 1+(ﬂ/‘2)
2 C® = Ha ik
1+ﬁ 141,
C®— 22 40K,
_ 1+ﬁ
. €3 = paaCs, - 5
ogarithm = I =A1K - C = 1+’BA1K1,
A€+ Gy = A1 AgK. 01=AK,
K$ =17,
0% = A2K®—f+,;f\11<l

SThis example refers to Moll (2023) but adds the logarithm utility case to make it more clear.
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The above lists the first-order conditions corresponding to the current-value utility function when the intertemporal
substitution elasticity is not 1 (CES) and is 1 (logarithm). Combined with the constraints (which can also be said to be the
components of the first-order conditions), the optimal consumption in the first period Cy, the optimal consumption in the
second period C5, the optimal investment in the first period /; , the optimal capital in the second period K> and the optimal
output in the second period Y, can be solved. Since the capital in the first period K is given, the output in the first period
Y) is directly given. But in general, they are all functions of exogenous technical variables A and (or) A,.

Note that the optimal solution is a type of equilibrium, called the goal equilibrium. Therefore, the content of this
chapter is a special case of the next chapter “Equilibrium Solution”. In addition, these optimal solutions are explicit solu-
tions (also called analytical solutions) , whose characteristics are that each endogenous variable is completely determined
by the given initial state variables K; or exogenous variables (A1, Ay) or parameters (o, §). Initial state variables, exoge-
nous variables or parameters can be collectively classified as exogenous variables, and this form of solution is also called
a “simplified equation”. If the goal equilibrium is a simplified equation and the corresponding function is continuously
differentiable, the impact of changes in exogenous variables (also generally referred to as “shocks”) on endogenous vari-
ables can be analyzed through calculus methods (that is, “comparative analysis”. A systematic introduction to equilibrium
solution and comparative analysis will be left after this chapter.

1.2.1.2 Multi-period decision-making under perfect expectations

In dynamics, we expand the scope from two-period questions to multi-period questions. Multi-period questions can
still be divided into questions with finite periods and questions with infinite periods. Finite periods are represented by m

orT,and m — oo or T — oo represents infinite periods.
I. Finite periods

In the static optimization problems with multiple variables and multiple equality constraints, x1,x2, ..., Xy, is used
to represent m choice variables. In the discrete time dynamic optimization problems with m periods, x1, x2, . .., X, are
used to represent m choice variables, but the subscripts represent the time r = 1,7 = 2, ..., ¢ = m. It is not difficult to find
that multi-variable static problems and multi-period discrete dynamic prbolems have great similarities. In order to avoid

confusion, it is better to change the symbol m to 7.

max
— max
WO f@x2, 0 Xim), — O = f(x1,x2,...,X1),
st g(xp,x2,. .0, Xm) = 2. st g(X1,x2, ..o x1) = 2.
é max
m‘.ix; O:f(xl,xbn-,xm), Wozf(xl,xz,...,xj‘),
min 1 multi-variable multi-period gl )
= . VS. . . S.L. X1,X2) =2
st g (a2, Xm) =21, static discrete dynamic gz 142 b
gz(xl’xz""’xm) =22, 8 (X2,X3) =22,
T-1 _
gn(x19x2’-~~sxm)=Zn~ 8 (-xT—la-xT)—Z~

Although the meanings of the subscripts are different, the discrete-time 7-period dynamic optimization problem
and the m-variable static optimization problem with single or multiple equality constraints are still quite similar in form.
The difference is that in the static model, problems with single or multiple equality constraints are two different types of
optimization problems, while in the dynamic model, multiple equality constraints may be transformed to one constraint,
as shown in the following example.
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Example13-0. Finite-period consumption decision of an endowment economy®

max max

— U =u(C), «— U =u(C),
i contemporaneous vs. multi-period i
st. P-C<P-Q, discrete state discrete dynamic st. P-C<P-Q,
C>0. C=>0.

where: P and Q are the exogenous price vector and exogenous income vector respectively. According to the above

Inada condition, the consumption vector C is always positive, so the inequality constraint problem can be avoided first:

max max

min U=u(C), contemporaneous vs. multi-period ‘m) U=u(C),
st. P-C=P-Q. discrete state discrete dynamic | p. C=P-Q.

No matter it is a single-period static problem(X = {X;},X = {C,P,Q},i = 1,2,...,m) or a multi-period dynamic
problem (X = {X;},X = {C,P,Q},t = 1,2,...,T), this is a standard equality-constrained optimization problem, which
can be solved by constructing a Lagrangian function:

mCaxL =u(C)+AP - (Q-0C).

20 Vu(C) = ap,
- C=cup),

substitute into the constraint

P-C(IP)=P-Q,
= A=A(P,Q),
= C° =C°[A(P,Q)P] = C°(P,Q).

The price level has both a direct effect on consumption, namely the substitution effect, and an indirect effect, namely
the income effect (and the wealth effect in the dynamics), which is generated through the Lagrange multiplier A The
substitution effect, income effect, and wealth effect of price changes are essentially the subject of comparative analysis,
which will be discussed in Chapter 3.

For the discrete-time dynamic problem, the first-order condition can also be expressed as:

W(C)=AP, t=1,2,...

The ratio of the marginal utilities of two consecutive periods represents the marginal rate of substitution. The optimal
marginal rate of substitution is equal to the price ratio (relative price) of two consecutive periods:
u'(Cry1) _ P

u'(Cy) B P,

It is a first-order difference equation about consumption (also known as the intertemporal Euler equation on consump-
tion).

Using the divisible and additive lifetime utility function, the above formula can be rewritten as:

T
UI(C) =) B u(Cy),

t=1

Bu'(Cr1) _ P

u'(Cy) Py’

After adding the subjective discount factor S, the total utility is the sum of future utilities discounted to the present
(period 1) (i.e., Uy)

The inter-period consumption Euler equation is also obtained here, and its economic meaning is the same as that in
the two-period consumption decision, except that the balance of consumption and savings between the first and second

periods becomes the balance of consumption and savings between any two periods.

OThis example is adapted fromEdmond (2019).
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1.2 Dynamic Optimization Problem

Example 13-1. Finite-period consumption decision in an endowment economy

The finite-period objective function is still assumed to be separable and additive, and the liquidity budget constraints

of each period can be written as inter-period lifetime budget constraints. Therefore, the finite-period optimization problem

is:
max U =u(Cy)+pu(Ca) +---+ B 'u(Cr),
Cy,Cy,....CT
Ci+81 < (1 +7)So + 01,
lifetime expenditure lifetime income
Cr+ 8 < (1+7)81+ 02,
So=0=St C2 CT )2
S.t. : —_— C1+—+~~+—=Q1+g—+~”+L.

: Ci,...,Cr>0 1+7 (1+r)T-1 1+7r (1+4r)T-1

Cr+St < +r)St-1+ 04,
r r ( ) -1+ 0 finite-period lifetime budget constraint
0<C,Cy,...,Cr.

budget constraint of each period

The above multiple budget constraints can be rewritten into a single inter-period lifetime budget constraint similar
to the two-period case. Solving Cr and substituting it into the objective function, the finite-period dynamic optimiza-
tion problem with equality constraints becomes an unconstrained optimization problem. Taking the partial derivative of
C1,Cy,...,Cr—1, wecan get T — 1 first-order conditions. However, when there are many variables, it may be easier to
construct a Lagrangian function to solve:

lifetime budget constraint

%) Oy CQ CT
Db — e —=L | 2 4yt
(Q1+1+1'+ +(1+/')T’1) (C1+1+1'+ +(1+/‘)T*1)

lifetime utility

= |u(Cy) +Bu(Cy) +- -+ BT u(Cr) | +4
Cl,Cin,.E.lfCT,/IL u(Cr) + pu(Cy) B u( T)]

The first-order necessary conditions are:

ar B
6_C1_M(Cl)_/l_0’

or 1

a—cz—ﬁu(cz)—/lm—(),

L 1\

6—C3—,3M(C3)—/1(m) =0,

0L 45, 1\

0oL 0> Om (@) Cr 3
W_(Ql+l+r+ +(l+r)T‘1) (C1+1+1'+ +(1+1‘)T‘1 =0

The last one is the repetition of lifetime expectation constraint. The first m first-order conditions are combined into
the consumption Euler equation for any two consecutive periods:
Bu'(Crer) _ 1

= , =12,...,T.
u' (1) 1+r

Since ¢ is used to represent a discrete moment, we can also replace the objective function and flow budget constraint
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1.2 Dynamic Optimization Problem

with ¢:
T T
max U = Z,B’_lu(C,), max U = Z,B’_lu(C,),
(G =1 - Bu() €, =1
C!tm—1>0 BC, =0 = C>0
Ct+St < (1+]')St_1+Qt, > CI+SI =(1+l')St_1+Qt,
s.t. t=1,2,...,T. lim 240 = C, <o s.t.
0<¢. Creo T t=12,...,T.
given So =0 = St. given So =0 = St.

This is an optimization problem with superposition of non-negative constraints and inequality constraints, but based
on the Inada condition, the inequality can be made a tight constraint to exclude corner point solutions. Therefore, the
Lagrangian function can be directly reconstructed:

period utility function flow budget constraint

T —
em LY FT @) A4S+ 0= (G4 S)
[ RVL t=1

The first-order necessary conditions are:

0oL “1r

% Zﬂt 1[“ (Cr) — 4] =0,
t

0L

5 = —/lt +/lt+1(1 +)”) = O,
t

oL

L =(1+7)8S1+0; = (Cr +5;) =0.
t

The third condition is the budget constraint. Putting The first condition one period ahead:
W(C) =24 = u(Cu1)=A11.
Combining two periods and using the second first-order condition gives us the familiar consumption Euler equation:

u' (Cry1) _ Ars1 _ 1 W BMI(CHI) _ 1 vs ,BM’(CHI) _ Py
M’(Ct) /lt ﬁ(l + i') MI(CI) 1+7r ’ M’(Ct) Pt '

Note that the liquidity budget constraint for period m is used here, so T Lagrange multipliers {4, zT=1 are used. If
combining the difference equation S; = (1 +r)S;—; + (O, — C;) about savings with the initial conditions Sy = 0 and the
terminal conditions S7 = 0 according to the relevant assumptions, a single inter-period lifetime expectation constraint can
still be obtained, then the problem can be solved by constructing a Lagrangian function with only one multiplier 4. In

addition, in this example, the price of any period is 1, and the price of period ¢ + 1 discounted to period ¢ is ﬁ so the

o,
ratio of the price of period 7 + 1 to that of period 7 (i.e., relative price) is 5~ = Fpas

Py
In other words:
marginal cost in period ¢ marginal revenue discounted to period #
—_— ———
’ 4
u'(Cr) = B +r)u’(Crr)
————
loss of marginal utility gain of marginal utility
when the consumption in period ¢ in period ¢+1 for more consumption
decreases by 1 unit brought by savings

II. Infinite periods
Example 13-2. Infinite-period consumption decision in an endowment economy

It is also more convenient to use the subscript ¢ to represent infinite dynamic optimization problems, t =1 — 7 — oo
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1.2 Dynamic Optimization Problem

and thus # = 1 — oo to represent the transition from finite to infinite:

{rcn% U, = Zﬁt_lu(ct)’ {?aé U = Zﬂt_lu(C,),
Fle=1 1=1 =1 t=1
Ci+S < (14781 + 04, LN Cr+S;=(1+7)S_1 + 0y,
s.t. t=1,2,...,00. C, <0 s.t.
OSC[ t:1,2,...,00.
given §o =0 = t]im S;. given So =0 = tlim S;.

where 0 < C; < oo comes from the aforementioned Inada condition.
i) Multiplier method

In order to smoothly transition from the static model to the dynamic model, the variable subscripts have been mapped
one by one. The above is given Sy and the optimization problem starts from ¢t = 1 . Let’s give S_;and let the optimization
problem start from ¢ = O here, that is:

00

max Uy = Z,B’u(ct),

(€, —
st. Cr+S;=(1+7)S;_1+ 0y,
given S_1 =0= tlim S;.

After fine-tuning, the constructed Lagrangian function is:

max L= {Bu(C)+A[(1+7)S,1+0; —(Cr+5)1}.

(CrSi )2, por

Derivatives are taken for the choice variables C;, S;, A; respectively, and the results are the same as those in the finite-
peroid dynamic optimization. Combining the consumption Euler equation with the flow budget constraint, the consumption
demand equation for each period can be obtained. If an explicit expression of the consumption demand function is to be
obtained, the immediate utility function needs to be defined.

ii) Planning method
The difference from static optimization problems is that in addition to common methods such as Lagrangian, there
are also dynamic programming methods available.
Step 1) According to the budget constraint, we can solve:
Cr=(1+7r)Si—1+0; - S;.

Substituting into the objective function, the dynamic optimization problem with equality constraints becomes uncon-
strained:

max > Bu[(1+7)S1+0, =S,  Be(0,1).

(5321
Step 2) Use V(S_1, Yp) to represent the value function that optimizes the objective function given the initial state:
C

V(S-1,00) = max 3 Bul(140)Si-1+ 0 = Sil,

=0 40

AN p—

= max {M[(l +7)S-1+ 00— Sol + > Bul(1+7)S;-1 + 0, = Sz]},

= max {“[(1"'/')5—1 + 0o — So] +ﬂZﬂt_lu[(1+/')St—l + 0O _St]},

(5012 p—

= max {u[(l +7)8-1+ 0o — So +,8{gl?gg Zﬁ"'u[(l +7)8-1+ 0 = St]}»

=0 4=y
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1.2 Dynamic Optimization Problem

= max ul(1+r)S_1 + 00— So] +BV(Sp, O1)

Co

Without loss of generality, we can also use S;_; as the initial state variable and S; as the control variable to achieve
inter-period lifetime optimization:

S; as state variable of
the subsequent optimization

St+1 is chosen to achieve

value function C; the subsequent optimization
e e
V(Si-1,01) :H}qax ul(1+7)Si-1+ 0 =S ]+ B V(St, Q1)
t N e

S; is chosen to achieve ovarall
(including the initial period) optimization

S¢—1 as state variable of the optimization

The dynamic optimization problem in the form of the recursive functional described above is called the Bellman
equation. 7 Now what needs to be solved is not a variable that can be assigned a specific value, but a path function, that
is, given the exogenous u(C;), O;, 8, we need to solve the endogenous function V(S;_1).

Step 3) Observe the right side of the Bellman equation. If V(S;, O;+1)is known, it is equivalent to a two-period
dynamic optimization problem. It is easy to find the first-order condition and solve the control variable to obtain the policy

function:
C;

Ir}gax ul[(L+7)Si 1+ O = Si] + BV(St, Ora1) ¢ 5

EO.C. ) oC, dV(Sz, Qz+1)
— C)— - =0,
" ( 4 aSt +ﬂ dS[

BE=-1 dV(S,. G
95, ﬁ ( fﬂQH—I) — M’(Ct).

ds,
Note that u’(C,) is a function of S;_1, S;, O, , which is u’(C;) = u’(C;)(S¢-1, 8¢, Oy).

The meaning of the first-order condition above is that, given that the objective function of the 7 + 1-th period has been
optimized, then choosing S; makes it optimal from the z-th period onwards, thus forming a recursive selection structure.
In other words, if V(S;, Os+1) is known, its derivative with respect to S; can be calculated, and thus the policy function
or decision plan S; = g(S;-1) = arg mSetlx[u(St,l, S;) + BV (S;)] can be solved. The question then becomes how to solve

AV (S, 041)
ds;

"Named after the discoverer of this form, American mathematician Richard Bellman (1920-1984)



1.2 Dynamic Optimization Problem

Step 4) Observe the left side of the Bellman equation. Put it one period ahead, we have:

S:+1 as state variable of
the subsequent optimization

St+2 is chosen to achieve

value function Cit1 the subsequent optimization
—_——— : :
- identical structure
V(St, Opg1) = maxqu[(1+7)S¢ + O = Spr1] + 8 V(Sts1, Or42) ——— V(5:-1,01).
St1 _ different initial state

St+1 is chosen to achieve ovarall
(including the initial period) optimization

S; as state variable of the optimization

The condition obtained by choosing S;,; after putting the equation one period ahead are the same as those in the
previous step, but the problem to be solved in the previous step is the derivative of the value function of the previous
period with respect to the state variable S;. The policy function based on the value function is S;+; = g(S;), so the

Bellman equation of the period in advance can also be written as:

optimal value fuction optimal value fuction
V(S:,0i1) =ul[(1+7)S: + Opy1 = Ses1 (S)] + BV[Si41(51), Or1] -

According to the envelope theorem (comparative analysis of value functions with respect to state variables), it can be

calculated: ®

dv(S;,O+1) _ du(-) 0Cyyy + du(-) 0Cri1 dSp + dV () dSi41
dS, dCH.l (95; dCH_l 6S,+1 dSt dSHl dS, ’

_ du(-) 0Cr41 A du() 0C41 + dv(-) | dSi+1

dCt+1 aSt dCt+1 6St+] dSt+] dSt ’

derivative of choice variable is 0

S :
= (Crn) =g + 0 X&' (S)),
t

' (Cre)(147).

Step 5) Substituting the above result of applying the envelope theorem into the first-order condition, we get the Euler
equation which is the same as the Lagrange method:

Pu'(Ciy1) 1
w(C) 147

From the perspective of thought, dynamic programming seems to transform the dynamic optimal problem into a static
optimal problem. The Bellman equation can be restated as:

V(x) = max[u[f(x) = y] + BV(y)].

y

8The envelope theorem in dynamic settings operates in much the same way as in the static case. Let the state variable be x;, the control variable be
Yz, and suppose the state transition equation is given by x;+1 = g(x;,y;) . The objective function is max Y ;o 8" F (x;, y; ), which leads to the
corresponding Bellman equation: V (x;) = max {F (x¢, y;) + BV (xs41) } . Substituting the state transition equation, which serves as a constraint, into
the Bellman equation yields V (x;) = max{F (x;,y:) + BV[g(x:,y:)]}. Given the optimal solution y;, the Bellman equation becomes V (x;) =

dV(x) OF (x1.y9) | OF (x.yf) dy? AV(xsep) [0g(xr.y8)  dg(xr.y?) dy?

° ° : . _ Vi Vi) 4y 141 8(Xt, Yy o8(Xt.y,) Oyy

F(x¢,y7) + BV[g(xs,y7)]. The envelope theorem implies i, = ox oy dxy +pB T ot Ea ol
NI

shadow price

OF (xi.v]) | OF (x1,¥/) +ﬁdV(xt+1)6g(xz,y,°) dyf | pdV(xgap) 98(xey)) _ OF (xiy]) | 5 dV () 98 (xr.yp)

) L
o ay? Do ay? Txs +8 Ao pr s +B T prammt The envelope theorem indicates

first-order condition=0
that, under the optimal policy, the effect of a small change in a parameter (such as the initial state) on the value function depends only on its direct effect,

while the indirect effect via the control variable can be ignored. This is because, at the optimum, the control variable has already been adjusted to equate
marginal benefit and marginal cost, making the net effect of its variation zero.
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1.2 Dynamic Optimization Problem

In the above formula, x is the state variable (i.e., S;_), y is the endogenous state variable as the choice variable
(i.e., S, and according to the budget constraint, the other choice variable (control variable) can be expressed as f(x) — y
(equivalent to (1 +r)S,_; + O; — S;) in the above. According to the envelope theorem in the value function:

V) o
T =) =y ),

Vi(x) =u'[f(x) = g(0)]f" (%),

policy function

y=g(x)
one period ahead

Vi(y)=u"[f(y) = gWMIf (y).

endogenous state variable becomes state variable

The first-order necessary condition for optimizing the Bellman equation is:

WO o= ) =31+ BV (),
dy
= w'[f(x) =yl =BV (y),
V'(y)
= W' [f(x) =yl =Bu'[f(y) —gWMIf (y),

substitute into the policy functiony=g (x)

W' f(x) —g()] =pu'[fIg(x)] - glg(D)]f [g(x)].

g(x)=argmaxu(f (x)=y)+AV(y)

2 W [ (1) — g (o) = Bu I8 (re-)] = glgCer-D) ' [ (o)1
W [f(eor) = 0] = B’ LF (xr) = gt 1 (x0),

Bu'Lf () ~ ] _ 1
w [ f(xi-1) = X¢] f,(xt).

Omitting endowment income, the constraint can also be expressed as:

Xr=g(x-1)

Xr+1=8 (x1)=g (g (x¢-1))

1
G+ T+, -St+1 = St
+ 7

That is, the savings in the next period are discounted to the current period.

Given the same initial and final conditions, the optimization problem is also:

(max Up = > _Bu(C).
= =0

st S =(1+7)(S = C).

Substituting the budget constraint (state transition equation) into the Bellman equation:

St+1
V(Se) = max{u(C;) + BVI(1+7)(S; - G}

Given the optimal solution (policy function) C; = C; (S;), the Bellman equation is:

V() =ulC7(S)]+BV{(1+7)[S: - C (S}

Applying the first-order condition to the envelope theorem also yields the consumption Euler equation:

’ _ (O dCz? ’ . _ dcz?
VIS = () g+ BY (St+l)(1+])(1 dSt)’
dcy
= [w/(C7) = B+ 1)V (S| dSt +B(1+ 1)V (St41),
t
F.O.C.=0

= V(S) =B +n)V'(S),
= W' (C) =B+ 1)U (Crrr).
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Examplel4. Infinite-horizon consumption decisions in a production economy
A) Economy with discentralized competition
a. Representative manufacturers

Given the real wage and the real interest rate, the firm chooses capital and labor to optimize profit:

max F(Ky, Lo, Ar) = (7 +6)K; = WL,
t

This is essentially a single-variable unconstrained static optimization problem, and the first-order necessary conditions
are:
Fx (K, Ly, A)=r+6 =R.
Depreciation rate 6 € [0, 1]: § = 0 means no depreciation at all, § = 1 means full depreciation.

b. Representative households

max Bu(C,),
{CtsKH-l};ZO ; !
S.t. C[ +Kl+l + (1 - 5)K[ = ‘VL[ + RK[ + Dt 5
~——
I;=S; Y 0

given Ky =0 = tlim Kt

D, can be regarded as the asset income of the household, which comes from the economic profit of the enterprise
in which the household has equity. Under perfect competition, the economic profit of the enterprise is 0, so D; = 0. If

necessary, government transfer payments or lump-sum taxes can also be added to balance the budget constraint.
B) Economy with centralized arrangement

In an endowment economy, it is assumed that there is an income that “falls from the sky” in each period, and the
interest earned on savings is used as the income of inter-period allocation of consumption. This example considers the
conversion of savings into investment. If capital is fully depreciated (6 = 1) , investment is all the newly added capital,
which is used for production, and the output is also income. In addition to capital input, output should also have labor
input and technology input. For simplicity, labor and technology are assumed to be exogenous and constant. Therefore,
in this example, the main markets here are a capital market and a product market, and supply and demand are equal when
the market is cleared. Therefore:

Cr + S8 = Quar, I, =S,
O =F (th , L, Ar), ¢ behavioral equations equilibrium conditions { K;; = K, = K4,
Ks,t+l = It, th = Qst = Qt-

Combining the above behavioral equations and equilibrium conditions, we can obtain:

Ct + Kl’+1 = F(K[, Lt,/1t) = (1 + IA)Kt + VVLI

The second equation above is from a decentralized economy. Compare the budget constraint in the endowment
economy above with the budget constraint in the production economy here:

Ci+S; =(1+7)8-1+0s;
Ct +Kt+l = (1 + l')Kt + WL;

In the endowment economy mentioned above, the assumption 6 = 1 is also implied; the two adjacent periods K4
and K; can also be written as K; and K;_ , so the production function is Y = F(K;_1, L;); the endowment income O, and
labor WL, of the two models are both exogenous. In contrast, the two budget constraints can be highly consistent in form

and are basically the same in essence.

W
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1.2 Dynamic Optimization Problem

This leads to the following utility optimization problem with budget constraints:

max Zﬁ u(Cy),

(G2 =0 t—(
S.t. C[ +Kt+l = F(Kt’ L[7AI)9
given Ko =0 = lim K;41.
r—o0

For simplicity, the exogenous variables production technology and labor are set as constants and further standardized
to 1, thatis, A, = A =1=L = L;. Solving C; from the budget constraint and substituting it into the objective function,
we can write the Bellman equation:

V(Ko) = max > BulF(Kp) =K,

t+1 5, =0

= V(Ko = Tf}gx{u[f(l(o) - K] +BV(K1)},

= V(K) = max{ulF(K,) = Kiut] + BV (Ki)),

t+1
= V()= m)?x{u[F(K) - X1+ BV(X)},
The last but one Bellman equation mentioned above is an extension from the beginning of period O to the beginning of any
period 7 ; the last Bellman equation expresses that this recursive structure is independent of the specific period, and it is
always given the previous material capital K (state variable) to select the optimal material capital X for the next period, so
X is the control variable.

The first-order condition for optimization is:
du[F(K) — X] dv(X)

ax P =0

du[F(K) — X] d[F(K) - X] +I8dV(X) -

d[F(K) - X] dx dx ~ 7

= —u'[F(K) - X] + ,B—d‘g(;) =0,
= u'[F(K)-X] = ﬁdV—(X) vs. u' (Cy) = 2.

If V(X) is known, then dV(X)/dX can be known, and from this we can get the policy function (or decision rule, feed-
back rule) X = f(K). In addition, after comparison, it is easy to know the Lagrange multiplier A; = B(dV(K;41)/dK;41),
which is the shadow price of newly produced tangible capital (or investment expenditure), that is, the present value of the
lifetime utility increased by an additional unit of tangible capital.

Substituting it into the above formula:

W [F(K) - f(K)] = gL T

df(K)
Substituting it into the Bellman equation, we can deduce according to the envelope theorem:

V(K) = u[F(K) = f(K)] + BV[f(K)],

wW(EK) 9
= k- g WFE) - FE)]+ VLKLY
avI/(K)
F) = SOV (K) = (0] + 45 S k),
P = SOV (K) = [F(K) - £ R) + 55 S ),
R 4T Ls) VIS (K)
—F(K) = F NP K) - g B o+ R ),

=u'[F(K) = f(K)]F'(K),
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VK], i ,
L w01 - LR F LA
= W [F(K) - f(K)] =pu'{F[f(K)] - fLA(K)]}F'[f(K)],
Kr+1:f(Kt) , _ , _ ,
Krn=f(f(K:)) " [\F(Kt) = K] = Bu’[F (K1) — K] F' (Ki11).

C, Cr1

This is also the Euler equation after substituting the budget constraint. It is a second-order difference equation for
tangible capital; the initial condition is a given non-negative capital stock (i.e., Ko > 0), and the cross-sectional condition
is tli_)rgﬁ’u’(C;)K,H =0.

It can be seen that whether solving the Lagrangian function to obtain the Euler equation or solving the value function
through the Bellman equation, the policy function can be obtained. If the objective function is not too complicated, the
former is relatively convenient and fast to solve; especially when the objective function has complete information rational

expectations or incomplete information rational expectations (see Chapter 5), the latter is more robust and reliable.

Linear quadratic dynamic programming is another form of dynamic programming, where the objective function

is quadratic and the constraints are linear.
Question 1: How to get the quadratic objective function? °
Starting from the two-vector Taylor expansion,

l . .
‘ 5 Hessian matrix
gradient vector

Fxx(xe,ye) ny(xo,yo) X; _XQ
ol

+[(Xz—x@)’ (Yz-yo)/] Fa(3®)  Fy(2y°)
2 2

x; — x%
Flxiy0) ~ FO¥0) + [RG2,y°) RG2yor| MY
ye Yy Ye -y

= F(x?,x?,m ,x,?,y?,y?,m ,y?)
+ F1 (x2,y9) (x1; —x7) + Fo(x2,¥9) (xr = x5) + - + Fy1 (X2, ¥y9) (y1r = ¥7) + Fyo (X2, ¥9) (y2r = y5) +-++
+ % [Fxlxl(xoayo)(xlt — D)+ Frya(x2.¥9) (1, —x9) (xg = x5) 4+ + Fypy1 (3, y2) (e = xD) (y1, = y§) + -+
+ Fyiy1 (32,52 01 = YD) + Fyiy2 (32,¥°) (51 = y9) 2r = ¥9) + -+ Fy10 (32, ¥°) (317 = y9) (1 —x©) + - ] ,
= F(x°,y°) - Fy(x®,y%)'x® = Fy (x°,y°)'y®
+ %xo/ Fx (x°,y®)x® + %x@'ny(XQ,yQ)YQ + %yO' Fyx(x®,y®)x® + %y@ Fyy (x°,y®)y®
+ ()% + ()yr + %, ()% + X, ()ye +y; ()Y,
= F(x9,y%) - Fx(x?,y®)'x® - Fy(x®,y®)'y® + %XQ/FXX(XQ,yG)Xo +x% Py (x©, y°)y® + %yQ'Fyy(XG, y©)y®
+ ()% + (¥ + %)% +x,()yr +y; ()Y
The quadratic term of Taylor expansion is a quadratic form. To include the steady-state point and the linear term in

the quadratic form, we need to redefine the vector z, = [1 X, y,]’ and its steady state z° = [1 x® y®]’, the equivalence
of the two is:

dip dpp diz| |1
F( Xt , yr )= [1 X; yt] dy  dyp  doz| |x¢| = dip +(dpp+d5)x + (di3+df))y +X; don X +X;(dos +d%,)ys +y; ds3 s
—_—

_ _ -
—_—|d d d
kxk  Ixl f st G Gl 1x1 kxk Ixi
Z -

D zt

The coeflicient matrix is defined as:
y® Fyy (x°,y®)y®
2 9

XO/ Fxx (XG’ yQ)XQ
2

diy = F(x°,y%) —x% F (x°,y%) -y F, (x°,¥°) + +x% Fry (x°,y°)y° +

Fx(x°,y¢
dn = DY),

9[21] expressed the objective function in a quadratic form,[25] provided a brief introduction in the book, and this section draws inspiration from it.
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Fyy(XGsyO)
dsz = s
, Fe(x0,¥%) —x¥ Fre (x°,¥°) -y Fy. (x°,¥°)
dl2 = dz] = 3 .
’ Fy(x®,y®)" - XG/ny (x®,y°) - yO/Fyy(XO»YG)
dlS = d3| = 3 .
, Py (x®,y%)
dy3 =d3, = = 2 ’

The objective function of infinite-period optimization can therefore be expressed in quadratic form.

Question 2: How to obtain the optimal constraints of linear quadratic form?

Let y; be the choice variable (including control variables and endogenous state variables), incorporate 1 into the state
vector X, to form an augmented state vector th (one dimension added), redefine z, = [th y:1’, and combine the linear
constraints to obtain the linear quadratic form:

o al R W|[x = :
H;,?XZBt {F(x¢,y:) =z;Dz;} & max Zﬁt {z;th = [x; y;] } [ f]} e II}?XZBI[X} Rx} +y,Qyr +2y, Wx/ ],
t=0 —

t=0 w Q] [v: t=0
1 1 0|1 0 0
S.t. X,41 = G(X¢, =Ax; +B = = + =3 x! = Ax! + By,.
s t+1 (X¢,¥r) t Y [Xt+l} 0 A Xt] 0 B y: £41 t y:
—_— — ——
1 A B

X4l

For the sake of convenience, we will also write th as x;, A as A, and B as B, but the reader should now know that
if X; is an augmented vector containing element 1, then all elements in the first row of matrix A are 0 except for the first
column, and all elements in the first row of B are 0, and the Hessian matrix is adjusted accordingly. The linear quadratic
form is restated as:

max > B [X;Rx; +y,Qy; +2y;Wx,],
" =0

(k+1)x1 (kD)X (k+1) (k+1)x1  (k+D)XI 1xq

Bellman equation:

V(x,) = max[x;Rx; +y,Qy: + 2y, W + SV (Xr11)],

= myax[x;Rx, +y,Qy: +2y; Wx, + BV(Ax; + By,)].

Question 3: How to get the solution of linear quadratic optimization?

Make the following conjecture:
value function
—_—

V(x;) = X;Px;;
= vy, =-Fx;.

policy function

Why do we have this conjecture about the value function? Recall that the value function in the static model is always
a function of exogenous variables (including parameters), and the value function in the dynamic model is always a function
of exogenous variables (including state variables).

Substitute the conjectured value function into the Bellman equation:

V(x:) = man{X;RXz +y;Qy: +2y;Wx, + B[(Ax; + By,)'P(Ax; + By,)]},

= H;aX{X;RXt +y,Qy: +2y;Wx, + B{[(Ax;)" + (By,)']P(Ax, + By,)},
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1.2 Dynamic Optimization Problem

= myatlx{x;th +y;Qy; + 2y Wx, + B[(x;A" + y;B)P(Ax, + By,)]},

= H;?X{X;RX +Y'Qy: +2y;Wx; + B[(x;A’P + y;B'P)(Ax; + By,)[},

= rr;ax{x;th +y,Qy: +2y; Wx, + B[x;A’PAx, + x;A’PBy, + y;B'PAx, + y;B'PBy, ]},

= myax{x;Rx, +y,Qy; +2y;Hx, + B[x;A'PAX; + x,A’PBy; + (y,B'PAx,;)’ + y;B'PBy, ]},

= n;zilx{x;th +y,Qy: +2y; Wx; + B[x;A’PAX; + x;A’PBy; + x'A’PBy, + y;B’'PBy,]},
= V(x) = n;atlx{x;th +y,Qy; +2y; Wx; + B[x;A’PAx; + 2x;A’PBy; + y,B'PBy,]}.

31(;_;)[(,) = (Q+Q))y; +2Wx; + B{2(x’A’PB)’ + [(B'PB) + (B'PB)’]y,},
=(Q+Q)y, +2Wx, + B[2B'P'Ax, + (B'PB + B'PB)y,], <« Q is symmetric
=2Qy, + 2Wx, + 23(B'P'Ax, + B'PBy,),
0 =2Qy +2Wx, + 23(B’PAX, + B'PBy;), « P is symmetric
0 = Qy; + Wx, + SB’PAx; + SB'PByj;,
0= (Q+BB'PB)y, + (W + SB'PA)x,,

y; = — (Q+ BB'PB) (W + SB’'PA) x,.

L

F
Substitute the policy function derived above into the Bellman equation to determine the coefficient matrix P:
V(x:) = X,Rx +y,Qy, + 2y, Wx, +  (x,A’PAX, +2xA’PBy, +y/B'PBy,).
=x;Rx; + (-Fx,)’ Q (-Fx,) + 2 (-Fx,;)’ Wx, + 8 [x,A’PAX, + 2x;A’PB (-Fx,) + (-Fx;)’ B'PB (-Fx,)],
= x/Rx; + X,F'QFx, — 2x'F'Wx, + § (x,A’PAx, — 2x'A’PBFx, + xF'B'PBFx; ),
= X'Rx, + X, [(Q +BB'PB)”" (W +ﬁB’PA)]' Q [(Q +BB'PB)”! (W +,8B’PA)] X
_ 2 [(Q + BB'PB)” (W + ﬁB'PA)]' Wx,
+B (x;A’PAxt —2x/A’PB [(Q +BB'PB)"! (W + ﬁB’PA)] X,
+ X, [(Q +BB'PB)"! (W + ,BB’PA)]’ B'PB [(Q +BB'PB)"! (W + ,BB’PA)] x,) ,
= X' R, + X, {(W + BB'PA)’ [(Q +BB’PB)’1]/} Q [(Q +BB'PB)”! (W +,8B’PA)] X
~2x, {(W +BB'PA)’ [(Q +ﬁB'PB)“]'} Wx,
+B (x;A’PAxt ~2x/A’PB [(Q +BB'PB)" (W + ﬂB’PA)] X,
X, {(W + BB'PA)’ [(Q + ,BB'PB)‘I]'} B'PB [(Q +BB'PB)” (W + ,BB'PA)] x,) :
= X/Rx; +X, [(W + BB'PA) (Q +ﬁB'PB)“] Q [(Q +BB'PB)" (W +,8B’PA)] X
—2x! [(W +BB'PA)’ (Q + ﬁB'PB)‘l] Wx,
+8 (x;A’PAxt _2x/A’PB [(Q +BB'PB)” (W + ,BB'PA)] X;
+ X, [(W +BB'PA)’ (Q + ﬁB'PB)‘l] B'PB [(Q +BB'PB)"! (W + ﬂB’PA)] x,) ,
=x/Rx; +X, [(W' + BA'PB) (Q + ﬁB’PB)_l] Q [(Q +BB'PB)" (W + ,BB’PA)] X
~2x [(W’ +BA’PB) (Q + ﬁB’PB)_l] Wx,

+B (x;A’PAx, —2x/A’PB [(Q +BB'PB)"! (W + ﬁB’PA)] X,
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+ X, [(W' + BA'PB) (Q + ,BB’PB)_I] B'PB [(Q +BB'PB)" (W + ,BB’PA)] x,) :
= x/Rx; +X, [(W' + BA'PB) (Q + BB’PB)_l] Q [(Q +BB'PB)" (W + ,BB’PA)] X;
~2x [(W' + BA’PB) (Q + SB'PB)" ‘] Wx,
+ BX/A'PAX, — 25x,A’PB [(Q +BB'PB)" (W + ,BB’PA)] X
+Bx, [(W’ +BA’PB) (Q + ,BB’PB)‘I] B'PB [(Q +BB'PB)” (W + ,BB’PA)] X,
= X' R, +X, [(W' + BA’PB) (Q + BB'PB)”] Q [(Q +BB'PB) (W + ﬁB’PA)] X,
+Bx. [(W’ +BA'PB) (Q + ,BB’PB)_I] (B'PB) [(Q +BB'PB)" (W + ﬁB’PA)] X,
~2x [(W’ + BA'PB) (Q + BB’PB)_l] Wx,
+ BxX.A’PAX, — 28, (A'PB) [(Q +BB'PB)” (W + BB’PA)] X,
=X/ Rx; +X, [(W' + BA'PB) (Q + ﬁB’PB)_l] Q [(Q +BB'PB)" (W + ,BB’PA)] x;
+x, [(W' +BA'PB) (Q + ,BB’PB)_I] (BB'PB) [(Q +BB'PB)"! (W + BB’PA)] X,
—2x [(W’ +BA’PB) (Q + ﬁB’PB)_l] Wx,
+ BX/A’PAX, — 2%, (A'PB) [(Q +BB'PB)" (W + ﬁB'PA)] X,
= X'Rx, + X, [(W’ +BA’PB) (Q + BB’PB)_l] (Q + BB'PB) [(Q +BB'PB)”! (W + ﬁB'PA)] X,
—2x [(W’ + BA'PB) (Q + ﬂB’PB)_l] Wx,
+ BX/A’PAX, — 2%, (A'PB) [(Q +BB'PB)" (W + ﬁB'PA)] X,
= X'RxX, + X, [(W’ +BA’PB) (Q + ﬁB’PB)_l] (Q+ BB'PB) (Q + SB'PB)”' (W +BB'PA) x,
—2x [(W’ + BA'PB) (Q + ﬂB’PB)_l] Wx,
+ BX/A’PAX, — 2%, (A'PB) [(Q +BB'PB)" (W + ﬁB'PA)] X,
= x/Rx, +x, (W' + SA’PB) (Q + SB'PB) "' (W + SB'PA) x,
- 2x! (W + BA’PB) (Q + SB'PB) ' Wx,
+ BX/A’PAX, — 2%/ (A’PB) (Q + SB’PB) ' (W + BB'PA) x,,
=x/Rx, +x, (W’ + BA’PB) (Q + SB'PB) ' (W + SB'PA) x;
- 2x! (W' + BA’PB) (Q + BB'PB) ' Wx, — 23x, (A’PB) (Q + SB'PB) "' (W + SB'PA) x,,

+ Bx; A'PAX,,
=x/Rx; +x, (W’ +BA’PB) (Q + SB’PB) ! (W + BB’PA) x; + x/A’PAX,

—2|x, (W' + BA’PB) (Q + SB'PB) " th]' —2Bx, (A’PB) (Q + SB'PB) ™' (W + SB'PA) x,,
= x/Rx; + X, (W +BA’PB) (Q + SB'PB) ! (W + SB’PA) x; + x/A’PAX,

—2x/W (Q + BB'PB)"' (W + BB'PA) x, — 28x, (A’PB) (Q + SB'PB) ' (W + 8B'PA) x,,
= X/Rx; + X, (W +BA’PB) (Q + SB'PB) ' (W + SB'PA) x, + Bx/A’PAX,

- 2x/W’ (Q + BB’PB)”' (W + BB'PA) x; — 2x, (BA’PB) (Q + SB'PB) ' (W + SB'PA) x,,
= x/Rx; +x, (W +BA’PB) (Q + SB’PB) ! (W + SB'PA) x; + X/ A’PAX,

- 2x) (W’ + BA’PB) (Q + BB'PB) "' (W + BB'PA) x;,
=x;Rx; —x; (W + BA’PB) (Q + BB’PB)”! (W + BB'PA) x, + Bx; A’PAX,,

= x/Px, = x,Rx; — x, (W + BA’PB) (Q + SB'PB) "' (W + 8B'PA) x, + Bx/A’PAX,,
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1.2 Dynamic Optimization Problem

= P=R- (W +BA’PB) (Q +SB’PB)”' (W + SB’PA) + SA’PA.

This gives us the Riccati equations, which can be solved numerically by iteration for the matrix P (a function of
the matrixR, Q, A, and B) '°This understanding of linear quadratic deterministic dynamic programming is helpful in
understanding linear quadratic stochastic dynamic programming, which is further discussed in Chapter 5 of this book.

1.2.2 Continuous time

The static part of the previous section focused on the optimization problems of equality constraints and inequality
constraints between different choice variables. The discrete-time part of the previous subsection basically dealt with
the constraints on the same choice variable at different times, but the focus was on the dynamic optimization problem
from two periods to multiple periods. In continuous time problems, there will naturally be constraints on the same choice
variable at different times and between different choice variables, but the continuous time part will also briefly introduce
the dynamic optimization with constraints between different state variables that have not yet been mentioned.

This leads to a conceptual question: what are state variables? [25, p.51] defined that at a certain time #(decision
period), state variables refer to those variables whose values have been determined by past decision actions or by natural
motion processes. [49, p.55] defined it more broadly, arguing that all variables that can determine control variables other
than parameters are state variables. In other words, control variables should be expressible as functions of state variables.

1.2.2.1 No constraints between state variables

I. Single state variable
When there is a single state variable, there may be a single control variable or multiple control variables.
i. Single control variable
A single state variable and a single control variable form a constraint on the time axis.
Example 15. Continuous-time consumption decisions in an endowment economy

This example is the continuous time version of Example 12. The objective function and constraints of the optimization

problem are rewritten into continuous time versions:

T T
max Up= Y _ B'u(C). max U = U(0) = / e Pru[C(1)]dr,
(€l =0 4 . . . ¢ =0
1screte time  vs.  continuous time .
S.t. C[ + S[ - S[_l = I.St—l + Q[, s.t. C(t) + S(t) = ’S(t) + Q(t)’
given S_1 =0 = S7. given S(0) =0 = S(7).
A few notes:

(1) In discrete time, the summation operator » . is used for summation, while in continuous time, the integral symbol
f (and the differential symbol dr) are used for summation.

(2) For discrete multi-period dynamic optimization problems, the discount factor 8 = 1/(1 + p) is used, where p is

the subjective discount rate, which has the same meaning as p used in continuous time problems.

(3) Why is the discount factor ¢ *’used in continuous time? The definition of e is related to the calculation of
continuous compound interest.

(')zx; Axy
Oxt z‘)x;

A . . . . . 4 Ox Ax,
10The above derivation uses high-dimensional differential rules OBAX;" = A, Z2X

OX¢

Ox, Axy Jy,Bx;
14 = % . t —
oA~ XiXts oxy

= (A+A)x,

= (A+A),

e Bx;, Byégxt =y;X; [22, Ist ed., solution to exercise 4.1] provided Matlab code olrp.m for solving Riccati equation [25, p.155, eq.7.5]

B'y:,
also presented the use of numerical methods to approximate and solve the undetermined coefficient matrix through the following construction Py, =
R — (W +BA'P;B) (Q+BB'PB)~! (W+BB'PiA) +BA'PLA, where klim P; =P, Py is given.
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1.2 Dynamic Optimization Problem

Step 1, assuming that the initial principal is 1 unit of currency, the interest rate is 100% per period, and the interest
is calculated once per period. After one period, the sum of principal and interest is: v = 1 + 100% = 1+ 1/1 = 2 units;
if the interest is changed to half-period, the half-period interest rate is 50% , and the sum of principal and interest after
half a period is used as the principal for the second half of the period, and the interest is calculated twice in one period,
then the sum of principal and interest is: v = (1 + 50%) (1 + 50%) = (1 + 1/2)2. Similarly, if the interest is calculated m
in one period, the interest rate is 1/m, and the sum of principal and interest after one period is: v = (1 + 1/m)™. When

e=e! =e¥| o =

m approaches infinity, the sum of principal and interest after one period is: v = lim [1 + 1/m]™
[T+x+ 1202+ (/3D + - Jomy = 1+ 1+1/2D) +1/(3) +--- ~ 2.71828.

Step 2: Continuously calculate compound interest. After the first period, 1 unit of principal is e units of currency.
Let it be the new principal for the next period. After the second period, each unit of the e units will become e units of
currency again, so the total is v = e X e = ¢%. By analogy, the sum of principal and interest at the end of the 7-th period is

v = e! units.

Step 3: If the period interest rate per period is not 100% but an arbitrary nominal interest rate i, then the sum of
principal and interest after the first period is v = lim (1 +i/m)™ = lim [(1 +i/m)™]* = ¢’, and the sum of principal

and interest calculated by compound interest after the -th period isv = e’.

Step 4: If the initial principal is not 1 but an arbitrary d, then the sum of principal and interest calculated by compound
interest after the 7-th period is v = de’”.

Step 5: If it is known that the sum of principal and interest calculated based on continuous compound interest after

the ¢-th period is v = de’’ , then the initial principal is d = ve ™.

Step 6: The nominal interest rate i is replaced by the subjective discount rate p and the current utility of future
consumption is discounted according to e **.

Step 7: for discrete time, the interest rate per period is i, the sum of principal and interest after the first period is
v = d(1 + i), after the second period is v = d(1 + i)? and after the 7-th period is v = d(1 + ¢)’. If it is known that the
sum of principal and interest calculated according to discrete compound interest after the ¢-th period is v = d(1 +i), then
the initial principal is d = v(1 +i)~". When the nominal interest rate is replaced by the subjective discount rate p, the
present-value utility of future consumption is discounted according to (1 + p)~*, that is, 8’.

Step 8: The discount factor of discrete time and the discount factor of continuous time can establish an equivalent

relationship:
pe(1) v e =i = = ()
1+p ’ l+p)
————
discrete time continuous time

i) From Lagrangian function to Hamiltonian function

If S(7) is continuously differentiable, the variational method can be used; if S(#) has a sharp inflection point, optimal
control can be used.

(1) Predecessor: classical variation

By solving the budget constraint, we choose the variable C; and substitute it into the objective function to obtain a
most basic continuous-time dynamic optimization problem that only contains state variables and their changes:

T
max U = / e P'u[C(1)]dt, . .
C(1) =0 equality constraint I;l(%))( U= / e PulrS(t) + 0(1) - S(1)]dt,
st. C(t)+ S(l‘) =rS(t) +0(1), converted to no C(mstraint) =0

given $(0) = 0 = S(T). given S(0) =0 = S(T).

In addition to the exogenous variables » and O (), the main elements of this basic problem of continuous-time dynamic
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1.2 Dynamic Optimization Problem

optimization are time 7, state variables S(¢) and their time derivatives S(¢). The objective functional in general form is:

T
max U[S(0)] = /

=0
given S(0) =0 = S(T). given §(0) =0 = S(T).

T
e_th[t,S(t),S(t)]dt, omit discounting for now Igl(%(U[S(f)] =/ V_m/U[l,S(l),S(l)]dt,
4 t=0

It is called a functional because U is not a composite function of ¢ , but a function of the entire path S(¢); in other
words, U is a function of S, not ¢. Also, note that the time and state of the start and end conditions are fixed, eliminating
variability. [7, chl, pp.8-12] introduces several cases of variable endpoints: fixed time (vertical endpoint), fixed state
(horizontal endpoint), and fixed time-state relationship (curve or surface endpoint); variable start points are also briefly

mentioned.

Since S is not a number but a function of time ¢, and U is not a function of #, the optimization problem of U(S)
cannot be differentiated with respect to S or 7 to find the optimal path. Based on the idea of calculus, a feasible idea is
to convert the objective function into a value-to-value problem instead of a function-to-value problem. In this way, the

continuous-time dynamic optimization problem can be solved directly using calculus methods. How to convert it?

Assuming that the optimal curve S°() is known, and the adjacent perturbation path to the optimal curve is known to
be £(t), then any state path and its changes over time can be expressed as:
§(1) = §°(1) +a (1),
S(t) = $°(¢) + aé(1).
Therefore, the objective functional of U with respect to S is transformed into the objective function of U with respect

to a:
NG) S(1)

T

max U(a) :/ ult, S°(1) + a&(t), S°(1) + a&(r)]dt,

given S(0) =0 = S(T),
and £(0) =0 = &(T).

This has become a single variable unconstrained static optimization problem. The first-order necessary condition is

naturally (for simplicity, the lower limit of the integral is directly written as the starting point 0):

d d ([T . .
ap 4 {/ ult, $°(1) +a&(1),5°(1) + af(t)]dt} =0,
da|,.o da (/o
Leibniz rule _ /T ou dS + u dS dr=0
" Jo \dSda  9Sdal
T T .
:/ ugf(t)dt+/ ugéde =0,
0 0
N ——

integrate by part

ab=a’'b+ab’ =——————=ab’=(ab)’-a’b

:/Tu £(n)dr + [u-g(t)]T—/T iu- Edt =0
0 S S 0 0 dr S 5

L —
=0-0
g d
= /0 () (MS - Eus) dr =0,
Euler equation Euler euqtion
—_—
d .
=ug - Eug[t,S(t),S(t)] =0 or /usdt —ug =0,
—,————
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Jus | Jus dS  dus dS
gt 98 dr = 9s dt )

=ugs — [u,g +ugsS(t) +ugsS®)] =0,

=us —

= MSS‘S;(I)"'MSS'S(I)"'ML‘S'_”S:O

(second-order nonlinear differentiation) Euler euqation

The original objective functional contains a discount factor, and the integrand should be e *’u, so the above Euler
equation can be further expressed as:

e PluggS(t) + e PugeS(t) + (—p)e P u,e — e lug = 0.
The second-order condition does not change substantially due to the discount factor and can be simplified to:
Cu_d (du
da?>  da\da)’
d [T .
- 30 [ lse+ugén] an
I T
10Nn7Z d d :
s / (—us) £(r) + (—us) £y,
o \da da

S ——

- /—’— ——
:/0 (ussj—z+us-sj—i)§(t) + (%us)é(t) dr,
T . . .
- /0 [ussE(t) + ugsé(D)] £G) + [ugeé (1) + ugsé (D] €0} dr,

T
= A [ussfz(f) + 2”55'5(05(0 + ”S.S‘fz(t)] dr,

:/OT [g(t) é(r)] [ZSS uss'l f(t)l

ss uss| [€()

>

T
%r/o [ugsé? (1) + 2ug & (NE(t) + ussé®(1)] dt,

- / ew el [“SS ”SSl fmldz.
0 Ugs USS

£(1)
(2) Extension: Optimal Control

The variational method is to eliminate the choice variables of optimization problems without differential equation
form and transform it into an optimization problem with only state variables and their differential equations. The solution
idea is to transform the state path into a function of the optimal path and the adjacent perturbation path, and the dynamic
optimal problem in functional form is transformed into a static optimal problem similar to an ordinary function. The state
differential equation as part of the constraint condition will enter the objective function through variable substitution, and
the original choice variable (i.e. the control variable in the optimal control method) will be eliminated. Since it is converted
into a static optimization problem similar to that solved by calculus, it is naturally required that the differential equation of
state transfer is continuously differentiable.

The control variables that were eliminated in the calculus of variations (ie, the choice variables in static problems, a
type of choice variables in dynamic problems) become the protagonists. It is the the control variable that is in the objective
function, and the constraints are the state differential equations containing the control variables. Like static optimization
or discrete dynamic optimization problems, Lagrangian functions are constructed, and the first-order necessary conditions
from the perspective of Hamiltonian functions are derived (maximum principle). The control variables can be continuous
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or discontinuous; the state variables can only be continuous (allowing sharp inflection points).

Back to the original question:

T T
max U :/ e Pu[C(1)]dr, max U =/ £u[C(n)]dt,
C(t) 0 omit discounting for now C@) 0
st. C(t)+S8(1) =rS(t) + O(¢), T st C(O)+8() =rS@1) +0(0),
given S(0) =0 =S(T). given S(0) =0 = S(T).

The Lagrangian is constructed just as in discrete time, the only difference being that instead of a summation operator
it is now an integration operator:

T
L(t)z/o u[C()] +A(2) [rS(t) +O(t) = C(1) = $(1)] ¢ dt,

current-value Lagrangian

current-value Hamiltonian, abbreviated as H(z)

T
- /0 U[C(D] + (1) [75(1) + 0(1) — C(0)] -AS (1) b di,

T
:/o {H[2,S(t),C(1), ()] = A()S(1) } dt,

LD _ o IHWO g4 g
0A(t) 0A(t)
T T .
=/ W[t,S(t),C(t),/l(t)]dt—/ A()S(r) dr,
0 0 S——

integrate by part
ab’=(ab)’' -a’b

T T
:/0 H[t,S(1),C(1), A(r)]dr - [/l(t)S(t)]|g—/O A®)S(t)dr ¢,

T

=/0 HIt,S(t), C(1), A(1)] + A(1)S(1)dr — [A(1)S(1)]]g,
T

=/ H{z,8(1), C(1), A(1)] + A1) S(1)dt — [A(T)S(T) — A(0)S(0)],
0

T
= / H(t,S(1), C(1), A(t)] + A()S(¢)dt — (0 - 0).
0

0LW o o MO =0
0S(1) 0S(1)

The Lagrange multiplier is also called the co-state variable of the Hamiltonian function. The first-order necessary
condition is:

0L oH()
ac(r) ac()
IL(1) GH()
350 = asa - 0
aL(1) aH(r)
aan o oW

It can be seen that, with C(¢) as the control variable, constructing the Hamiltonian only requires using it as the choice
variable:

%137)47{(0 =ul[C(O)] +A(D)[rS(1) + O(1) - C(1)],
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OH (¢
F.O.C. of control variable: 0= %((t))’
. ol t
motion of co-state variable: A(7) = _—67;((t))’
. ol t
motion of state variable: S(¢) = 0(];((0).

The Lagrangian function considering the subjective discount factor is:

T
£(0) = /O {ePulC()] +A(t) [rS(t) + O (1) = C(t) - S(1)] } dt,

= /T e P u[C()] + A1) [rS(t) + O(t) — C(1)] =A(1)S(¢) ¢ dr.
0

present-value Hamiltonian, abbrivates as7H(0)

The present-value Hamiltonian function including the subjective discount factor is:

H(0) = e u[C(O]+AN[rS(1) + O (1) - C)],

= eP"HO) =u[C)]+ €' At) [rS(t) +0(t) - C(1)],
| ——
current-value current-value
current-value
current-value Lagr‘ange
Hamiltonian multiplier
—_— —
= H@) =ulCOI+ n@) [#S@)+0(@) - C@H)].
The relevant conditions for optimization are:
gfv;(H(O) = e PlulC(D)] + AN [rS(1) + O (1) = C(n)], max H(@) =ulCO]+n@)[rS() + O@) - C(n)],
t t
. IH(0) . AH (1)
.0.C. : = F.O.C. of 1 le: =
F.O.C. of control variable: 0 acw) (0= ) O.C. of control variable: 0 act)’
. . YN IH(0) A(t)=eP' (1) . . o OH (1)
motion of co-state variable: A(z) = Ok motion of co-state variable: 77(¢) = pn(¢) Ok
. e OH(0) . . e OH()
motion of state variable: S(¢) = A0 motion of state variable: S(t) = o)

The first set of equations above are equivalent, because the time ¢ is fixed when the extreme value is obtained, that is,
OH(0) 0
0C (1) ’
e OH (0) -0
aC(t) ’
dleP" H(0)]
aci)y 7
OH(t)
ac(t)

The second set of equations above are equivalent because:

n(t) = e (1),
dn(r) _ d[e?"A(1)]

dr e’
= (1) = peP A(t) + e A(1),
OH (O
= pn(t) —e”' 3 ((t)) ,
O[eP"H(0)]

=pn(t) - T(t)’
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OH (¢
= 00 = - G
The third set of equations above are equivalent because:
. OH(0)
_0[eP"H(0)]
dlertA(r)] °
) OH (1)
= S(r) = .
O]

ii) From Bellman equation to Hamilton-Jacobi-Bellman equation

[Bellman1957] creatively proposed the idea of dynamic programming for dynamic optimization problems in discrete
time and continuous time. To commemorate Richard Bell-man’s contribution in this area, the value function of the recursive
functional form he discovered was called the Bellman equation; the Bellman equation in continuous time is an extension
of the Hamilton-Jacobi equation in classical mechanics, so it is also called the Hamilton-Jacobi-Bellman (abbreviated as
HJB) equation. !!

From Example 13-1, we can see that the discrete-time Bellman equation is:

max Uy = XT:ﬁ’u(C,), max  U(0) = /T e Plu[C(1)]dt,
AT par (C)T, 1=0
st. Si1 =8, =78, + 041 — Cry,s st. S() =r8(t) +0(1) = C(1),
given S(0) =0 = S(T); given S(0) = 0= S(T);
7T start from 1 | start from 7 + 1 T start from 0 | start from ¢
T T
iy, O = G iy V0= e temlan

st. S(h) =rS(h) +0(h) - C(h),
HIJB equation

rStan + Orintl — Crnels

St Sipntl = St

Bellman equation S -9
) V(St) = mCaX[Au(C,) +ﬁ(A)V(S;+A)], 5(a) = oD V[S(t)] {
Al B(8) =0 ! lim e=PD =1-pA
Ay =1 Al;.o(eﬂﬂ)-l = (1+pa)~!
A=1,B(0)=p A0 .
st Spa =S =718, + A0y — AGy, s.t. S(1) =rS8(1) + O(r) = C(1),

given S; =0 = S;,7. given S(¢) =0 = S(7).

In discrete time dynamic programming, the whole time chain appears to be divided into periods ¢ and 7 + 1, but there
is no discrete period ¢ + 1 in continuous time, so it is represented by the time span A, and the next period is  + A. In
discrete time, A = 1 is a special case. After sorting out the symbols, the value function of the continuous-time dynamic

optimaization can be written as:

previously, envelope theorems in static optimization and discrete-time dynamic optimization were introduced. Envelope theorems also exist
in continuous-time dynamic optimization. Assume that the state variable is x(z), the control variable is y(z), the state transition equation

isx(t) = g[x(t),y(r),t], the objective function ism(a); ftTF[X(T),y(T),T]dT, and the HIB equation is —w = max{F(x,y,t) +
y(r y
%g(}c,y, t)}. given the optimal solution y;, the HJB equation becomes —% = F(x,y°,t) + %g(x,y", t), and the enve-
3V (x,t OF (x,y°,t OF (x.y°.1) dy° | 3V (x,t g(x,y°,1) | dg(x,y°.1) 9y° OF (x,y°,t
lope theorem means that — 6:53); ) = (23 ) 4 ¢ OX);?, )% + a,g Lg(x,y%,1) + & g()é;/ L+ (&({;_\{‘0 )% = (z; L+
OF (x,y°,1) OV 9g(x,y°,1) | ay° 98 (x,y° PV IF (x,y° 3 ° Pv ,
St CH ORI G G 0slia | PV, yeur) = 2GR0 4 G ) L UG (3, ). This

F.0.C.=0
reveals the sensitivity of the optimal value function to the state, including two aspects: the direct effect (the change of state directly affects the current

income and future state) and the indirect effect (when the control variable is optimized, the marginal income has been equal to the marginal cost, so the
indirect effect generated by the adjustment of the optimal control variable is 0).
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T
V()= max / e PP Dy [C(h)dh, st S(h)=rS(h)+0(h) - C(h),
{C]_, Jh=t
t+A T
= max {/ e‘p(h")u[C(h)]dh+/ e‘p(h"‘A)u[C(h)]dh},
{C(m)}f, h h=t+A

=t

= VIS(t)] = max {Au[C(r)] + V[S(t+A)]},

= (L+pAVIS(1)] = max {(1 + pA)Au[C(t)] +V[S(t+A)]},

= pAV[S(1)] = max {(1+ pA)Au[C()] +V[S(t+A)] - V[S(D]}.
= pVIS(H)] = max{(l + pAu[C()] + [S(HA)i_V[S(t)]},
A;;z, PVIS()] = max {u[c(t)] @} 7
_ VIS(1)] dS(1)
R {”[C(t)] IO T}
= max {ulC(O)] +V'[S(H)]S(1)},
= pVIS(H)] = max WlCO+V'[SO][S@) +0@) = C(D)]} .

[49, pp.142-] pointed out that the HIB equation can be derived from another perspective:

T
max_ V(t)E/ e PNy [C(h)]dh,
{C(}L, h=t

V(1) == DulC(r)] +/;: %e‘p(h_’)u[C(h)]dh,

U

= V(1) = =u[C(1)] + pu(1),

= pu(t) = u[C(n)] +V(1),

= pVIS)] =ulCO] +V[S(®)],

= pVISOI=ulCO]+V[SOI[rS{) +0(1) - C(N];
—_—

—
vs. H(@) =ul[C(O)] + n(1) [rS(1) +O(1) - C(1)].
Moll (2012) compared the Hamiltonian of optimal control and the HIB equation of continuous dynamic programming,
and pointed out that n(¢) = V'[S(¢)] is the link between the two, that is, the covariate in the Hamiltonian are the shadow

prices in the HJB equation.

The first-order condition is:

W[C@)] = VISl = n)
S—— S—— N~——
marginal revenue  marginal coat  shadow price

Derivation of the state variable based on the HIB equation:

M{” [S()]} = F(){V SO rS(t) + O(r) = C(1)] + V' [S(r)]m{fsm +0(1) - C(1)},
= PV [S()] =V SIS (1) + O(r) = C(O] +rV'[S(1)],
= (p-r)VI[SH] =V [SO[rS() +0(r) = C(0)],
B dv’[S(1)] e
== - VIS(H],
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1.2 Dynamic Optimization Problem

. oy VISW1 i)

S VIS0l ()

This is the equation of motion for the marginal utility (shadow price) of savings, which is also the co-state variable:
(Hamilton multiplier).

The first-order condition is derived with respect to time ¢:
du’[C(r)] _ dV'[S(1)]

d  dt
=VIS®)],
=(p-n)V'[S(1)],
=(p-nu'[C(1)],

g 0
- wicl T g
W’ [COIC(H)
- wico] P
intertemporal
elasticity of substitution
,_/% .
L _Cwricwl €0 _
wicol ¢ Th
————
1/o
1C(1)
= som TP
C
= % =o(r-p).

This is the famous Keynes-Ramsey rule, or the intertemporal Euler equation for consumption or the Euler equation for
the consumption growth rate. o is the intertemporal elasticity of substitution that appeared in Example 10. This parameter
will be introduced in more detail in Chapter 3.

ii. Multiple Control Variables !>

State variables and control variables may form constraints on the time axis, or different control variables may also
form constraints in time and space. Back to the original question, add control variables and make them constrain each
other:

T
max UO:/O e Plu[C(r)]de,

U T -t C(t),L(t)]d
ans 0= [ e Pulc. L.

U T -t C (1), L(1)]d
L) 0 0_/0 e P ulCw), Lindr,

max
C(1),L(1)
st. C(t)+S(t) =r(1)S(r) +O(1), to two control variable st. C(t)+S(t) =r()S(t) +w(t)L(1), to nominal variables st. P(r)C(t)+B(t) =i(t)B(t) + W(t)L(t),
given S(0) = 0= S(T). given S(0) =0 = S(T). given B(0) = 0= B(T).

from one control variable from real varaibles

The increase from a single control variable to two control variables is labor supply L(t) (real wages are w(z)), and
the increase from real variables to nominal variables is the aggregate price level P(¢) and the aggregate wage level W ().
Savings can be expressed as real variables or nominal variables, and are often converted into bonds B(z).

The Hamiltonian and optimality conditions are:

H(1) = u[C(@), L()] +n(0)[1(1)B(2) + W(1) L(1) = P(1)C(1)],

max
C(1),L(1),B(1),n(t)

— _OH(@) _
F.O.C. of control variable: 0 = ac () = Ucy =n(t)P(2),
. _OH(1) B
F.O.C. of control variable: 0= 0 = UL =n)W(1),
motion of co-state variable: 7(¢) = pn(t) — (qu;(((tt)) n(t) = pn(t) —n(t)i(r),
motion of state variable: B(r) = %7;7{(%) = B(1)=i(t)B(t) + W(t)L(t) - P(1)C(z).

1217, pp.276-277] and Moll (2016) presented such dynamic optimal problems.
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Define the current-value utility function as in Example 10:

L(t)H%

1+41
)

u[C(t), L(1)] =logC(¢) —

From this we can obtain the intertemporal consumption Euler equation and labor supply equation:

o (H)P(1) P & =)= p
o " RilarioN c0) ’
L(1)¥ = ()W (1) COL()S = ZT(:))'

The second equation on the left is divided by the first equation on the left to obtain the second equation on the

right; the first equation on the right can be obtained by first taking the logarithm of the first equation on the left, that is,

—log C(1) = logn(t) +log P(t), calculating its derivative with respect to time —% = ZE;; + %and then combining it

with the motion equation of the co-state variable ZE:; = p —i(t), and defining the real interest rate as r(t) = i(¢) — [1(z).

Dynamic optimal problem with special equality constraints between control variables (subjective discounting is not
considered for simplicity):

T
—, U:/ u(t,B,C, L)dt,
0

min
st. B=f(t,B,C,L),
z=g(,B,C,L),

B(0) =0 = B(T).

Where ¢ is the time variable, B is the state variable, C and L are control variables, f and g are two function expressions,
and z is a constant.

If there is no equality constraint between the two control variables, it is the most basic optimal control problem. Let’s
put it aside and construct the Hamiltonian:

max H(t) =u(t,B,C,L)+n(t)f(t,B,C,L).
B(1),C(1),L(t).n(1) (1) = u( )+n(0) f( )

The initial problem becomes optimizing the Hamiltonian given the equality constraints:

max H(t)=u(t,B,C,L)+n(t)f(t,B,C,L),
B(t),C(t),L(t),n(t) () ( ) +n(0) f( )

st. z=g¢g(tB,C,L).

Then construct the Lagrangian function to find the optimal solution:

max L)=H(@)+A()|[z-g(t,B,C,L)],
By.cmEx (1) )+ () [z - g( )]

=[u(t,B,C,L)+n(t)f(t,B,C,L)] + A(t)[z — g(t, B,C, L)].

0L(1) - ou() afe) . 9g()
AT DNl i}
. t L u(- ) g(-
F.O.C. of Lagrangian aL() 0= aL() +n(1) aL() A1) L)’
= (Zf((tt)) =0=z-g(B,C,L).
. 0L(1) 9g(-)  IH(1)
B0 =-S5 =) S5 S - S
maximum principle of Hamiltonian ) (9.?:1(9t()t) AH( [?B(t) 9B(1)
PO= 500 = ant

If there is an inequality constraint, it is similar to a static optimization problem, which is broadened to the Kuhn-Tucker
condition based on the first-order condition of the equality constraint.

II. Multiple state variables
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1.2 Dynamic Optimization Problem

Equality or inequality constraints in dynamic problems may otherwise exist in integral form, but the integral con-
straints can be replaced by new state variables, which in turn increase the number of state variables (ignoring multiple
control variables and their constraints and subjective discounting):

T max r
2y [ ncna =2 0= [ utB 0
min 0 min 0
s.t. B(t) = f(t. B, C’I&)’ define the integral constraint st. B(r) = f(t’ B.C),
as a new state variableI" ()
2 =gB-C. L), - ’
T F(t)z—/() g(t,B,C)dt 1—\([) :—g(t,B, C),
z= / g(t, B, C, K)dr, 0
0 F(()):—/O g, B,C)dt=0 1—*(0) — 0, F(T) = -z
B(O) =0= B(T) F(T):_/(;Tg(,,B,C)dr:—z B(O) — 0’ B(T) =0.

Now it is transformed into an unconstrained dynamic optimal problem with two state variables. The Hamiltonian
function and optimality conditions are:

max H(t) =u[CH)] +n(t)f(t,B,C) — u(t)g(t,B,C),
N () =ul[C()] +n(t) f( ) —u()g( )

OH (¢
F.O.C. of control variable: 0 = B?((t)) s
OH (¢
motion of co-state variable: 7j(¢) = — GZ((Z))’
OH (¢
motion of co-state variable: i(t) = — a(i"{((t))’
. OH (¢
motion of state variable: B(¢) = H( ),
an(1)
. OH (¢
motion of state variable: I'(¢) = H( ).
Ou(r)
Just to explain, since p(t) = —"g/r-{—((:)) =0, it can be seen that p(z) is a constant u.

If subjective discounting is retained, the present-value Hamiltonian is constructed; if the integral equality constraint
is relaxed to an integral inequality constraint, the optimal condition is more complicated, and the reader is left to further
explore it when he has the energy; the solution to the unconstrained dynamic optimal solution between more than two state
variables is the same and will not be repeated here.

1.2.2.2 Equality constraints between state variables

Before introducing the optimal problem of equality constraints between state variables in continuous time, let’s re-
view Example 12-1, the two-period consumption decision problem of an endowment economy. If, in addition to con-
sumption, the real money balance also enters the utility function (real savings become nominal savings, so the real interest
raterbecomes the nominal interest rate ):

M, M,
max U=ul|C|,—|+Bu|Cy, —|,
C1,C2, My [Py, M2/ P> Py Py

expenditure and

money balance ) o )
in this period income in this period

lifetime expenditure & money balance lifetime income

PICy+ My +S) < [i+(1-8)Sq+ Mg+ P10,

. My=Sp=0=S P ) M P
s.t. P2C2+M2+\Sxﬁ [I+(I—K)]Sl+M1+P2Q2. — 2 P1C1+—2_C2+;M1+—?=P1Q1+—2,Q2.
C,Cy,M | ,M>>0 1+ 1+ 1+ 1+

expenditure and income in next period o ] ]
money balance lifetime (intertemporal) budget constraint
in the next period

per-period (dynamic) budget constraint
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1.2 Dynamic Optimization Problem

Still assume that saving in the last period is meaningless, so the terminal condition is S, = 0, but the money balance
M, in the last period has the same utility increasing at a decreasing rate like consumption, so it does not have to be 0.

Combine the two budget constraints:

My + S8, =P101 - P1Cy,

AI=M+S
—_—— A1=P1Q1—P1C1.
S1
e N —
PrCr+ My = (1+10)( Ay —My)+M + P20,
——
—_—

= PG+ My =(1+0)[(P101 = P1Cy)=M] + M + P20,
= PG+ My=(1+0)(P101 - P1Cy) = (L+0)My + My + P20-,
= PG+ My =(1+0)P1(01 = Cy) —iMy + P20,

= (1+0)P1Cy+ PyCy+iMy+ My = (14+10)P101 + P203,
= PC+P2C+iM+ 2—PQ+PZQ
R T T T DVt
Py /P i M, 1 M, Py /Py
= C+ G+ —+ — =01+ )2,
! 1+ 2 1+ P 1+1 Py 9 1+ ©2
Pa /Py i My PyfPiMy  P3/Py
= C+ Co+ ——+ ———= =01+ ——0,.
R I T e T O R I

This is how the lifetime budget constraint is obtained. Construct the Lagrangian function:

M, M, Pa /Py Py /P i My P[Py M
= |ulc), = Co, 22 0+ L0, ) e Le L 2l
max £ [u( ! /’1)+'Bu( 2 /’2) (L1+ 1+ QZ) ( YT 2+1+11’1+ 1+i P,

+A

The first-order necessary conditions are:

0L
_— = —/l:O’
ac, uci
oL Py Py
_— = —— = B
0C, Puca 1+
aL_ i
81}4 =upmi/pri T+

1

The first and the second first-order conditions above are combined into the intertemporal consumption Euler equation,

and the first and the third first-order conditions are combined into the demand equation for the real money balance in the

first period:
Buca  P2/Py
ucr 1+i
upmipr i
uci B m’

Given the current-value utility function, after logarithmic linearization, we can obtain the linearized dynamic IS curve
(the core of which is the inverse relationship between output and real interest rate) and the money demand curve (the key is
to give the positive relationship between real money balance and output and the inverse relationship with nominal interest

rate), which will be described in detail in [55].

It should be noted that the state variables in the first period are only Sy and My. For the sake of simplicity, they are
all assumed to be 0. In other words, the equality constraint So + My = 0 between the state variables in the first period
greatly simplifies the calculation, which leaves only the exogenous state variable (current endowment income (1) in the
first period; the equality constraint between the endogenous state variables in the second period is S1+M; = A , and there

is also an exogenous state variable (current endowment income (O7).

The appearance of the above two endogenous state variables does not bring additional trouble to the solution. Through
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variable substitution, it is also the dynamic optimal problem of a single endogenous state variable. However, the inequality
constraint of a single endogenous state variable will make the solution more complicated, which has been explained in [7,
pp-298-313] and [20, pp.230-239], so this book will not repeat it.
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